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Abstract. This discusses for the load balancing issues in the scope of the resolution of systems
of linear equations encountered in large scale finite element problems. We first introduce the
principle of a multifrontal solver. Then, some load balancing heuristics used by the numerical
mechanics community are presented. We use an estimator of the computing time of the tasks of
the multifrontal solver to measure the efficiency of our heuristics. Our tests on a collection of
finite element meshes show the efficiency of the proposed method.
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1 INTRODUCTION

Finding an optimal order of the columns of a matrix in order to minimize the fill-in is NP-
hard29. Minimizing the maximal bandwidth of an upper triangular matrix and minimizing its
maximum frontwidth are also NP-hard9,22,1. However these discrete optimization problems are
frequently encountered and occur particularly in solving linear systems issued from finite
element models. The challenge is to design methods which provide good solutions for these
kinds of reordering problems in a reasonable amount of time.

The parallel resolution of such systems consists in decomposition of graphs of finite
elements into an equilibrated set of tasks. The tasks are then affected to the individual
processors. In general, this problems are also N-P hard9. On the other hand, the global
computational cost of the optimization method has to be considered when attempting to solve
practical engineering problems.

The work we present concerns the reordering of finite elements for the frontal method13.
The computing time of the frontal solver depends on the treatment order of the finite
elements. We estimate it accurately with a new objective function. The improvements we have
made on classical reordering heuristics4,10,26 concern, on average, the quality of the solutions
with a similar cost19,20. The Everstine collection of finite element meshes5 is used as a
benchmark. The Everstine examples are given in the matrix form. In order to use them for the
frontal method, we had to reconstruct equivalent finite element problems resulting in the same
topology of matrices. The criteria we consider are the profile and the estimator we have
introduced for the frontal solver. The solutions thus obtained are close to the optimal ones.
Our improvements of heuristics can be usefully applied to practical problems.

The second aspect of our work concerns the load balancing issues2,8,16,23,28. We propose a
new heuristic that combines reordering techniques and load balancing iterative method that
uses an accurate measure of the computational time for the multifrontal solver20,21. We refere
our work to that of Malone17  and Fahrat6,7,12. Three criteria are used. The first is the number
of unknowns at the interfaces. The second one measures  the unbalance of subdomains using
our estimators of the computing time. The third one is the estimation of the overall solution
time under a set of hypothesis (completion time criterion).
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2 RESULTS

We present here the results obtained using the approach coupling both the subdomain
decomposition heuristics and the renumbering schemes.

The Figure 1 presents the size of subdomain boundaries (total number of interface
unknowns) for four methods of decomposition as applied to eight meshes when split into 4
subdomains. The meshes are identified by the respective numbers of nodes.  The overall
lengths of all subdomain boundaries are given for the two proposed methods: MB+ (improved
Minimum Bandwidth) and ECMF - equilibrated load balancing for multifrontal method. The
results for FLH - Fahrat, Lesoinne, Hsieh and MB - Minimum Bandwidth are given for
comparison. We see, that  MB+ and ECMF perform uniformly well.

Figure 1: Total number of interface unknowns for four methods of decomposition as applied to eight meshes;
FLH - Fahrat, Lesoinne, Hsieh; MB - Minimum Bandwidth; MB+ - improved Minimum Bandwidth; ECMF -

equilibrated load balancing for multifrontal method

The Figure 2 illustrates the load balancing obtained with the same set of examples as in
Figure 1. The ECMF method gives the best results which may be explained by the use of the
criteria of the condensation time rather then equilibrating the number of nodes or elements in
the subdomains. The cost of the criteria involves that of the virtual condensation time of each
subdomain and varies linearly with the number of elements.
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The coupled effect of the two steps illustrated in the figures 1 and 2 results in a significant
improvent of the total resolution time estimation consisting of the condensation phase and
that of the interface problem as given in the Figure 3.

Figure 2: load balancing obtained with the same subset of examples as Figure 1
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Figure 3: Improvent of the total resolution time estimation for the four methods

The Figure 4 shows the evolution of the overall estimation versus the number of
subdomains for the 2680 node problem. One can easily see that there exists a limit numer of
subdomains over which further decomposition does not diminish the solution time. In fact, the
maximum number of subdomains for a frontal solver is equivalent to the number of finite
elements and the whole solution task is reported in this case on the interface problem.
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Figure 4: Evolution of the overall estimation versus the number of subdomains for the 2680 node problem

The following three tables give the mean results obtained at the 30 Everstine cases, for the
analyzed methods when applied to a series of decompositions into 2, 4, 8 and 16 subdomains.
We see again, that the size of the interface problem alone is either equivalent or slightly better
for the proposed methods, excepted for the FLH algorithm with high number of subdomains.
The mean values are penalized then by the results on the small examples where MB+ and
ECMF are outperformed by the other methods.

s MB+/FLH MB+/MB ECMF/FLH ECMF/MB
2 +14,5% +9,2% +6,2% +0,7%
4 +13,9% +20,3% +11,3% +18%
8 +1,1% +24% -0,3% +22,8%

16 -11,9% +23,2% -12,3% +22,7%

Table 1 : Everage si ze of the boundaries  for the whole set of examples  - positive values i ndicate the
gain in the i nterface s ize

The comparison MB+/FLH in the Table 2 is due to the criteria used for the load balancing
when decomposing the domain by the different methods. The FLH gives the subdomains of
minimal interface for maximum number of internal nodes. In ECMF case, the condensation
time estimation is used as the unbalance measure. This explains the performance of the
method.
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s MB+/FLH MB+/MB ECMF/FLH ECMF/MB
2 +2,4% +2% +11,9% +11,5%
4 -4,8% +6,1% +27,7% +36,1%
8 -0,1% +4% +29,1% +33,1%

16 +3,4% +13,3% +25,4% +35,1%

Table 2 : Load balancing criterion.

The Table 3 gives the mean global resolution times taking int o account the condensation
of the subdomains and the resolution of the int erface problem. The bes t results are
obt ained in all cases wit h ECM F and are due to an equilibrated decomposition while
preserving reasonable int erface problem siz e.

s MB+/FLH MB+/MB ECMF/FLH ECMF/MB
2 +14,6% +12,6% +24,2% 22,3%
4 +14,7% +30,2% +40,3% 52,5%
8 +20,1% +44,4% +31,2% 52,2%

16 +20,8% +47,9% +24,5% 51,1%

Table 3 : Evaluation of t he complet ion t ime C max  (global resolution time).

3 CONCLUSIONS

The results presented in this paper have to be handled with care as they are based on
evaluation of the performance for the benchmark tests.

The use of the Everstine collection in both aspects of our research is guided by the need of
comparison with the previous work in the domain. The relatively small size of examples
makes experimenting easier while the further work on validation of the results on large scale
problems is still needed.
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