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Abstract

We work on directmethodgo solve large sparsdinear systemdssuedfrom finite elementmodelingin

mechanicakngineeringOur pragmaticapproachaimsto improve the performanceof a parallelfrontal
solver codewhich usesa finite elementby finite elementassemblystratgy over eachsubdomainWe
first usestandardoartitioningmethodsto split problemsinto subdomain$iaving a balancecamountof

data.Then,by applyingour heuristics the partitionis modifiedin orderto have a balancechumberof

operationover the subdomainsThis heuristicsusesan estimatorof the numberof operationgequired
to eliminateinternalequationf eachsubdomain.
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The numberof operationsrequiredto solve in parallel a sparselinear systemdependson the mesh
partitioning(i.e.thedomainis splitinto subdomainsthedomainreorderingthesubdomainseorderings
andthetype of solver used.To obtainthe partitionwe canusefor instancehe softwaresM ETIS [,
SCOTCH [[] andCHACO [[FF]. Thesemethodsarebasedon graphpartitioningtechniquesOther
methodsare proposedoy the communityof computationalmechanicdi] [[f]. Thesemethodsaim to
reducethe communicationdetweerprocessorandto balancethe subdomairamountof data.

We presenitn this paperaheuristicgshatmodifiesaninitial partitionin orderto balanceghecomputational
effort overthe subdomainsWe first usean estimatorthatevaluateshe numberof operationgequiredto
treateachsubdomainWe presenthe estimatorthathasbeenmodeledandtestedin previousworks []
[7] [™]. Then,wetransferfinite elementbetweersubdomaingo correctthe partition.WeuseM ET'1S
andour implementatiorof ] to build theinitial partitions.We usea setof meshesssuedfrom finite
elementsnodelsasour benchmarkWe measurghe computingtime on eachsubdomainthe resolution
time of the interface problemandthe global resolutiontime beforeand after the useof our heuristics.
According to thesepreliminary resultsobtainedwith our parallel multifrontal solver, it seemsto be
interestingto balancea partition by takinginto accountthe numberof operationsover the subdomains
ratherthantheamountof data.

In section2, we presenthe problemformulationandour experimentalprotocol.In section3, we define
the algorithmof the heuristics.Experimentakesultsare shavn in section3. Finally, we concludeand
give somefuturedirections.

1 ProblemFormulation and Experimental Protocol

Theacademisoftware SIC (Sysemelnteractifde Conceptionhasbeendeveloppedby thecommunity
of computationamechanicsat UTC since1988[[1]. This framavork integratesvariousfinite element
models.Theresolutionmethodsnvolve:

e sequentialparallel,sparsedirectanditeratve solers;
e subdomairdecompositiorandreordering;

e sparsanatricesreordering.

The multifrontal solver of SIC usesBLAS level 1 and PVM, MPI or SHMEM communicatiortool-
boxes.Let P be a partition of s subdomaingienotedSD; (1 < j < s). The s subdomainsSD; dis-
tributedamongs processorsindform the input datafor the solver. EachsubdomainSD; containsa list
of finite elementsandalist of interfacenodes.Theresolutionprocesss dividedinto two mainsteps:

1. condensingachsubdomairin parallel;

2. solvingtheinterfaceproblem.

During thesetwo stepswe usea straightforvard implementatiorof thefrontal solver []. Eachprocessor
J appliesa frontal solver that interleares the assemblyof the finite elementsof the subdomainSD;
andthe eliminationof theinternalunknavns. This first step,calledthe subdomaircondensationgjives
only residualmatricescontainingcoeficientsof theinterfaceunknavnsonly. Thesenterfaceunknavns
can not be eliminatedat this stagebecausehe correspondingequationsinvolve the data of another
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subdomain.This residualmatrix can be consideredas a finite superelementln step2 we apply the
frontal solver to thefinite superelementsorrespondingo subdomainsThis stratey is well suitedto the
finite elementinterpretationof the frontal solver working on an elementby elementbasis[f] [[]. This
approachnvolves simultaneousnatrix assemblyand eliminationand shouldnot be confusedwith the
interpretatiorof a frontal solver [] [] working ontheglobalsystemA - z = b.

processors processors

(@)
‘ c C‘\|

time

time

Figure2: schedulingon 4 pro- Figure3: schedulingof thebal-

cessor®f theoriginal partition ancedpartition:maximumcon-
densatioriime decreasesnter
faceaugments

Figurel: out-treeof tasksfor a
partitionP of 4 subdomains

The overall processs representedh figurell whereC is a condensatiortiaskandI the solving of the
interface problem.Our [ estimatorof the numberof operationsrequiredto condensea subdomain
SDjis:

Q(SDj, Vi o )=oay- Z flgﬂ) Ty - Z ( Igy))2 1)

k€incorporation k€elimination

whereV,, is thelocal reorderingvectorrepresentinghe assemblyorderof finite elementgluringthe
condensationf SD;. Theindex k indicatesthe incorporationor the eliminationof anunknawvn in the
frontal matrix F(¢) of sizef,gj). Thenumberof operationsequiredto incorporateanenv unknavn in the
frontal matrixis O(f,gj)) whereashenumberof operationsequiredto eliminateaunknavn is O((f,gj))2)
(=]
The purposeof the work presentedn the presenfpaperis to build partitionshaving a balancechumber
of operationgatherthanabalancedamountof data.We usea two stepsapproachThe partitions(M a)
areinitialized with analgorithminspiredfrom the Malonework [f]. A globalreorderingvectoris first
computedon thefinite elementgraphusing[[f]. Thenthe partitionis built by splitting the vectorinto s
equalparts.An alternatve initialization for the partitions(Me) is M ET1S 2.0, whosroutinescanbe
directly calledin thesoftware SIC'. In the secondstep,we useour heuristicso improve the partitionsin
termof equalestimationof the numberof operations.

Theexperimentalprotocolis asfollows:
¢ theinitial partitionsof themeshesareobtainedwith Me andMa;

o we apply our heuristicsbasedon the estimatorQ(S Dy, V,{um) to obtainthe partitions Mec and
MaC (C for corrected);

e we compareheexecutiontimesfor Me, Ma, MeC andMaC.
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2 Algorithm to Balancethe Computational Load

Tablel: Notationsusedin thealgorithm

S

numberof subdomains.

Vium: local reorderingvectorof finite elements
for thesubdomainSD; with j € {1, ..., s}.
Viec :  partitionvectorof sizem (thedomainhasm finite elements).
Viecle] = j meanghatfinite elemente € SD;.
V,{umbest . localreorderingvectorfor eachSD;
for thebestsolutionencountered.
Viecbest ©  partitionvectorfor the bestsolutionencountered.
Q(3, anum) . estimationof the numberof operationsequired
to condenses D; with j € {1, ..., s}.
m; . numberof finite elementse SD;.
my . numberof finite elementdo transfer

Nb_iter_glob :
Limite_glob :

from onesubdomairto anotherone.
numberof iterationsdonein theglobalbalancingoop .
maximumnumberof iterationsof the globalbalancingoop.

Nb_ter_loc:. numberof iterationsdonein thelocal balancingoop.
Limite_loc: maximumnumberof iterationsof thelocal balancingoop.
Estim_glob: estimationof the globalbalancingquality.

Estim_glob_best :

Estim_loc:
Epsillon_glob :
Epsillon_loc:

estimationof the global balancingquality
for thebestsolutionencountered.
estimationof thelocal balancingguality.
upperboundfor the globalbalancing.
upperboundfor thelocal balancing.

We introducein tablell somenotations.The algorithm(cf algo. 1) is divided into two main stepsithe
initialization stepandthe balancingstep.The initialization step(lines 1 to 5) loadsthe initial partition
vectorVg.. andthelocal reordering/ectorsVrZ'um. Thebalancingstep(lines6 to 28) balanceshecompu-
tationalload over two subdomainsglf wetry to balancewo subdomainsvithoutacommonboundarywe
increaseghe numberof interfacenodes sowe only considertwo subdomainsvith acommonboundary
The global balancingloop stopseitherwhena numberof iterations(Nb_iter_glob = Limite_glob) or
whenthe global quality criterion (E'stim_glob < Epsillon_glob) is reachedThe bestglobal solution
minimizesmaz(Q(SD;, Vi) fori € {1,..., s}. Thelocal balancing(lines9 to 22) is the mainfunc-
tion of this algorithm.Let SD; and SD; be two subdomainsvith Q(SDj;, Vidum) > Q(SDy, Vi)
The numberof operationgequiredto condenses D; is lower thanthe numberof operationgequiredto
condenseéS D;. In orderto balancethe computationakffort over thesetwo subdomainsthe algorithm
transfersm; finite elementsfrom SD; to SD;. The transferof Q(SDJ"V’{”'")QQ(SD"’V’%“'") operations
from SD; to SD; would balancehesetwo subdomainsKnown themeannumberof operationsy finite

i(==—=2—"==2), thenumberm; of finite elementgo transferis estimatedy :
'J

elemen

Q(SD;, Vifum) — Q(SDs, Vi) m;

, j @
Q(SDJ', Vnum)

me <
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10:
11:
12:
13:
14:
15:

16:

17:
18:
19:

20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:

Algorithm 1: Algorithm to Correctthe ComputationalLoad

LoadthepartitionvectorV,. {Initialization}
Loadthelocal reorderingvectorsV,:,,,. pouri € {1,..., s}
Nb_iter_glob + 0
Estim_glob_best < oo
j«0
repeat
Nb_ter_glob < Nb_iter_glob + 1
J « modulo(j + 1,s — 1) + 1{Begin of theglobalbalancingoop}
{Local balancingbetweerthe subdomainssD; (neighbourof the subdomainSD;) andthe sub-
domainSD;}
for all subdomainss' D; sharingaboundarywith SD; do
{Begin of thelocal balancingbetweerthe subdomainSD; andthe subdomainSD; }
Nb_iter_loc + 0
repeat
Nb_iter_loc < Nb_iter_loc+ 1
if Q(SD;, Vium) > Q(SD;, Vi) then
Q(SD;,Vitum)=Q(SDi,Viium) . mi
2 Q(SD;,Vium

my <

from SDj to SD;}
Viec < Transfer(SD;, SD;, m;)

){Transfer of m; finite elements

else , _
my Q(SD"’V;“"‘);Q(SDJ”V’Z“’") . Q(SD:’ﬁ,ium){Transfer of m; finite elements
from SD;to SD;}
Viec < Transfer(SD;, SDj, m;)

endif

Vium < Update Vnum(Vypum, Viec)
Estim_loc + Compute_Estim_loc(Q(SD;, Vi), Q(SD;, Vidum))
until (Nb_iter_loc > Limite_loc)or(Estim_loc < Epsillon_loc)
end for
Estim_glob < Compute_Estim_glob
if Estim_glob < Estim_glob_best then
(Viecbest, Vpumbest) < Save(Vgee, Vaum) {Save the bestsolutior}
Estim_glob_best + FEstim_glob
endif
until (Nb_iter_glob > Limite_glob)or(Estim_glob < Epsillon_glob)
return V,umbest andVyg best

The local balancingloop stopseitherwhenthe numberof iterations(Nb_iter _loc = Limite_loc) or
whenthelocal quality criterion (Estim_loc < Epsillon_loc) is reached.

The primitive Transfer choosedinite elementsearthe commonboundaryin orderto limit the growth
of theinterface.Let usconsidetthetwo subdomainssD; and.SD; of thefigurell Onthetopleft corner
therearethetwo subdomaindeforethetransfer The grey partsof thesetwo subdmaingepresentheir
boundaryfinite elementsLet us supposethat m; finite elementshave to be transferedrom SD; to
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SDi SDj SDi SDj

B
i

Before transfering the finite elements Building the level structure of SDj rooted at {eVe! structure of SDj

SDi SDj SDi SDj

. . m; finite elements .
Transfering the finite elements to be transfered After the transfer of m finite elements

Figure4: Exampleof transferof m; finite elements

SD;. A level structureis computedon the subdomainSD; in orderto determinethe finite elementgo
be transferedWe createa virtual root » connectedo the boundaryfinite elementsof eachsubdomain
(cf. top right cornerof figurell). We computethe level structurefrom r to the finite elementsf SD;.
Finite elementsarethentransferedevel by level (startingwith thefirst level) from the subdomainS D;
to the subdomainS D; until m; have beentransferedThe two subdomainsfter the tranferareshavn
on thebottomright cornerof thefigurell Thatpermitsusto minimizethe growth of the boundaryThis
algorithmworks on a SOLARIS workstationduring someseconddor the small meshesand during
aboutten secondgor the meshM ISSILE4 having 332 988 unknavns. In the examplesof section4
Limite_loc and Limite_glob aresetto 10. We arbitrarily seta; = a2 = 1.

3 Results

The parallelcomputinghasbeendoneon a PC-clustercomposedf 10 processor#ENTIUM 11l 666
Mhz (384 Mo) underLINUX RedHat7.1with aswitchCiscoCatalyst3524XL anda Ethernemnetwork
100Mhz. The solver we usedis the multifrontal solver of the software SIC.

Table2: Descriptionof the meshesised

Meshname | Numberof finite elements| Numberof nodes| Numberof ddl
FUSEEN 36570 8374 3
MISSILE2 6802 3421 6
MISSILE3 13615 27152 6
MISSILE4 27804 55498 6

SUSPEND1 18171 4839 3

The tablel gives the featuresof the mesheausedin our tests.The numberof unknavns variesfrom
14 517 to 332 988. In all tablestheindicationOOC (out-of-core)meanghatthe memoryis insuficient
to treata subdomairin core.All timesareindicatedin secondsThefirst columnsof tabledlitolindicate
the meshnamesThe columnscalled“Meth.” of thesetablesindicatethe type of partition (Me, MeC,



WCCMV, July 7-12,2002,Vienna,Austria

Ma or MaC'). Thecolumnscalled“T7” (resp.“T¢”) give theresolutiontime of theinterfaceproblem
(resp.the global resolutiontime). The columns*Tsp,” of thesetablesgivesthe condensatiotimes of
eachsubdomainS D; for meshpartitionswith s = 2,4 and8 subdomainsFor example,at line 4 and
column5 of tablelll, the condensatiotime of thesubdomainS D3 for themeshM I.SSITLE?2 partitioned
into 4 subdomainsiIsingM ET1S is 38.5 s.

Table3: CPUtimesfor meshpartitions(Me, MeC, Ma andMacC) into 2 subdomains
Meshname | Meth. | Tsp, Tsp, Tr Ta Meth. | Tsp, | Tsp, Tr Ta
FUSEEN Me | 241.9| 265.1 | 0.6 268.9 Ma | 144.6| 869.6| 6.3 | 883.7
FUSEEN MeC | 242 | 257.1| 05 263.1 || MaC | 258.9| 238.2| 55 | 2734
MISSILE2 Me 41.1 | 101.7 | 0.1 103.3 Ma 109 | 414 | 01 42.5
MISSILE2 MeC | 58.9 50.1 0.1 61.4 MaC | 13.4 | 20.2 0.1 21.2
MISSILE3 Me 797 O0C | O0OC | 0O0OC Ma | 239.7| 619.2| 0.4 | 625.7
MISSILE3 MeC | 872.5| 1302.5| 1.1 | 1521.8| MaC | 327 | 321.7| 0.6 | 346.1
MISSILE4 Me O0C | O0OC | OOC| O0C Ma | OOC | OOC | OOC | OOC
MISSILE4 MeC | OOC | OOC | OOC| OOC MaC | OOC | OOC | OOC | OOC
SUSPEND1 Me O0C | O0OC | OOC| O0C Ma | 127.1| 264.2| 17.4 | 285.5
SUSPEND1 || MeC | OOC | OOC | OOC | OOC MaC | 169.2| 65.2 0.8 | 172.3

Table4: CPUtimesfor meshpartitions(Me, MeC, Ma andMaC) into 4 subdomains
Meshname || Meth. | Tsp, Tsp, Tsps, Tsp, Ty Ta
FUSEEN Me 74.6 84.2 88.9 101.1 | 10.5 | 1143
FUSEEN MeC 74.6 84.2 88.9 101.1 | 10.5 | 1143
MISSILE2 Me 14.3 35.2 38.5 23.1 1.6 41.1
MISSILE2 MeC 24.4 24.4 20.7 19.9 3.5 29.3
MISSILE3 Me 622.6 | 426.8 732.7 288.8 | 14.4 | 7615
MISSILE3 MeC | 295.6 | 405.5 | 403.8 | 3443 | 20.3 437
MISSILE4 Me 0o0oC 0ooC 0o0oC O0C | O0OC | OOC
MISSILE4 MeC | OOC 0ooC 00oC O0C | O0OC | OOC
SUSPEND1 Me 58.9 72.5 72.7 65.1 1.2 77
SUSPEND1 || MeC 59.3 66.2 65.7 61.7 54 75.4

FUSEEN Ma 454 264.4 | 3346 | 251.6 96 444.3
FUSEEN MaC | 103.1 82.6 95.2 115.9 | 103.5| 242.2
MISSILE2 Ma 9.4 41.3 27.9 24.7 13 44.4
MISSILE2 MaC 12.1 28.4 27.9 24.7 14 32.2
MISSILES Ma 121.4 | 450.2 | 3324 | 256.3 | 10.6 | 469.2
MISSILES MaC | 187.6 | 244.8 | 296.4 | 2548 | 17.3 | 318.9
MISSILE4 Ma 613.1 | OOC O0C | 1389.9| OOC | 0OOC
MISSILE4 MaC | 1200.6| 1038.3| 1444.2| 1389.9| 31.8 | 1603.7
SUSPEND1 Ma 211 31.2 88.5 22.7 68.9 | 161.6
SUSPEND1 || MaC 46.2 18.7 30.5 22.7 68.4 | 1191

Thefigurell (respl) shavs thecondensatiotimesfor eachsubdomairfor themeshM ISSILE?2 (resp.
SUSPEN _D1) partitionedinto 4 subdomainswith 4 partitions(Me, MeC, Ma et MaC). We can
remarkthatthe maximumcondensatiotimesareachiezedwith Me or Ma. The partitionsMeC' (resp.
M a(C) obtainedby correctingtheinitial partition Me (resp.Ma) decreaséhe maximumcondensation
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Table5: CPUtimesfor meshpartitions(Me, MeC, Ma andMacC) into 8 subdomains

| Meshname | Meth.| TSD1 | T5D2 | T5D3 | TSD4 | T5D5 | TSD6 | TSD7 | TSDg | Tr | Ta

FUSEEN Me 38 37.2 | 255 | 38.2 21 443 | 435 | 57.2 | 654 140

FUSEEN MeC 38 37.2 | 255 | 38.2 21 443 | 435 | 57.2 | 654 140

MISSILE2 Me 11 112 | 7.5 2.6 11.8 | 11.8 | 8.6 8 17.8 32

MISSILE2 | MeC 11.4 9.8 7.4 2.6 11.7 | 114 | 8.6 8 19.4 34.6

MISSILES Me 2395 | 169.1| 122.1| 213 | 173.8| 209.3| 120.8| 67.3 | 182.3| 444.3

MISSILE3 | MeC 167 171.7| 159.6 | 191.8| 185.4| 169 | 126.3| 115.6| 241.3| 448.4

MISSILE4 Me | 1114.8| 721.3| 273.2| 513.9| OOC | 669.4 | 580.3| 641.3| OOC | OOC

MISSILE4 | MeC | 684.4 | 832.5| 436.6| 569.2| 570 | 698.4| 712.7| 659.2| 515.5| 1475

SUSPEND1 | Me 13 151 | 174 | 128 | 152 | 206 | 111 16 3.9 31.6

SUSPEND1 | MeC 13.7 126 | 17.2 | 151 | 136 | 20.3 | 121 16 6 32.4

FUSEEN Ma 7.9 614 | 741 | 735 | 485 | 655 | 653 | 71.6 | 926.6| 1041.8

FUSEEN MaC 36.5 485 | 53.8 | 64.6 | 30.5 41 61.3 | 71.6 | 974.6| 1091.5

MISSILE2 Ma 4.1 13.8 | 135 | 125 | 101 | 9.6 7.2 6 16.1 34.1

MISSILE2 | MaC 4.8 9.1 10 125 | 10.1 | 9.6 7.2 6 18 32.7

MISSILES Ma 60 218.4| 214.8| 174.3| 155 | 152.7| 123.1| 94.7 | 119.2| 345.7

MISSILE3 | MaC 90.9 | 140.4| 155.2| 174.3| 155 | 152.7| 123.1| 94.7 | 123.6| 303.1

MISSILE4 Ma 323.3 | 962.4| 981 | 860 | 643.7| 781.4| 557.3| 471.4| 397.6 | 1324.7

MISSILE4 | MaC | 546.2 | 614.2| 763.7| 860 | 643.7| 781.4| 557.3| 471.4| 475.8| 1382.9

SUSPEND1 | Ma 4 7.9 9.3 3.8 7.4 16.1 | 10.8 | 9.7 | 302.3| 323.9

SUSPEND1 | MaC 9 4.2 129 | 23 5 16.4 | 109 | 9.7 | 300.2| 335.7

timesby betterdistributing the computationaload. For example,the maximumcondensatiotimesfor
themeshM IS SILE? partitionedinto 2 subdomaingMa) is Tsp, = 41.4s. For MaC thetime Tsp,
is reducedo 20.2s. Consequentlythe globalresolutiontime decreaseffom 42.5s to 21.2s. Thereis a
gainof 50%.

45

40 = m:c 1 8ot E EZC
[ Ma a
35- ] Mac | | 701 [ ] MaC
301 - 1 601
£25 ] £50
§20* ?‘;‘40
15¢ 1 30
10f 1 207
0 1 2 3 4 0 2 3 4
Label of the subdomain Label of the subdomain
Figure5: CPU condensatiotimesof the mesh Figure6: CPUcondensatiotimesof themesh
MISSILE2 partitionednto 4 subdomainsising SUSPEND1 partitionedinto 4 subdomainsis-
thefour methods ing thefour methods

For themeshM 1SSTLE3 (tablell column11, lines6 and?) the gain obtainedby balancingthe sub-
domainsis lost becauséheresolutiontime 77 of theinterfaceproblemincreasesrom 182.3 sto 241.3
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s. The proposedmethodbetterbalancedhe condensationtimes but increaseghe size of the interface.
For ameshpartitioninto 2 or 4 subdomainsthe gain obtainedon the subdomaircondensations high
enoughto compensatéhe growth of theinterface.But for a partition of 8 subdomainsthe subdomains
areinitially betterbalancedandtheresolutiontime of the interfaceproblembecomesiominant.

For smallnumberof subdomainspur algorithmpermitsto treatin coresubdomainsvhich areinitialy
out-of-core For theexampleM ISSTLE3 (tablell, column4, lines6 and7), we remarkthatit is impos-
sible to treatin corethe subdomainS D, of the initial partition. We alsoobsere this phenomenorfor
themeshM IS SILE4: thesubdomainS D5 canbetreatedn coreonly afterbalancing(cf. tablelll, lines
8 and9, column?).

By splitting into large numberof subdomainsthe condensationimes are smoothedbut the resolution
time of theinterfaceproblemincreasesThen,thereexistsanumberof subdomainsvhich givesthemin-
imum globalresolutiontime for agivenpartitionandfor theimplementatiorof thesolver. Our heuristics
attemptdo decreas¢éhe numberof subdomaingequiredto reachthis minimumglobalresolutiontime.

We canremarkthe samephenomendor the partitionsbuilt with the methodM a, but this methodbuilds
partitionswhich have moreinterfacenodeshanthoseobtainedoy Me.

4 Conclusion

The basicimplementatiorof our parallelmultifrontal solver permitsusto proposean estimatorfor use
with our heuristics.Our algorithmimproves meshpatrtitionsissuedfrom variouspartitioning tools by
balancinghenumberof operation®verthesubdomainsThepreliminaryresultshave to beconfirmedon
otherproblemsandby usingdifferentpartitioningschemesThe modificationof the boundaryinvolved
by theheuristicggenerallyincreaseshe numberof theinterfacenodes Consequentlytheresolutiontime
of theinterfaceproblemcanincreaseFurtherwork is neededn orderto limit thegrowth of theinterface.
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