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ABSTRACT
This paperpresentsanefficientdiscrete-timesecond-order
modelof aninductionmotorfor therotor flux andparame-
tersreal-timeestimationusinganExtendedKalmanFilter.
Comparedwith the usualmodel, this model offers many
advantagesfor real-timeidentificationandfault diagnostic
of the inductionmotor. Indeednot only, it remainsstable
andaccuratefor large samplingperiods,but alsoit offers
a betterlinearity with respectto the estimatedparameters
and it reducesthe computationalcost of the Kalman fil-
ter. Experimentalresultsshow the greataccuracy andthe
fastconvergenceof theestimatedparameters,evenfor sam-
pling periodslarger than10 ms. In practice,theoptimiza-
tion of themeasurementprocedureandtherealistictuning
of the Kalmanfilter hasallowed thereal evaluationof the
parametersuncertaintiesandrevealsthe errorsdueto the
modelsimplificationof themotorsuchastheiron losses.
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1. Introduction

Theselastdecadeswerevery fruitful for theinductionmo-
torcontrol: wehaveassistedto thedevelopmentof increas-
ingly sophisticatedcontrol schemes,from simple scalar
controlmethodsto sensorlessor auto-tuningcontrolstrate-
gies. Now, performancesareadequatefor many industrial
applicationsandresearchanddevelopmentstudiesfocus-
ing on supervisionandfault diagnosis.However, electric
parameterscharacterizingthe inductionmotor model can
vary significantlyduringthenormaloperatingpoint of the
motor. This causedby phenomenasuchas;heating( sta-
tor androtor),magneticsaturationor skineffect. Thus,the
bad knowledgeand the parametervariationscan deterio-
ratetheachievedcontrolor supervisionperformancesand
decreasethe outputof the motor. Then,it may be neces-
saryto estimatereal-timeparameters.An interestingfea-
ture of the ExtendedKalmanFilter (EKF) is its ability to
estimatesimultaneouslythestatesandtheparametersof a

dynamicprocess.This is generallyusefulfor boththecon-
trol and the diagnosisof the process. However, an EKF
is a rathercomplex algorithmandmostof the previously
publishedstudiesarenot applicablefor on-line parameter
estimation. Hence,their computationalload is very high
or they requirevery short samplingtimes [1, 2, 3, 5, 7,
11]. However, reduced-ordermodelsof the inductionmo-
tor have beenproposedin previouspapers[1, 2, 4]. These
modelswerestill relatively complicated.In this paper, we
show how a convenientmodelcansimultaneouslyreduce
the computationalload of an EKF and allows the useof
largesamplingperiodswithout losingtheestimationaccu-
racy.

In practice,precautionsmustbe taken to avoid inac-
curateparameterestimation.Indeed,themeasurementpro-
cedureshouldbe optimizedto reducethe eventualerrors
and noises. In [13], we have shown that someparame-
tersareinaccuratelyestimatedin thepresenceof important
noisesonthemeasurement,especiallyonthemeasuredsta-
tor current.In thiscase,low-passfiltersusingsmallcut-off
frequenciesmust be appliedto the measuredsignals. In
addition,theon-lineestimationof theparametersmustbe
supervised.Thus,we canestimateoneor more parame-
ter accordingto themeasuredsignalsdynamicbehaviours
[13].

Thepaperis organizedasfollows: section2 reviews
thefourth-ordermodelandhighlightsits disadvantagesfor
theparameterestimation.Thesecond-ordermodelandthe
EKF basedon this modelarepresentedin sections3 and
4. Theestimationaccuracy usingexperimentaldatais dis-
cussedin section5.

2. Fourth-order Model

The usualmodelof the inductionmotor is the two-phase
modeldeducedfrom thePark transform.This modelcon-
sidersthestatorvoltages
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asoutput. To simplify the

observation equation,the statorcurrentsareoften chosen
asstatevariables. The statevector is completedwith the
rotor flux components: � � ��� � �
	 � �
������	������ 
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. With



theusualhypothesisof symmetryandlinearity (saturation,
skin effect andcorelossesareneglected),thefourth-order
model,in themechanicalframe,is givenby the following
equations: �� � �"!$# � % � �'&)(�# � �*�"!$#,+.-/� � � �"!$#
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is the rotor velocity and2p
is the pole number. The parameters
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,
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,
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and
I �

are, respectively, the statorresistance,the global leakage
inductance(

I JT� �VUWI �
), therotor resistanceandtherotor

inductance(all referredto thestator).
This modelhasmany disadvantagesfor stateor pa-

rameterestimation. First, becausetwo statecomponents
(the statorcurrents)of this fourth-ordermodel are accu-
rately measurable,full-order observersdeducedfrom this
modelareneedlesslycomplicated.Second,themodelcon-
tainssimultaneouslyfastandslow modes: thecurrentdy-
namicsis far higher thanthe rotor flux dynamics. More-
over, the poles of this model vary with the mechanical
speedand two of them are very lightly dampedfor high
speeds. Therefore,greatcautionshouldbe exercisedto
determinea stableandaccuratefourth-orderdiscrete-time
model. Most authorsuseEuler approximationanda very
small samplingperiod : 0.1 ms or less [1, 2, 3, 8, 12].
To allow largersamplingperiods(up to 1 ms),morecom-
plex discretizationschemeslike the second-orderseries
expansionof the matrix exponentialare employed [7, 9,
11]. However, becausetheparametersensitivity is approx-
imatelyproportionalto thesamplingperiod,it is moread-
visableto avoid smallsamplingperiod: by improving the
parameteridentifiability, therisk of numericaldivergenceis
reduced.A high samplingfrequency mayalsoberequired
to follow the dynamicsof the fast input signals(the sta-
tor voltages).Lastly, theEKF usesa linearizedmodelwith
respectto theestimatedparameters.Dueto themodelcom-
plexity, this linearizationis verycumbersomeandinvolves
heavy computations,especiallywhenthesecond-orderse-
ries expansionof the matrix exponentialis employed. In
conclusion,anEKF basedon theusualfourth-ordermodel
impliesasmallsamplingperiodandinducesaseverecom-
putationvolumeandcomplexity.

3. Second-order Model

To get a simple model for rotor flux and parameteresti-
mation, we considerthe statorcurrentsas input :

�X�
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Y�
and the stator voltages as output : � ��Z� �
	 � �
� 
Y�
. Then,thestatevectoronly consistsof thero-

tor flux components: � �[� � �\	 � �\�]
Y�
. The mechanical

frameis chosenasa referenceframefor theelectricalsig-
nalsfor two reasons.First, in thatcasethematricesof the
stateequationareconstantandsecond,in steadystatethe
frequency of the electricalvariablesis very small. With
theseassumptions,we obtain:�� � % � +.- �
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The fact that the statevectoronly consistsof the ro-
tor flux offers a doubleadvantage.First, the reductionof
thestatedimensionreducesthecomputationalvolumeand
complexity. Second,thanksto its low dynamic,the rotor
flux canbe easilyestimated: the second-ordermodelhas
only realandslow poles.This propertyallows choosinga
largesamplingperiod mWn , without failing the stability and
theaccuracy of thediscrete-timemodel.

Thediscrete-timemodelis obtainedby integratingthe
stateequation(3) over thesamplingperiod mWn :

�Fo�p)q ��rLs �ut �Fo +wv � tx rLs)y �ut�zR{�| - � �'! o +G}~# k } (5)

Severalsolutionscanbeproposedto computethe integral
in (5). This onedependson the input dynamicbehaviour
over theinterval

� ! o M ! o�p�q 
 . If theinput vector
� �'!$#

is con-
stantduringthesamplingperiod,that is if

� �"!$# ���f�
for! o�� ! � ! � + E , anexactdiscrete-timemodelcanbede-

termined: � o]p�q � %/	 � o +.- 	L� o (6)

BecausethestatematrixA of thesecond-ordermodel
is diagonal,the discrete-timemodelcaneasilybe defined
analyticallywith respectto theelectricparameters:% 	 � r z������ut � 5*jlk -�	 ��I ��� E 4 r zR�����ut # �

(7)

This discrete-timemodelcanalsobeemployedwhen
the inputsarenot constant;if their dynamicsarelow over
thesamplingperiod.For this reason,it is moreinteresting
to considerthe statorcurrentsthan the statorvoltagesas
model inputs. However, to allow large samplingperiods
(severalmsor morethan10ms),thedynamicsof theinputs
(the statorcurrents)must be taken into account. In this
case,we considerthe interpolatedvalueof the input over
the period m n (

� o in (6) is replacedby
:��Z� � � o + � o�p)q # ).

For several tenthof msor moreandfor moreprecisionin
this case,the input componentsin (6) canbe replacedby
their meanvaluescomputedfrom the samplestaken over



the period mWn [13]. Therefore,the usualdefinition of the
discrete-timematrices(7) canbekept.But, insteadof using� o , thesamplesof theinput components,we use �� o , their
meanvaluesover theperiod m n :��o]p�q � % 	 �Fo +.-�	 �� o (8)�� o is obtainedby oversamplingtheinputwith asmall
period

! n andusinga trapezoidapproximationof the inte-
grationover

! n :

�� o � E��� nK� t z q��\� x � �"! o +�� ! n #,+ � �"! o +�����+ E #
! n # (9)

Where
� n � � t� t is theoversamplingfactor. Thepe-

riod
! n is chosenaccordingto the dynamicsof the stator

currents.To simplify thecontrollerimplementation,
! n can

bethesampleperiodof thecurrentloop (if any) or the in-
vertermodulationperiod.

The numericalcomputationof the derivative of the
statorcurrentis the uniquedifficulty in the output equa-
tion of the second-ordermodel. It’s obtainedby applying
thebilineartransformationto alow-passfilteredderivation.
To preserve the data coherency and avoid aliasing phe-
nomenon,thesamelow-passfilter is appliedto all signals.
To reducethe bilinear transformationerror, the derivative
is computedwith theshortsamplingperiod

! n .
4. Rotor Flux and Parameter Estimation by

EKF

This paperis focusedon the discrete-timemotor model,
however our objective is to estimatethemotorparameters
in real-time. In this sectionwe highlight how the second-
ordermodelcansimplify the implementationof the EKF
for accurateestimations.

4.1 Stochastic Extended Model

To separatelyestimatethe resistances,which may slowly
vary with temperature,andthe inductances,which depend
on thesaturationlevel, theparametervectoris chosenas:� o ��� 9�� �"! o # IKJL� �"! o # 9�� �'! o # � � �"! o #�� �

With
� �

is theinverseof therotor inductance(
� � �q� � ) . To apply the EKF for simultaneousstateand pa-

rameterestimation,onemustextendthestatevectorby the
parametervector : � n]� o ��� � o � o 
�� . The stateexten-
sion implies a non-linearmodel. Moreover, the Kalman
filter approachassumesthat thedeterministicmodelof the
motor is disturbedby Gaussianandcenteredwhite-noise
: the statenoiseandthe measurementnoise. We suppose
that theparametersareconstantor vary slowly (

�� �'!$# �V:
),

the stochasticextendedmodel is obtainedby combining

themodelpresentedin (8) andtheparameterdynamicsaf-
fectedby Gaussianandcenteredwhite-noise:� n�� o]p�q � � � � o M � o #,+ � n�� o (10)� o � ¡ � � o M � o #,+ ¢ o (11)
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¢ o aretheextendedstateandmeasurement

noisesrespectively. Their covariancematricesare:¤ n�� o � `¦¥u� n�� o � �n�� o;§ 5 jlk 9 o � `¦¥u¢ o ¢ �o�§ (12)

4.2 Discrete-time EKF

TheEKF consistsof two phases.First,theextendedstateis
predictedaccordingto the expectedvalueof the extended
modelgivenin (10) :�� n]� o�p�q©¨ o � � � �� oL¨ o M �� oL¨ o # (13)�� o�p�q©¨ o � ¡ � �� o�p�q©¨ o Mª�� o�p)q�¨ o # (14)

Then,thispredictionis correctedby injectingtheout-
put estimationerror:�� n�� o�p�q©¨ o�p�q � �� n�� o�p)q�¨ o +.« o�p�q � � o�p�q 4 �� o�p�q©¨ o # (15)

TheKalmangain
«

is deducedfrom thepropertiesof
the stochasticmodelto minimize the varianceof the esti-
mationerror. However, becausetheKalmanfilter is a lin-
earobserver, the extendedmodelmustbe linearizedwith
respectto theestimatedextendedstate.Thanksto thesim-
plicity of the discrete-timesecond-ordermodel, this lin-
earizationcanbe computedvery easily. Indeed,it’s very
complicatewhenthefourth-ordermodelis used.We have,¬� n�� o]p�q�¨ o � ­ o ¬� n]� oL¨ o +.� n�� o (16)¬� o]p�q�¨ o � ® o�p�q ¬� n�� o�p�q©¨ o +.¢ o�p�q (17)

With
¬�¯n � �¯n 4 ��¯n theestimationerrorandwith the

following Jacobianmatrices:­ o � @�° � � � o M � o #° �¯n D�± t �³²± t � @ %/	 � �� o #´e ±: � D
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With theadditionalassumptionthatthereis no corre-
lationbetweenthesystemnoisesandstatecomponents,the
optimalgain (theKalmangain)andthecovariancematrix
of theestimationerrors( » n � `¦¥ ¬� n ¬� �n § ) aregivenby :» n�� o�p�q©¨ o ��­ ou» n�� oL¨ o ­ �o +.¤ n]� o (18)» µ � o�p�q©¨ o ��® o�p)q » n�� o�p)q�¨ o ® � o�p�q + 9 o]p�q (19)« o�p)q � » n�� o�p�q©¨ o ® � o]p�q » z qµ � o�p�q©¨ o (20)» n�� o�p�q©¨ o�p�q � » n�� o�p�q©¨ o 4 « o�p�q�» µ � o�p�q©¨ o « �o]p�q (21)

4.3 Tuning of the Covariance Matrices

The covariancematrices
¤ n]� o and

9 o characterizethe
noises

� n�� o and
¢ o respectively, which take into account

of the modelapproximationsandthe measurementerrors.
Someauthorsconsiderthesestochasticpropertiesas free
tuningparametersof theKalmanfilter andusea LQG tun-
ing approach[10]. We preferto usea physicalapproachto
obtaina morerealistictuningthatpermitsto roughlyeval-
uatethe parameteruncertainties.However, a fine-tuning
analysisbasedon measureddatais usedhere.

Thetwo first componentsof theextendedstatenoise� n arerelatedto therotor flux. For simplicity, wesuppose
that the two-phasecomponentsof this error are uncorre-
latedandsharethesamespectraldensity

UW¼½ . Thefour last
componentsof theextendedstatenoisecharacterizethepa-
rametervariations: they permitto tunethedynamicsof the
parameterestimation. Non-diagonaltermsdefinethe pa-
rametercouplings,for instance,thethermalcouplingof

9��
and

9 �
or the magneticcouplingof

I JL�
and

I �
. There-

fore andfor simplicity, the matrix
¤ n�� o is supposedto be

diagonal:¤ n�� o � k ¸ 5 ¡ � U ¼½ M U ¼½ M U ¼¾l¿ M U ¼�ÁÀ ¿ M U ¼¾ � M U ¼� �
#

(22)

The observation equation(4) is rather complicated
andseveralnoiseorigins shouldbe considered.However,
in practice,themainsourcesof errorarethevoltagemea-
surements.By assuminguncorrelatedtwo-phaseerrorsof
powerspectraldensity

UW¼Â ¿ , we get:9 o � k ¸ 5 ¡ � U ¼Â;¿ M U ¼Â;¿ # (23)

Thus,theproposedanalysisis basedon anaccuratesimu-
lation of the inductionmotor modelconsideringthe same
conditionsof the testpresentedon thefigure1. For every
samplingperiod, the evaluationof variances

UW¼½ and
UW¼Â;¿

is basedon thespectraledensityof thedifferencebetween
two simultations: asimultationwithoutnoisesandanother
with noises.Theexperimentalnoisesareintroducedto the
simulateddataascorrectaspossible.For moredetails,one
canreferedto [13]. Thevaluesof thesevariancesaresum-
merizedin Table1.

5. Experimental Results

In this section,we illustratetheefficiency of our approach
with experimentaldataobtainedwith a

� � �
kW imduction

Discret-timeperiod
UW¼½ UW¼Â ¿mRn � E/Ã³Ä � � E :ªzRÅ E � �m n � E : Ã³Ä � :�� E :�z�Å :�� E �mWn � º : Ã³Ä Æ :�� E :�z�Å :�� : ¹

Table1. Stateandmeasurementnoisevariances

motor. Measuredsignals(two componentsof the three-
phasestatorquantitiesandthe rotor mechanicalvelocity)
arepresentedin figure1. Measurementsof thestatorvolt-
agesand currentswere madeby Hall-effect sensorsand
therotorpositionwasmeasuredby anincrementalencoder
with a resolutionof

� : :�:
points. Becauseof the low fre-

quency modulationof the static converter, efficient anti-
aliasingfilters wererequired: 5th orderBesselfilters with
a cut-off frequency of E : :�: Hz. The datasamplingpe-
riod is

! n �V:~� � Ã·Ä . Noticethat this datasensitizesall the
parametresby controllingthemotorby animportanttorque
wiht differentlevels.
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−200
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Time (s)

Figure1. Measuredsignals

The figure 2 comparesestimationresults for three
samplingperiods: 1, 10 and40 ms. Electric parameters
were initialized with a significanterror (about50 %) to
show the fastandregularconvergenceof theestimates.It
canbe seenthat the threesetsof final estimatesarevery
close.Thefactthatweallow thevariationon theestimated
parameters,by tuning the EKF via the parametercompo-
nentsof the covariancematrix

¤ n�� o , the continuous-time
modelerrorsaffect theestimations,especiallyfor therotor
resistance(

9 �
) asshown in figure 3. Thus, it seemsthat

theEKF estimatesa globalimpedanceof themotor, which
characterisedby four parametersonly in our case.In real-
ity, thesimplificationintroducedto obtainthecontinuous-
time modelcausesthevariationsrevealedon theestimated
parameters(seefigure3), especiallyin thepresenceof iron
losses.

The parametermeanvalues,summarizedin Table2,
show that only the inductance

I JL�
is sensibleto the sam-



0 1 2
0.5

1

1.5

2

2.5

3
Estimated  Rs  (Ohm)

Time (s)
0 1 2

5

10

15

20
Estimated  Lfs (mH) 

Time (s)

0 1 2
0.8

1

1.2

1.4

1.6

1.8

2
Estimated  Rr  (Ohm)

Time (s)

1 ms 

10 ms

40 ms

0 1 2
2

2.5

3

3.5

4

4.5

5
Estimated 1/Lr (1/H)

Time (s)

Figure2. Estimatedparameters;m n � E M E : MHº : Ã³Ä
pling period. Besides,high frequenciessignalsareneces-
saryto estimatethis parametercorrectlythatcanbeatten-
uatedwhenusing large periods( m n ). In addition, the in-
ductance

IKJL�
is sensibleto aneventualimportantnoiseson

thestatorcurrentsignals,which canbeproducedby using
an inaccuratemeasurementsensors.Thereforeandto es-
timatethe leakageinductance

I JL�
accuratelyif riquiered,

thesamplingperiodandtheacquisitionproceduremustbe
optimized.

Period
9�� � Q # IKJL� � Ã³Ç # 9�� � Q # IK� � Ç #m n � EÈÃ³Ä � � � É E ¹ � º E �Z� � :�� ����ÊmRn � E : Ã³Ä � � ��Ê E ¹ � Æ E � º Ê :�� ��� Ém n � º : Ã³Ä � � ¹ E �ª� � E � º Æ :�� ����Ë

Table2. Comparaisonof thefinal valuesof theestimations

To show the performanceof the above estimationin
practice,we addthreeresistancesof

:�� ËÍÌfÎ Ã to thethree
phasesof themachine.Normally, this will exceedthesta-
tor resistance

9 �
of

:~� ËfÌfÎ Ã . In fact, the augmentation
of the statorresistanceagreeswith an eventualheatingof
thestatorwinding. Here,wenoticethattheparameteresti-
mationwill befruitful for themotorsurveillance.Figure4
shows theon-lineestimatedparameters.As we seein this
figure, the estimatedstatorresistancechangesfrom about� � ��Ë

to
� � Æ � ÌfÎ Ã whenthethreeresistancesareaddedto

the motor phases.Indeed,the accuracy of the parameter
estimationdependsonthedatainformationwhichsensitize
oneor moreparameter. As mentionedbefore,above esti-
mationsaremadeusingthedatapresentedin figure1 which
sensitizeall theelectricparameters.Thus,this approachis
testedusingthedataof figure5. In this case,only thesta-
tor resistance

9 �
andtherotor inductance

I �
aresensitized
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Figure3. Estimatedparameters;mRn � EÈÃ³Ä
sufficiently. The other two parameters(

I JL�
and

9 �
) are

desensitized(figure 6); that’s due to the low level of the
referencetorque. Thereforeandfor the real-timeapplica-
tion, theparameterestimationmustbesupervised.
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Figure4. On-lineestimatedparameters;mWn �b:~� � Ã·Ä
6. Conclusion

We have shown in this paperthat the second-ordermodel
andtheextendedKalmanfilter areadaptedto thetracking
of therotorflux andtheelectricalparametersperfectly. It’s
possibleto usesamplingperiodof 10 ms or larger with-
out losingtheestimationprecision.In practice,this allows
thereal-timeimplementationof anefficient parameterand
rotorflux estimatorwithoutrequiringapowerful processor.
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