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�� 6WDWH�RI�WKH�DUW�LQ�EDWWHU\�PRGHOLQJ��� 6WDWH�RI�WKH�DUW�LQ�G\QDPLF�PRGHOLQJ
7ZR�PHWKRGV�DUH�HQFRXQWHUHG�LQ�EDWWHU\�PRGHOLQJ�2Q�RQH�KDQG��HOHFWURFKHPLFDO�SKHQRPHQD�DUH�GHVFULEHG�LQ�WKH�IRUP�RI�GLIIHUHQWLDO�HTXDWLRQV�DQG�WKHQVROYHG�>�@��6XFK�DQ�DSSURDFK�QHHGV�WKH�NQRZOHGJH�RI�WKH�LQLWLDO�DQG�ERXQGDU\�FRQGLWLRQV�RI�WKH�FHOO�ZKLFK�DUH�QRW�DOZD\V�DYDLODEOH�2Q� WKH�RWKHU�KDQG�� DQ�HTXLYDOHQW� HOHFWULFDO� FLUFXLW� LV�SURSRVHG��ZKRVH� FRPSRQHQWV� DUH� LGHQWLILHG�E\H[SHULPHQWDO� PHDVXUHV� >�@�� 7UDQVPLVVLRQ� OLQHV�� HOHFWULFDO� QHWZRUNV� RU� UHVLVWLYH� FRPSDQLRQ� PRGHOVFRPH�IURP�WKLV�DSSURDFK�>�@>�@�$OWKRXJK�WKLV�PHWKRG�KDV�EHHQ�ZLGHO\�XVHG�WR�PRGHO�OHDG�DFLG�EDWWHULHV��LW�KDV�EHHQ�UDUHO\�DSSOLHG�WR1L0+�FHOOV��2XU�VWXG\�WULHV�WR�ILOO�WKLV�ODFN�E\�SUHVHQWLQJ�D�G\QDPLFDO�PRGHO�RI�D�����$K���9�1L0+EDWWHU\���� 6WDWH�RI�WKH�DUW�LQ�HQHUJHWLF�PRGHOLQJ
7ZR�PHWKRGV�FDQ�EH�XVHG�WR�ILJXUH�RXW�WKH�HQHUJHWLF�HIILFLHQF\�RI�D�EDWWHU\�GXULQJ�FKDUJH�RU�GLVFKDUJHRSHUDWLRQV�2Q� RQH� KDQG� E\� HVWLPDWLQJ� KHDW� IORZV�� ZH� FDQ� JHW� -RXOH� ORVVHV� DQG� WKHQ� FKDUDFWHUL]H� WKH� SURFHVVHIILFLHQF\��6XFK�D�PHWKRG�FDOOV�IRU�WKH�NQRZOHGJH�RI�WHPSHUDWXUH�DQG�HQWURS\�YDULDWLRQV�>�@�
2Q� WKH� RWKHU� KDQG�� ZKHQ� WKH� EDWWHU\� LV� UHSUHVHQWHG� E\� DQ� HTXLYDOHQW� HOHFWULF� VFKHPH� >�@� >�@�� WKHGLVVLSDWHG�DQG�VWRUHG�HQHUJ\�GXULQJ�HQHUJHWLF�WUDQVIHUV�FDQ�EH�LPPHGLDWHO\�FDOFXODWHG�VLQFH�LW�LV�UHODWHGWR�UHVLVWLYH�DQG�FDSDFLWLYH�HOHPHQWV��7KLV�LV�WKH�ZD\�ZH�KDYH�FKRVHQ�WR�HVWLPDWH�WKH�-RXOH�ORVVHV�RI�RXU��9�����$K�1L0+�SDFN��� '\QDPLF�PRGHO�RI�WKH�����$K���9�1L0+�SDFN
6LQFH� WKH� ��9� SDFN� XVHG� LQ� RXU� HOHFWULFDO� SRZHUWUDLQ� EHQFK� LV� PDGH� RI� WKLUW\� WZR� ���9� ����$KHOHPHQWV�LQ�VHULHV��ZH�ILUVW�PRGHOHG�D�VLQJOH�FHOO��DQG�WKHQ�GHGXFHG�WKH�HTXLYDOHQW�PRGHO�IRU�WKH�HQWLUHSDFN�7KHVH�LVVXHV�DUH�UHVSHFWLYHO\�WDFNOHG�LQ�WKH�FRPLQJ�VHFWLRQV���� '\QDPLF�PRGHO�RI�D�VLQJOH����9�����$K�HOHPHQW
:H�FRQVLGHU�IRU�D�VLQJOH�1L0+�HOHPHQW�WKH�HTXLYDOHQW�HOHFWULF�FLUFXLW�RI�)LJXUH���

)LJXUH����(TXLYDOHQW�HOHFWULF�VFKHPH�RI�D�VLQJOH����9�����$K�1L0+�FHOO
7KLV� VFKHPH� KDV� EHHQ� REWDLQHG� IURP� WKH� ZRUNV� RI� 1RWWHQ� DQG� 5DQGOHV� >�@>��@�� LWV� FRPSOHWHMXVWLILFDWLRQ�FDQ�EH�IRXQG�LQ�>��@�/RRNLQJ�DW�)LJXUH����ZH�ILQG�WKH�IROORZLQJ�HOHFWULFDO�HOHPHQWV�UHSUHVHQWLQJ�HLWKHU�D�VWDWLF�RU�D�G\QDPLFHOHFWURFKHPLFDO�SKHQRPHQRQ�

%
&GO

5WF5:
$

=Z�V�(HT



R (HT VWDQGV�IRU�WKH�HTXLOLEULXP�SRWHQWLDO�RI�WKH�FHOO�R 5WF DQG�&GO�VWDQG�IRU�FKDUJH�WUDQVIHU�SKHQRPHQD�RFFXULQJ�LQ�KLJK�IUHTXHQFLHV�R =Z UHSUHVHQWV� WKH� GLIIXVLRQ� SKHQRPHQD� RFFXULQJ� LQ� ORZ� IUHTXHQFLHV�� 7KLV� HTXLYDOHQWLPSHGDQFH�LV�FDOOHG�³:DUEXUJ�LPSHGDQFH´>�@��LWV�VWUXFWXUH�LV�GHWDLOHG�LQ�WKH�FRPLQJ�VHFWLRQ���� 6WUXFWXUH�RI�WKH�ZDUEXUJ�LPSHGDQFH�=Z�
$FFRUGLQJ�WR�ILQG�WKH�VWUXFWXUH�RI�=Z���ZKLFK�XVXDOO\�GHSHQGV�RQ�WKH�W\SH�DQG�WKH�ERXQGDU\�FRQGLWLRQVRI� WKH� FRQVLGHUHG� FHOO��� ZH� SHUIRUPHG� RQ� RXU� VLQJOH� HOHPHQW� DW� VHYHUDO� VWDWH� RI� FKDUJHV� �6R&�VSHFWURVFRS\�PHDVXUHPHQWV�:H� EULHIO\� UHPLQG� WKH� SULQFLSOH� RI� WKLV� � WHFKQLTXH� FRPPRQO\� XVHG� ZKHQ� FKDUDFWHUL]LQJ� DQ\HOHFWURFKHPLFDO�V\VWHP�>��@�$�ORZ�VLQXV�YROWDJH�Y�W� 9PD[�VLQ�ZW��RI�JLYHQ�IUHTXHQF\�DQG�JLYHQ�DPSOLWXGH��9PD[�EHORZ���P9�LV�VXSHULPSRVHG�WR�WKH�HTXLOLEULXP�YROWDJH�RI�WKH�FHOO�DW�D�JLYHQ�VWDWH�RI�FKDUJH�7KH�FRUUHVSRQGLQJ�VLQXV�FXUUHQW�L�W� ,PD[VLQ�ZW���M��IORZLQJ�WKURXJK�WKH�EDWWHU\�LV�WKHQ�PHDVXUHG�:KHQ�GLYLGLQJ� WKH� VLQXV� YROWDJH� E\� WKH� VLQXV� FXUUHQW�ZH�REWDLQ� WKH� LPSHGDQFH�FHOO�= 7�V�� VXFK� DV� ��H[S�PD[PD[�� MM,9V7=  �ZKHUH�M LV�WKH�SKDVH�VKLIW�EHWZHHQ�Y�W��DQG�L�W��$W� D� JLYHQ� VWDWH� RI� FKDUJH� ZKHQ� VZHHSLQJ� WKH� IUHTXHQF\� IURP� �����+]� WR� ��+]� ZH� REWDLQ� WKH³,PSHGDQFH�VSHFWUXP´�RI�WKH�FHOO�)URP�WKH�FROOHFWHG�GDWD��ZH�GLVSOD\HG��WKH�ERGH�SORWV�RI�= 7�V��LH��*G%��Z� ���ORJ�_=7�V�_�)LJXUH���

)LJXUH�����%RGH�SORW�RI�=7�V��DW�6R&�����H[SHULPHQWDO�YHUVXV�PRGHO�$V�FDQ�EH�VHHQ�LQ�)LJXUH���LQ�ORZ�IUHTXHQFLHV�� WKH�JDLQ�RI�= 7�V��FDQ�EH�UHDFKHG�E\�WZR�DV\PSWRWHV�2QH� RI� WKHVH� LV� D� QRQ� LQWHJHU� LQWHJUDWRU� ��� ��� �� QVV+ W �� WKH� RWKHU� RQH� LV� D� KLJK� SDVV� IXQFWLRQ
������ �� QVV+ W� �

$W�OHDVW�WKH�H[SUHVVLRQ�RI�=Z�V��LV�HDVLO\�GHGXFHG�IURP�WKH�FRPELQDWLRQ�RI�WKHVH�QRQ�LQWHJHUIXQFWLRQV�
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$V�FDQ�EH�VHHQ� LQ�HTXDWLRQ������ WKH�WUDQVIHU�IXQFWLRQ�XVHG�WR� UHSUHVHQW�= Z�V�� LV�PDGH�RI�QRQ� LQWHJHUSRZHU�RI�WKH�/DSODFH�YDULDEOH�V��ZKLFK�LQ�WLPH�GRPDLQ�FRUUHVSRQGV�WR�QRQ�LQWHJHU�GHULYDWLYHV�>��@�



��� 3DUDPHWHUV�LGHQWLILFDWLRQ
)URP�WKH�HTXLYDOHQW�HOHFWULF�PRGHO�GHILQHG�LQ�)LJXUH����DQG�WKH�VWUXFWXUH�RI�= Z�V��JLYHQ�E\�HTXDWLRQ�����WKH�H[SUHVVLRQ�RI�WKH�FHOO�LPSHGDQFH�=7�V��LV�VXFK�DV�
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$VVXPLQJ�1�GDWD�KDYH�EHHQ�FROOHFWHG�IURP�6SHFWURVFRS\��5 WF��&GO��Q���Q���W���W� DUH�LGHQWLILHG�WKURXJKWKH�PLQLPL]DWLRQ�RI�WKH�IROORZLQJ�FULWHULD�&U��HTXDWLRQ������
¦ ��� 1N NM7=NM7DFWXDO=NM7=NM7DFWXDO=&U � ���@�5H���>5H����@�,P���>,P� ZZZZ ���

'XH�WR�WKH�SDUDVLWLF�UHVLVWDQFHV�RI�WKH�VSHFWURVFRS\�EHQFK��5 : KDV�QRW�EHHQ�LQFOXGHG�LQ�WKH�PLQLPL]LQJFULWHULD�&U��:H� IRXQG� LW� LQ� FRQWLQXRXV� UHJLPH�� DSSO\LQJ�DW� GLIIHUHQW� VWDWH� RI� FKDUJHV� VHYHUDO� FXUUHQWSXOVHV�'L��W��7KH�FRUUHVSRQGLQJ�YROWDJH�GURS�'Y�W��ZDV�WKHQ�UHFRUGHG�DQG�5: JRW�IURP�WKH�UDWLR�
: '' 5WL WY �� �� ���

��� )UHTXHQWLDO�YDOLGDWLRQ�RI�WKH�PRGHO
$FFRUGLQJ� WR� FKHFN� WKH� DFFXUDF\� RI� RXU� PRGHO�� ZH� FRPSDUHG� WKH� Q\TXLVW� SORWV� REWDLQHG� IURPVSHFWURVFRS\�PHDVXUHPHQWV�WR�WKRVH�UHEXLOW�IURP�WKH�PRGHO��)LJXUH���

)LJXUH�����&RPSDULVRQ�RI�WKH�Q\TXLVW�SORWV�DW�6R&������([SHULPHQWDO�PHDVXUHV�DQG�PRGHO��$V�FDQ�EH�VHHQ�RQ�)LJXUH����RXU�PRGHO�ILWV�ZHOO�H[SHULPHQWDO�GDWD���� 0RGHO�YDOLGDWLRQ�LQ�WLPH�GRPDLQ
7KH�YDOLGLW\�RI�RXU�PRGHO�KDV�EHHQ�FKHFNHG�LQ�WLPH�GRPDLQ��E\�DSSO\LQJ�WR�RXU�VLQJOH����9�����$KFHOO�VHYHUDO�FXUUHQW�SURILOHV�DW�GLIIHUHQW�VWDWH�RI�FKDUJHV�7KH� YROWDJH� UHVSRQVHV� RI� WKH� PRGHO� FDOFXODWHG� ZLWK� HTXDWLRQ� ���� ZDV� WKHQ� FRPSDUHG� WR� WKHH[SHULPHQWDO�RQHV�
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§ ������:� ��� � ������ ��� �������PRG V Q V,V Q/GO&WFV5 V,WF5/WL5HT(WHOY WW ���
:KHUH ��/ VWDQGV�IRU�WKH�LQYHUVH�/DSODFH�WUDQVIRUP



)RU� DOO� WKHVH� VLPXODWLRQV� �)LJXUH� ��� WKH� PD[LPXP� HUURUV� LQ� SHUFHQW� KDYH� EHHQ� FDOFXODWHG� DQG� DUHSUHVHQWHG�LQ�7DEOH����:H�UHPLQG�WKH�GHILQLWLRQ�ZH�XVHG�IRU�HUURU�HVWLPDWLRQ�LQ�HTXDWLRQ�����

)LJXUH����&XUUHQW�SURILOH�VHW�WR�D����9�����$K�FHOO�ZLWK�LWV�FRUUHVSRQGLQJ�YROWDJH�UHVSRQVHV�6LPXODWLRQ�SHUIRUPHG�DW�D�VWDWH�RI�FKDUJH�RI������ _,PD[_ ����$�
�� ��PRG�������� WDFWXDOY WHOYWDFWXDOYW � H ���

7DEOH����0D[LPXP�HUURUV�IRU�GLIIHUHQW�FXUHQW�SURILOHV�DQG�DPSOLWXGHV�DW�6R&������DQG�6R&����6R&����� _,PD[_ ���$ _,PD[_ ����$ _,PD[_ ����$ _,PD[_ ��$ _,PD[_ ����$0D[�HH�W�� ���� �� ���� ���� ��6R&���� _,PD[_ ���$ _,PD[_ ����$ _,PD[_ ����$ _,PD[_ ��$ _,PD[_ ����$0D[�HH�W�� ���� �� ���� �� ����� 6LQFH� DQ� DSSOLHG� FXUUHQW� VXFK� DV� _,PD[_ �& ����$� LV� GDPDJLQJ� IRU� WKH� FHOO�� ZH� NHSW� RXUVLPXODWLRQV�WR�_,PD[_ �& ��$��� '\QDPLF�PRGHO�RI�WKH���9�����$K�SDFN
6LQFH�RXU���9�1L0+�SDFN�LV�PDGH�RI�WKLUW\�WZR����9�HOHPHQWV�LQ�VHULHV��LWV�HTXLYDOHQW�FLUFXLW�LV�WKDWRI�)LJXUH���

)LJXUH�����0RGHO�RI�WKH���9�����$K�SDFN
7KH�YROWDJH�UHVSRQVH�RI�WKH�SDFN�ZKHQ�VXEPLWHG�WR�D�JLYHQ�FXUUHQW�L�W��LV�VXFK�DV�
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§ ������:� ��� � ������ ��� ��������� V Q V,V Q/GO&WFV5 V,WF5/WL5HT3DFN(W3DFNY WW
6LQFH�WKH�VWDWH�RI�FKDUJH�RI�D�EDWWHU\�LQ�D�PLOG�K\EULG�DSSOLFDWLRQ�UHPDLQV�EHWZHHQ�����DQG������ZHFKHFNHG�RXU�PRGHO�E\�DSSO\LQJ� WR� WKH�SDFN� WKUHH�GLIIHUHQW� FXUUHQW�SURILOHV� DW�6R&V������ ����� DQG�����)LJXUHV���������DUH�W\SLFDO�H[DPSOHV�RI�WKH�VLPXODWLRQV�ZH�SHUIRUPHG�DW�D�VWDWH�RI�FKDUJH�RI�����
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%HFDXVH�RI�WKH�OLPLWDWLRQV�RI�WKH�HOHFWULFDO�GHYLFHV�ZH�XVHG�LQ�WKLV�YDOLGDWLRQ��FXUUHQW�DPSOLWXGH�QHYHUH[FHHGHG�����$�

)LJXUH�����&XUUHQW�SURILOH��D��ZLWK�WKH�DVVRFLDWHG�YROWDJH�UHVSRQVHV�DW�D�6R&�RI�����

)LJXUH�����&XUUHQW�SURILOH��E��ZLWK�WKH�DVVRFLDWHG�YROWDJH�UHVSRQVHV�DW�D�6R&�RI�����

)LJXUH�����&XUUHQW�SURILOH��F��ZLWK�WKH�DVVRFLDWHG�YROWDJH�UHVSRQVHV�DW�D�6R&�RI�����7KH�PD[LPXP�HUURUV�EHWZHHQ�WKH�YROWDJH�UHVSRQVHV�RI�WKH�SDFN�DQG�WKH�PRGHO�KDYH�EHHQ�FDOFXODWHGDFFRUGLQJ�WR�WKH�FULWHULD�RI�HTXDWLRQ�����DQG�DUH�SUHVHQWHG�LQ�7DEOH���
�� ���������� WDFWXDOY W3DFNYWDFWXDOYW � H ���



7DEOH����&RPSDULVRQ�EHWZHHQ�YROWDJH�UHVSRQVHV�RI�WKH�SDFN�DQG�WKH�PRGHO�IRU�VSHFLILF�FXUUHQWSURILOHV���9�3DFN &XUUHQW�SURILOH��D� &XUUHQW�SURILOH��E� &XUUHQW�SURILOH��F�6R&�����0D[�HH�W�� ����� ���� ����6R&�����0D[�HH�W�� ���� ����� �����6R&�����0D[�HH�W�� ���� ���� ��
$V� FDQ� EH� VHHQ� LQ� 7DEOH� ��� HUURUV� UHPDLQV� VDWLVIDFWRU\� DQG� FRQILUP� WKH� JRRG� UHVXOWV� ZH� DOUHDG\REWDLQHG�IRU�D�VLQJOH�HOHPHQW�
�� (QHUJHWLF�PRGHO�RI�WKH�����$K���9�1L0+�SDFN��� (QHUJHWLF�PRGHO�RI�D�VLQJOH����9�����$K�FHOO
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%\�FRPSDULQJ�HTXDWLRQ������DQG�HTXDWLRQ������ZH�FDQ�GHGXFH�WKH�H[SUHVVLRQV�RI�5 Q DQG�&�
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