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Abstract— In an embedded application, electrical equipments
are connected to the onboard network. In order to avoid any
dysfunction, the DC-link voltage has to be as constant as possible.
To achieve this purpose, a high capacitance is inserted in parallel
to the network.

This paper shows relationship between DC-link voltage ripple
and DC-link current ripple by using a simplified equivalent
scheme of the onboard network. Control of the DC-link cur-
rent permits to reduce the capacitor’s size without increasing
significantly the DC-link voltage ripple.

An optimal Pulse Width Modulation (PWM) strategy is
proposed to control DC-link current harmonics. The general
equation system and the numerical computation of simple exam-
ples are developed in this paper. A starter generator application
embedded in an automotive is used to illustrate our work.

I. I NTRODUCTION

More and more sophisticated systems can be embedded in
an automotive thanks to improvement in electrical sources
and electronics. To ensure satisfactory supply of electrical
equipments, DC-voltage ripple has to be as low as possible. A
typical technological way to reach this goal is to use a large
DC-link capacitor.

Classical design [1], [2] is done by considering the input
ripple current of the capacitor as the main criteria. Here,
the minimization of the DC-link voltage ripple is the only
parameter for sizing the capacitor. This paper considers a DC-
supply composed by a battery and a generator (AC machine).
The AC machine is connected to the DC-network through a
three-phase inverter. The reversibility of the system allows
production of mechanical power (motor mode) or electrical
power (alternator mode). Generally speaking, the DC-link
capacitor is located close to the inverter in order to reduce
stray inductance between this two elements.

In this paper, the effect of a line impedance between the DC-
link capacitor and the battery on the sizing of the capacitor
is studied. It shows that the control of spectral harmonics of
DC-current allows to reduce capacitor size while preserving
low DC-voltage ripple.

Relationship between DC-Link current and PWM strate-
gies has already been established [3], [4]. In complement,
a spectral approach permits to determine how a DC-Link
current harmonic is generated through the voltage PWM.
Traditionally, Selective Harmonic Elimination Pulse Width
Modulation (SHEPWM) is used for phase voltage harmonics
cancellation [5], [6] or rms harmonic function minimization
[7], [8]. It was also extended to cancellation of torque ripple
[9] and control of active filters [10]. It is proposed to extend

SHEPWM to cancellation of DC-link current harmonics in
order to reduce the DC-link capacitor. Effectiveness of the
proposed strategy is verified by some simulation results.

II. D ESIGN OF THEDC-LINK CAPACITOR

To precise the design of the DC-link capacitor, a simplified
equivalent model of the onboard network is studied so as to
determine the transfer function between the DC-link voltage
VDC and the DC-link currentiDC . For different DC-link
capacitancesCf , the Bode diagram of the correspondent
transfer function is plotted.

A. Simplified electrical architecture of an embedded network

The onboard network, which is considered in this paper , is
composed by (See Fig.1):
• a starter-generator to start the thermal engine (motor

mode) and to produce electrical power (generator mode)
• an inverter to supply the starter-generator driven by a

PWM strategy
• a DC-link capacitor close to the inverter
• wires modeled by a resistance and an inductance in series
• a battery modeled by a voltage source and an internal

resistance in series
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Fig. 1. Simplified electrical architecture

B. Transfer FunctionVDC(s)
iDC(s)

The transfer function between the DC-link voltageVDC and
the DC-link currentiDC is:

H =
VDC(s)
iDC(s)

= − (Rw + Rb) + Lp.s

1 + (Rw + Rb).Cf .s + Cf .Lp.s2
(1)

Where:{
Rb + Rw = 18 mΩ Battery plus wire resistance
Lp = 8 µH Wire stray inductance
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Of course, for very low frequencies the ratioVDC

iDC
is reduced

to Rb + Rw and the Bode diagram has a left horizontal
asymptote at20 log(18.10−3) = −35 dBΩ

C. Effect of reduction of the DC-link capacitorCf on the
Bode diagram

Fig.2 shows the Bode plot of the transfer function Eq.1.
With the reduction of the capacitanceCf appears a resonance.
The frequency of the resonance as well as its magnitude
increases as the capacitanceCf decreases. A typical solution
to avoid resonance is to use a high capacitor (50 mF in our
example). Thanks to a high capacitance per unit volume ratio,
electrolytic capacitors are used. However this kind of capaci-
tors has disadvantages such as poor thermal capability which
leads to decrease the system lifetime. Obviously, reduction of
the DC-link capacitor is an opportunity to increase reliability
and compactness and to decrease the price of the system but
it requires to control the DC-link currentiDC .
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Fig. 2. Bode diagram of the transfer function for different capacitancesCf

Fig.2 also shows that a specified range of undesirable
harmonics has to be avoided in order not to produce DC-
link voltage ripple. The width and the central frequency of
this range depend on the capacitanceCf . For example, with
a capacitanceCf = 500 µF , harmonics between200 Hz and
15 kHz are potentially dangerous.

One can see that the effect on the DC-link voltage ripple
of a DC-link current harmonic at2500 Hz with a capacitance
Cf = 500 µF (|H| = −1 dB) is higher than the one with
a capacitanceCf = 50 µF (|H| = −17 dB). It means that
increasing the DC-link capacitor does not necessary lead to a
reduction of the DC-link voltage ripple.

III. C LASSICAL INVERTER CONTROL- DC-LINK CURRENT

WAVEFORMS

The reduction of the size of the capacitanceCf implies
to avoid any DC-link current harmonic around the resonance
frequency. For classical inverter control, undesirable DC-link
current harmonics can be generated. This section analyzes
cases of generation of such harmonics.

A. Full-wave modulation

The full-wave modulation technique is characterized by
simplicity of realization. However, phase currents are distorted
because of low-order phase voltage harmonics (See Fig.3). The
associated DC-link current has an evident sixth harmonic. It
is confirmed by the spectral analysis which shows that it is
constituted by a continuous componentI0 and harmonics of
rank 6,12,18,... As a result, the high density of harmonics can
excite the DC-network system into resonance.

Fig. 3. Full-wave typical waveforms

B. Space vector modulation (SVM)

Space vector modulation is a well-known strategy for driv-
ing a three-phase inverter [11]. The characteristic waveforms
(See Fig.4) shows a DC-link current which seems to present
a sixth harmonic. The spectral analysis of the DC-link current
proves that the spectrum contains only a continuous compo-
nentI0, spectral components at even multiples of the switching
frequency and spectral components at sidebands about the
switching frequency and its multiples. While the frequency
ratio R between the switching frequencyfcarrier and the
fundamental frequencyf0 is high enough (R ≥ 10), there
is not any undesirable harmonic. The closest harmonics to
the resonance are the sidebands of the switching frequency at
fcarrier ± 3.n.f0 (n odd).
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Fig. 4. SVM typical waveforms (frequency ratioR = 20)

C. Starter-generator constrains

The starter-generator considered here is a belt-driven one
with a 3:1 ratio. It has eight pole pairs. As a consequence,
the fundamental frequencyf0 can vary between0 Hz and
2400 Hz. Obviously, DC-link current harmonics range limits
the possibility of decreasing the capacitanceCf (See Fig.5).

If we allow operation in full-wave modulation in the full
speed range of the starter-generator, the high density of
dangerous harmonics will oblige us to oversize the DC-link
capacitor in order to prevent DC-link voltage ripple.

In reality, we only operate in PWM to control the inverter.
As a result DC-link current harmonics generated are located
further in frequency and the DC-link capacitor size can be
decreased. However cases of overmodulation in PWM opera-
tion can generate potentially dangerous harmonics (Full-wave
modulation is the extreme case of overmodulation).

IV. RELATIONSHIP BETWEENPWM STRATEGIES AND

DC-LINK CURRENT

In the last section, it is demonstrated that harmonics of the
DC-link current can appear, depending on the PWM strategies.
The purpose of this section is to establish the link between
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Fig. 5. iDC harmonics range for full-wave modulation and SVM

voltage PWM strategy and DC-link current by a spectral
approach.

A. Definitions

The DC-link currentiDC(t) is obtained by [4]:

iDC(t) = Sc1(t)i1(t) + Sc2(t)i2(t) + Sc3(t)i3(t) (2)

where (See Fig.6):




ii(t) is the phase current of the swithching legi
Sci(t) is the switching function of the interruptorCi

Sci(t) =
{

1 if Ci is on
0 if Ci is off

The equivalent model of the starter-generator is the one of a
wound-rotor synchronous machine in stator reference frame:

Vs = E + RsIs + Ls
dIs

dt
(3)

B. Complete expression ofiDC(t)

If the switching functions are identical, only phase shifted
by 2π

3 and 4π
3 , they can be evaluated by their Fourier series:





Sc1(t) = λ +
∞∑

k=1

vk sin(kωt + ψk)

Sc2(t) = λ +
∞∑

k=1

vk sin(k(ωt− 2π
3 ) + ψk)

Sc3(t) = λ +
∞∑

k=1

vk sin(k(ωt− 4π
3 ) + ψk)

(4)

The correspondant voltage vector is:

Vs(t) =
∞∑

k=0

( −VDC .j.v3k+1.e
j.ψ3k+1

︸ ︷︷ ︸
Vd,(3k+1)=Vd,(3k+1).e

j.δd,(3k+1)

.ej.(3k+1)ωt)

+
∞∑

k=1

( VDC .j.v3k−1.e
j.ψ3k−1

︸ ︷︷ ︸
Vq,(3k−1)=Vq,(3k−1).e

j.δq,(3k−1)

.e−j.(3k−1)ωt)

(5)
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Fig. 6. Three phase inverter topology and starter-generator model

If we consider that the back e.m.f vectorE has a constant
norm and rotates at constant velocity, the current vectorIs in
steady state is:

Is(t) =
Vd,1 − E.ej.ν

Z1

+
∞∑

k=1

Vd,3k+1

Z3k+1

+
Vq,3k−1

Z3k−1
∗ (6)

Zn = R + j.n.L.ω = Zn.ej.ξn

E = E.ej(ωt+ν)

As far as the phase current sum is null (i1 +i2 +i3 ≡ 0), three
to two phase transformation is inversible. As a result, phase
currents can be evaluated:

ii(t) = − E
Z1

. cos(ωt + ν − ξ1 − 2(i−1)π
3 )

+
∞∑

k=0

Vd,(3k+1)

Z3k+1
cos

(
(3k + 1)ωt + δd,(3k+1)

−ξ3k+1 − 2(i−1)π
3

)

+
∞∑

k=1

Vq,(3k−1)

Z3k−1
cos

(
(3k − 1)ωt− δq,(3k−1)

−ξ3k−1 + 2(i−1)π
3 )

)

(7)

With this result, the complete expression of the DC-link
current can be written (See Eq.8). It shows that the magnitude
of an harmonic of rank3n depends on:

• v3n+1, v3n−1, ψ3n+1 andψ3n−1

• v3l+1, v3l−1, ψ3l+1, ψ3l−1, v3k+1, v3k−1, ψ3k+1 and
ψ3k−1 ∀(k, l)\|k − l| = n or |k + l| = n

It means that the equation to be solved to cancel an harmonic
of DC-link current involves all the phase voltage harmonics
except those of rank multiple of three. As far as we can
only operate on a limited pool of variables, it is not possible
in theory to cancel an harmonic. However, as long asn
increases, 1

Zn
decreases. It means that effect of harmonic of

rankv3l+1 andv3l−1 on the DC-link current harmonic of rank

3n decreases whilel >> n. That is to say that phase currents
are considered quasi-sinusoidal under PWM.

C. Simplified expression ofiDC(t)

The following hypotheses are formulated:

• phase currents are considered sinusoidal, phase shifted by
ϕ relative to the fundamental of the correspondent phase
voltage

• switching functions are identical, only phase shifted by
2π
3 and 4π

3 and are evaluated by their Fourier series

It leads to:




i1(t) = Î sin(ωt− ϕ)
i2(t) = Î sin(ωt− ϕ− 2π

3 )
i3(t) = Î sin(ωt− ϕ− 4π

3 )

Under this hypotheses, the expression of the DC current is:

iDC(t) = 3
2 Î [v1 cos(ϕ)

+
∞∑

n=1
{v3n+1 cos(3nωt− ψ3n+1 + ϕ)

−v3n−1 cos(3nωt− ψ3n−1 − ϕ)}]
(9)

The DC-link currentiDC is composed by a continuous com-
ponent I0 = 3

2v1Î cos(ϕ) and harmonics of rank3n. The
magnitude of an harmonic of rank3n depends on the switching
function harmonics of rank3n± 1.

D. Cancellation conditions

In order to cancel the DC-link current harmonic of rank3n,
the switching function harmonics of rank3n± 1 must follow:

{
v3n−1 = v3n+1 Magnitude condition
ψ3n+1 − ψ3n−1 = 2ϕ Phase condition

(10)

In particular, if v3n−1 = v3n+1 = 0 then the DC-link current
harmonic of rank3n is null.

V. SELECTIVE HARMONIC ELIMINATION PWM

With this hypotheses, SHEPWM can be extended to can-
cellation of DC-link current harmonics. The purpose of
SHEPWM is to determine commutation sequence in order
to cancel both DC-link current harmonics and phase voltage
harmonics.

A. Fourier series of a general wave

Here is considered a general wave define byn pulses on
an electrical period (See Fig.7). There are2n parameters to
determine.

 

α1 β1 α2 β2 α3 αn αn-1 βn-2 βn-1 βn 

2ππ 

1 

Sc1(wt) 

wt 

Fig. 7. General wave
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



iDC(t) = 3.E
2.Z1

.v1 sin(ψ1 − ν − ξ1) + 3.v2
1 .VDC

2Z1
cos(ξ1)

+
∞∑

k=1

3.E
2.Z1

(v3k+1 sin(3kωt + ψ3k+1 − ν − ξ1) + v3k−1 sin(3kωt + ψ3k−1 + ν + ξ1))

+ VDC .
∞∑

k=1

3.v1
2

(
v3k+1
Z3k+1

cos(3kωt + ψ3k+1 − ψ1 − ξ3k+1)− v3k−1
Z3k−1

cos(3kωt− ψ3k−1 + ψ1 − ξ3k−1)
)

+ VDC .
∞∑

k=1

3.v1
2.Z1

(v3k+1 cos(3kωt + ψ3k+1 − ψ1 + ξ1) + v3k−1 cos(3kωt + ψ3k−1 + ψ1 − ξ1))

+ VDC .
∞∑

l=1

∞∑
k=1

[
3
2v3l+1

(
v3k+1
Z3k+1

cos(3(k − l)ωt + ψ3k+1 − ψ3l+1 − ξ3k+1)

− v3k−1
Z3k−1

cos(3(k + l)ωt− ψ3k−1 + ψ3l+1 − ξ3k−1)
)

+ 3
2v3l−1

(
v3k−1
Z3k−1

cos(3(k − l)ωt− ψ3k−1 − ψ3l−1 − ξ3k−1)

− v3k+1
Z3k+1

cos(3(k + l)ωt + ψ3k+1 + ψ3l+1 − ξ3k+1)
)]

(8)

The expansion ofSc1(t) in a Fourier series is:

Sc1(t) =
n∑

i=1

βi−αi

2π

+
∞∑

k=1

1
k.π




n∑
i=1

(cos(kαi)− cos(kβi))︸ ︷︷ ︸
kπvk

sin(kωt)

+
n∑

i=1

(sin(kβi)− sin(kαi))︸ ︷︷ ︸
kπuk

cos(kωt)




(11)

B. DC-link current expression

As far as there is not any hypothese about symmetry of the
switching function, the DC-link current expression is exactly
the same as shown in Eq.9. It can also be expressed by:

iDC(t) = 3Î
2 (v1 cos(ϕ)− u1 sin(ϕ)

+
∞∑

n=1
((u3n−1 − u3n+1) cos(ϕ)

−(v3n−1 + v3n+1) sin(ϕ)) sin(3nωt)

+
∞∑

n=1
((v3n+1 − v3n−1) cos(ϕ)

−(u3n−1 + u3n+1) sin(ϕ)) cos(3nωt)
(12)

whereSc1(t) is now defined by:

Sc1(t) = λ +
∞∑

k=1

uk cos(kωt) + vk sin(kωt) (13)

Conditions to cancel a DC-link current are those of the Eq.10.

C. Equations system to be solved

A general problem is:

• to impose a fundamental insin(ωt):




1
π

n∑
i=1

(cos(αi)− cos(βi)) = ma

1
π

n∑
i=1

(sin(βi)− sin(αi)) = 0

• to canceln1 switching functions harmonics:




1
kπ

n∑
i=1

(cos(k.αi)− cos(k.βi)) = 0

1
kπ

n∑
i=1

(sin(k.βi)− sin(k.αi)) = 0

• to canceln2 DC-link current harmonics:
{

(u3k−1 − u3k+1) cos(ϕ)− (v3k−1 + v3k+1) sin(ϕ) = 0
(v3k+1 − v3k−1) cos(ϕ)− (u3k−1 + u3k+1) sin(ϕ) = 0

This equations system can be solved with numerical compu-
tations if n = 1 + n1 + n2.

D. Solution of an example

For example, we consider the following problem:

• n = 5, ϕ = 30o andma = 0.25
• Switching function harmonics of rank2 and4 have to be

cancelled (as a result DC-link current harmonic of rank
3 is eliminated)

• DC-link current harmonics of rank6 and 12 have to
be cancelled (the harmonic of rank 9 is voluntarily not
eliminated)

Results obtained by numerical computations are represented
on Fig.8 and Fig.9. Switching function harmonic of rank2
and4 are cancelled whereas those of rank(5, 7) and(11, 13)
have the same magnitudes and a phase difference equal to two
times the phase-shiftϕ. The spectral content of the DC-link
current confirms the algorithm’s convergence.

VI. CONTROL OF THEDC-LINK VOLTAGE RIPPLE

SHEPWM can now be used to control DC-link current
ripple. So, it is possible to pre-determine switching sequences
in order to avoid resonance of the DC-link. This is the purpose
of this section.

A. Simulation conditions

The simulation conditions are:

• A small DC-link capacitanceCf = 50 µF which leads to
a high resonance atfres = 8000 Hz. Frequencies between
1500 Hz and45 kHz have to be avoided.

• The fundamental frequency is1333 Hz
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B. Results

Two simulations were launched. The first did not cancel
the DC-link current harmonic of rank6 whereas the second
simulation did. Simulation results are given on Fig.10. Obvi-
ously, DC-link voltage ripple is high in the first case because
the DC-link is excited exactly at the resonance frequency
(7 V ≤ VDC ≤ 75 V ). In the second case, the harmonic
of rank 6 is cancelled. It leads to a very low DC-link voltage
ripple (38 V ≤ VDC ≤ 45 V ).

VII. C ONCLUSION

SHEPWM was used to determine optimal commutation
sequence of the three-phased inverter in order to avoid the
phenomenon of resonance induced by a low DC-link capacitor.
The proposed strategy can substitutes classical PWM tech-
niques whenever they can produces low order harmonics
(especially the case when overmodulation occurs or when the
frequency ratioR is too low). However PWM pulse patterns

Fig. 10. Control of the DC-link voltage ripple

calculation is time consuming and must be done offline.
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