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ABSTRACT

This paperpresentan efficient discrete-timesecond-order
modelof aninductionmotorfor therotor flux andparame-
tersreal-timeestimationusingan ExtendedKalmanFilter.
Comparedwith the usualmodel, this model offers mary
adwantagedor real-timeidentificationandfault diagnostic
of theinductionmotor. Indeednot only, it remainsstable
andaccuratefor large samplingperiods,but alsoit offers
a betterlinearity with respecto the estimatedobarameters
andit reducesthe computationalcost of the Kalman fil-
ter. Experimentakesultsshowv the greataccurag andthe
fastcorvergenceof theestimategparametersgvenfor sam-
pling periodslargerthan10 ms. In practice the optimiza-
tion of the measuremergrocedureandtherealistictuning
of the Kalmanfilter hasallowed the real evaluationof the
parametersincertaintiesand revealsthe errorsdueto the
modelsimplificationof themotorsuchastheiron losses.
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1. Introduction

Theselastdecadesverevery fruitful for theinductionmo-
tor control: we have assistedo thedevelopmenbf increas-
ingly sophisticatedcontrol schemes,from simple scalar
controlmethodgo sensorlessr auto-tuningcontrol strate-
gies. Now, performancesreadequatdor mary industrial
applicationsandresearchand developmentstudiesfocus-
ing on supervisionandfault diagnosis. However, electric
parametersharacterizinghe induction motor model can
vary significantlyduring the normaloperatingpoint of the
motor. This causedby phenomenauchas; heating( sta-
tor androtor), magneticsaturatioror skin effect. Thus,the
bad knowledge and the parametewariationscan deterio-
ratethe achieved control or supervisionperformancesnd
decreasehe outputof the motor. Then,it may be neces-
saryto estimatereal-timeparametersAn interestingfea-
ture of the ExtendedKalman Filter (EKF) is its ability to
estimatesimultaneouslythe statesandthe parametersf a
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dynamicprocessThisis generallyusefulfor boththecon-
trol andthe diagnosisof the process. However, an EKF
is a rathercomplex algorithm and most of the previously
publishedstudiesare not applicablefor on-line parameter
estimation. Hence,their computationaload is very high
or they requirevery shortsamplingtimes|[1, 2, 3, 5, 7,
11]. However, reduced-ordemodelsof theinductionmo-
tor have beenproposedn previouspaperd1, 2, 4]. These
modelswerestill relatively complicated.In this paperwe
shav how a corvenientmodel cansimultaneouslyeduce
the computationaload of an EKF and allows the use of
large samplingperiodswithout losing the estimationaccu-
ragy.

In practice,precautionsnustbe takento avoid inac-
curateparameteestimation.Indeed themeasuremeryiro-
cedureshouldbe optimizedto reducethe eventualerrors
and noises. In [13], we have shovn that someparame-
tersareinaccuratelyestimatedn the presencef important
noisesonthemeasuremengspeciallyonthemeasuredta-
tor current.In this case)ow-pasdilters usingsmall cut-off
frequenciesnust be appliedto the measuredsignals. In
addition, the on-line estimationof the parametersnustbe
supervised. Thus, we can estimateone or more parame-
ter accordingto the measuredignalsdynamicbehaiours
[13].

The paperis organizedasfollows: section2 reviews
thefourth-ordermodelandhighlightsits disadantagegor
the parameteestimation.The second-ordemodelandthe
EKF basedon this modelare presentedn sections3 and
4. The estimationaccurag usingexperimentaldatais dis-
cussedn sectionb.

2. Fourth-order Moded

The usualmodel of the induction motor is the two-phase
modeldeducedrom the Park transform. This modelcon-

sidersthe statorvoltagesUy = [Usq Usq]T asinputandthe
statorcurrentsY; = [Is4 Isq]T asoutput. To simplify the
obsenation equation,the statorcurrentsare often chosen
asstatevariables. The statevectoris completedwith the
rotor flux components X, = [I;q Isq ®ra <I>Tq]T. With



theusualhypothesif symmetryandlinearity (saturation,
skin effect andcorelossesareneglected) the fourth-order
model,in the mechanicaframe,is given by the following
equations

X4(t) = A4(wm)X4(t)+B4U4(t) (1)
Ya(t) = CaXa(t) )
—a W (1) bp. bwo (1)
A — —wm(t) —a  —bwn(t)  bpr
+T R, 0 —pr 0
0 Rr 0 —Pr
T
b 0 0 0 10 00
B4_[0b00 04_[0100]
R, +R. , 1 _ R,
a = Tfs,b = Lfs andpr = LT_

Wherew,,, = pQ,,, ,, is the rotor velocity and 2p
is the pole number The parameters®,, Ls,, R, and L,
are, respectiely, the statorresistancethe global leakage
inductancgL ¢, = oL,), therotor resistancendthe rotor
inductancdall referredto the stator).

This modelhasmary disadwantagesor stateor pa-
rameterestimation. First, becausawo statecomponents
(the stator currents)of this fourth-ordermodel are accu-
rately measurablefull-order obsenersdeducedrom this
modelareneedlesslyomplicated Secondthe modelcon-
tainssimultaneouslyfastandslov modes. the currentdy-
namicsis far higherthanthe rotor flux dynamics. More-
over, the poles of this model vary with the mechanical
speedand two of them are very lightly dampedfor high
speeds. Therefore,great caution should be exercisedto
determinea stableand accuratefourth-orderdiscrete-time
model. Most authorsuseEuler approximationanda very
small samplingperiod: 0.1 msor less[1, 2, 3, 8, 12].
To allow larger samplingperiods(up to 1 ms), morecom-
plex discretizationschemedike the second-ordeiseries
expansionof the matrix exponentialare employed [7, 9,
11]. However, becausé¢he parametesensitvity is approx-
imately proportionalto the samplingperiod,it is moread-
visableto avoid smallsamplingperiod: by improving the
parameteidentifiability, therisk of numericaldivergencds
reduced.A high samplingfrequeny mayalsoberequired
to follow the dynamicsof the fastinput signals(the sta-
tor voltages).Lastly, the EKF usesalinearizedmodelwith
respecto theestimategarametersDueto themodelcom-
plexity, this linearizationis very cumbersomandinvolves
heary computationsespeciallywhenthe second-ordese-
ries expansionof the matrix exponentialis employed. In
conclusionan EKF basedon theusualfourth-ordermodel
impliesa smallsamplingperiodandinducesa severecom-
putationvolumeandcompleity.

3. Second-order Model

To get a simple model for rotor flux and parametetesti-
mation, we considerthe statorcurrentsasinput: U =

[Isq I4)T and the stator voltagesas output : Y =
[Usa Usq]T. Then,the statevectoronly consistsof the ro-
tor flux components X = [®,4 <I>Tq]T. The mechanical
frameis choserasareferencdramefor the electricalsig-
nalsfor two reasonsFirst, in thatcasethe matricesof the
stateequationare constanandsecond,n steadystatethe
frequeng of the electricalvariablesis very small. With
theseassumptionsye obtain:

X = AX+BU 3)
Y = Clwm)X + D(wn,)U + EU (4)

A=—p I, B=R.I,C = —p.] +wpnJ,
D=(R; +R.)]+ LyswmJ,E = LyI

I:[(ll (1)] ansz[(l) _01]

The factthatthe statevectoronly consistsof the ro-
tor flux offers a doubleadwantage.First, the reductionof
the statedimensionreduceghe computationalzolumeand
compleity. Secondthanksto its low dynamic,the rotor
flux canbe easilyestimated the second-ordemodelhas
only realandslow poles. This propertyallows choosinga
large samplingperiod T, without failing the stability and
theaccurag of thediscrete-timenodel.

Thediscrete-timenodelis obtainedby integratingthe
stateequation(3) over the samplingperiodT, :

Te
X1 = e Xy + / e =T BU (ty, + 7)dr (5)
0

Several solutionscanbe proposedo computethe integral
in (5). This onedependson theinput dynamicbehaviour
overtheinterval [tx, tx+1]. If theinputvectorU(t) is con-
stantduringthe samplingperiod,thatis if U(t) = Uk for
tr <t <tk + 1, anexactdiscrete-timemodelcanbe de-
termined:

Xky1 = AaXyp+ BaUy (6)

Becausehestatematrix A of thesecond-ordemodel
is diagonal,the discrete-timemodel caneasily be defined
analyticallywith respecto theelectricparameters

Ay = e "Tland By=L,(1—e T (7)

This discrete-timeanodelcanalsobeemployedwhen
the inputsarenot constantjf their dynamicsarelow over
the samplingperiod. For this reasonjt is moreinteresting
to considerthe statorcurrentsthan the statorvoltagesas
modelinputs. However, to allow large samplingperiods
(severalmsor morethan10ms),thedynamic=of theinputs
(the stator currents)must be taken into account. In this
case,we considerthe interpolatedvalue of the input over
the period T, (U}, in (6) is replacedby 0.5(Uy + Ugy1)).
For severaltenthof msor moreandfor more precisionin
this case,the input componentsn (6) canbe replacedby
their meanvaluescomputedfrom the samplesaken over



the period T, [13]. Therefore,the usualdefinition of the
discrete-timematriceg7) canbekept. But, insteadf using
Uy, the samplesof theinput componentswe useUy, their
meanvaluesover theperiodT :

Xip1 = AaXy + BaUy (8)

U, is obtainecby oversamplingheinputwith asmall
periodt. andusinga trapezoidapproximatiorof theinte-
grationovert, :

N.—1

N 1 = . .

O = 337 E. 0 Uty + jte) + Utr + (G + )te)  (9)
P

WhereN, = f— is the oversamplingactor The pe-
riod ¢, is Chosenac?:ordingto the dynamicsof the stator
currents.To simplify the controllerimplementationt. can
be the sampleperiodof the currentloop (if ary) or thein-
vertermodulationperiod.

The numericalcomputationof the derivative of the
statorcurrentis the uniquedifficulty in the output equa-
tion of the second-ordemodel. It's obtainedby applying
thebilineartransformatiorto alow-pasdilteredderivation.
To presere the data cohereng and avoid aliasing phe-
nomenonthe samelow-pasdfilter is appliedto all signals.
To reducethe bilinear transformatiorerror, the derivative
is computedwith the shortsamplingperiodt...

4. Rotor Flux and Parameter Estimation by
EKF

This paperis focusedon the discrete-timemotor model,
however our objectie is to estimatethe motor parameters
in real-time. In this sectionwe highlight how the second-
order model cansimplify the implementationof the EKF
for accurateestimations.

4.1 Stochastic Extended Model

To separatelyestimatethe resistanceswhich may slowly
vary with temperatureandthe inductanceswhich depend
onthesaturatiorlevel, the parameterectoris choseras:

Op = [ Ro(t) Lyps(ts) Ro(ty) Noti) ]”

With N, is theinverseof therotor inductancg N, =
L%) . To apply the EKF for simultaneousstateand pa-
rameterestimationponemustextendthe statevectorby the
parametenvector: X, = [Xi 6x]T. The stateexten-
sion implies a non-linearmodel. Moreover, the Kalman
filter approachassumeshatthe deterministionodelof the
motor is disturbedby Gaussiarand centeredwhite-noise
: the statenoiseandthe measurememoise. We suppose
thatthe parametersireconstanor vary slowly (6(t) = 0),
the stochasticextendedmodel is obtainedby combining

themodelpresentedn (8) andthe parametedynamicsaf-
fectedby Gaussiarandcenteredvhite-noise:

Xepr1 = [(Xp,0k) +Wep (10)
i = g9(Xi,01) + Vi (11)
With,

— Ad(ak)Xk +Bd(0k)0k
O

9( X1, 0k)=Cl(Wm, 1) Xk + Do (W, O)Us + E(6x) Uy

f

W, . andV}, aretheextendedstateandmeasurement
noisesrespectiely. Their covariancematricesare:

Qe = E{We WS} and R = E{ViV[}  (12)

4.2 Discrete-time EKF

TheEKF consistof two phasesFirst, theextendedstateis
predictedaccordingto the expectedvalue of the extended
modelgivenin (10):

ek = F(Xuje: Oegn) (13)
?k+1|k = Q(Xk+1|k,ék+1\k) (14)

Then,this predictionis correctedby injectingthe out-
put estimatiorerror:

Xe,k+1|k+1 = Xe,k+1|k + Kip1 (Yey1 — Y'k+1\k)(15)

TheKalmangain K is deducedrom thepropertieof
the stochastiomodelto minimize the varianceof the esti-
mationerror. However, becausehe Kalmanfilter is a lin-
earobsenrer, the extendedmodel mustbe linearizedwith
respecto the estimatedxtendedstate. Thanksto the sim-
plicity of the discrete-timesecond-ordemodel, this lin-
earizationcanbe computedvery easily Indeed,it’s very
complicatewhenthe fourth-ordemmodelis used.We have,

Xepripp = FeXoppn +Wen (16)
Vitir = GrprXeppipe + Vit (7)

With X. = X. — X. theestimatiorerrorandwith the
following Jacobiammatrices.

F. = af(Xkaek) — Ad(ék) JX
* X, |x._x 0o I
89(Xit1,0
G = | 2R b)) [ gy ]
e X=X,
JX = [M and JY = |:6Yk+1’i:|
90; |x._x. 99; |x._x.

1=1,2andj=1,2,3,4



With the additionalassumptiorthatthereis no corre-
lation betweerthe systermoisesandstatecomponentsthe
optimal gain (the Kalmangain) andthe covariancematrix
of theestimatiorerrors(P, = E{X.X}) aregivenby :

P i1k = FePe i FiE + Qe (18)
Py i1k = Git1Pe i1 xGhys + Riy1 (19)
Ky = Pe,k+1|kG£+1P£]16+1‘k (20)

T
Periijerr = Pepyijpe — Ker1 Pypgr Ky (21)

4.3 Tuning of the Covariance M atrices

The covariance matrices Q. and R, characterizethe
noisesW. . andV;, respectiely, which take into account
of the modelapproximationsandthe measuremergrrors.
Someauthorsconsiderthesestochasticpropertiesas free
tuning parametersf the Kalmanfilter andusea LQG tun-
ing approact10]. We preferto usea physicalapproacho
obtaina morerealistictuningthat permitsto roughly eval-
uatethe parametemncertainties. However, a fine-tuning
analysishasedon measurediatais usedhere.

Thetwo first component®f the extendedstatenoise
W, arerelatedto therotor flux. For simplicity, we suppose
that the two-phasecomponentf this error are uncorre-
latedandsharethe samespectraldensityo? . Thefour last
componentsf theextendedstatenoisecharacterizéhepa-
rametevariations. they permitto tunethedynamicsof the
parameteestimation. Non-diagonatermsdefinethe pa-
rametercouplingsfor instancethethermalcouplingof R,
and R, or the magneticcouplingof L, and L,. There-
fore andfor simplicity, the matrix Q. is supposedo be
diagonal:

Qe,k = dia'g(o—éaUg)ao—?ﬁuaifs?o—?%r’(f]z\fr) (22)

The obsenation equation(4) is rather complicated
andseveral noiseorigins shouldbe considered.However,
in practice,the main sourcef error arethe voltagemea-
surements By assuminguncorrelatedwo-phaseerrorsof
power spectralensityoz; , we get:

Ry = diag(op ,0%)) (23)

Thus, the proposedanalysisis basedon anaccuratesimu-
lation of the induction motor modelconsideringthe same
conditionsof the testpresentedan thefigure 1. For every
samplingperiod, the evaluationof variancess3 ando?,
is basedon the spectraledensityof the differencebetween
two simultations asimultationwithoutnoisesandanother
with noises.The experimentaoisesareintroducedto the
simulateddataascorrectaspossible For moredetails,one
canreferedto [13]. Thevaluesof thesevariancesaresum-
merizedin Tablel.

5. Experimental Results

In this sectionwe illustratethe efficiency of our approach
with experimentaldataobtainedwith a 2.2 kW imduction

| Discret-timeperiod | o3 | o7 |

T.=1ms 2.107% | 1.5
T. =10 ms 20.10~% | 0.15
T. = 40 ms 80.10~8 | 0.03

Tablel. Stateandmeasurementoisevariances

motor. Measuredsignals(two componentsf the three-
phasestatorquantitiesandthe rotor mechanicalelocity)

arepresentedn figure 1. Measurementsf the statorvolt-

agesand currentswere madeby Hall-effect sensorsand
therotor positionwasmeasuredby anincrementakncoder
with a resolutionof 2000 points. Becauseof the low fre-

quengy modulationof the static corverter, efficient anti-

aliasingfilters wererequired: 5th orderBessefilters with

a cut-off frequeng of 1000 Hz. The datasamplingpe-
riodis t. = 0.5 ms. Noticethatthis datasensitizesll the
parametreby controllingthemotorby animportanttorque
wiht differentlevels.

Three-phase stator currents (A)
T

I
15 2

.
0 0.5

1
Rotor velocity (rad/s)
T

T

-200
0

. . .
0.5 1 15 2
Time (s)

Figurel. Measuredsignals

The figure 2 comparesestimationresultsfor three
samplingperiods: 1, 10 and40 ms. Electric parameters
were initialized with a significanterror (about50 %) to
shaow the fastandregular corvergenceof the estimates It
canbe seenthat the threesetsof final estimatesare very
close.Thefactthatwe allow thevariationon the estimated
parametersby tuning the EKF via the parametecompo-
nentsof the covariancematrix Q. x, the continuous-time
modelerrorsaffectthe estimationsgspeciallyfor therotor
resistancgR,.) asshavn in figure 3. Thus,it seemghat
the EKF estimates globalimpedancef the motor, which
characterisethy four parametersnly in our case.In real-
ity, the simplificationintroducedto obtainthe continuous-
time modelcauseghe variationsrevealedon the estimated
parametergseefigure 3), especiallyin thepresencef iron
losses.

The parametemeanvalues,summarizedn Table 2,
shawv that only the inductanceL, is sensibleto the sam-
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Figure2. Estimatecbarameters], = 1, 10, 40 ms

pling period. Besides high frequenciessignalsare neces-
saryto estimatethis parametecorrectlythatcanbe atten-
uatedwhenusinglarge periods(7,). In addition,thein-

ductancel, is sensibldo aneventualimportantnoiseson

the statorcurrentsignals,which canbe producedby using
aninaccuratemeasuremergensors.Thereforeandto es-
timatethe leakageinductancel s, accuratelyif riquiered,
thesamplingperiodandthe acquisitionproceduranustbe
optimized.

[ Period | R,() | Ly.(mH) | RA(Q) | L.(H) |
T. =1ms 2.27 13.4 1.52 0.229
T. =10 ms 2.29 13.8 1.49 0.227
T, = 40 ms 2.3 15.2 1.48 0.226

Table2. Comparaisomf thefinal valuesof the estimations

To show the performanceof the above estimationin
practice,we addthreeresistancesf 0.6 Ohm to thethree
phaseof the machine.Normally, this will exceedthe sta-
tor resistanceR, of 0.6 Ohm. In fact, the augmentation
of the statorresistanceagreeswith an eventualheatingof
the statorwinding. Here,we noticethatthe parameteesti-
mationwill befruitful for the motorsurwillance.Figure4
shaws the on-line estimatedparametersAs we seein this
figure, the estimatedstatorresistancae&ehangedrom about
2.26 to 2.85 Ohm whenthethreeresistanceareaddedto
the motor phases.Indeed,the accurag of the parameter
estimationdepend®nthedatainformationwhich sensitize
oneor more parameter As mentionedcbefore,above esti-
mationsaremadeusingthedatapresentedh figure1 which
sensitizeall the electricparametersThus,this approachs
testedusingthe dataof figure 5. In this case only the sta-
tor resistanceR; andtherotorinductancel., aresensitized

Estimated Rs : 2.272 (Ohm) Estimated Lfs: 12.98 (mH)
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Figure3. Estimatedparameters], = 1 ms

sufficiently. The othertwo parameter{L;, and R,.) are
desensitizedfigure 6); that's dueto the low level of the
referenceiorque. Thereforeandfor the real-timeapplica-
tion, the parameteestimatiormustbe supervised.

Rs : 2.262 and 2.85 (Ohm) Lfs: 13.49 (mH)
3 15
28 14.5
2.6
14
2.4
20 13.5
2 13
0 5 10 15 0 5 10 15
Time (s) Time (s)
Rr : 1.464 (Ohm) 1Lr: 4.342 (1/H)
16 4.5
1.55 4.45
15 4.4
1_45WWWVWW e
1.4 4.3
0 5 10 15 0 5 10 15
Time (s) Time (s)

Figure4. On-lineestimatecharametersl, = 0.5 ms

6. Conclusion

We have shown in this paperthat the second-ordemodel
andthe extendedKalmanfilter areadaptedo the tracking
of therotorflux andtheelectricalparameterperfectly It's
possibleto use samplingperiod of 10 ms or larger with-
outlosingtheestimationprecision.In practice this allows
thereal-timeimplementatiorof an efficient parameteand
rotorflux estimatomwithoutrequiringapowerful processar
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