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This paper addresses an inverse approach to estimate the frequency-dependent Young’s
modulus of a viscoelastic polymer layer in a laminated structure. The Young’s modulus is
parameterized by a fractional derivative model and examined from a Bayesian perspective with the consideration of measurement and modeling uncertainties. The probabilistic Bayesian identiﬁcation is carried out based on an efﬁcient surrogate model through
the use of Markov Chain Monte Carlo sampling methods. The proposed approach is
experimentally validated on laminated glass.
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1. Introduction
Laminated structures are widely spread in contemporary industrial ﬁelds; for instance laminated glass is used for
windshields in automotive industry. Laminated structures are typically formed by two plates bonded together with a
polymeric adhesive. More than just a bond between two layers, the polymeric core can provide an interesting damping
effect due to the high shear strains imposed by the external layers. Such polymer core of viscoelastic property is
characterized by a temperature-frequency-dependent complex Young’s modulus. In noise and vibration applications, the
knowledge of this elastic modulus in a wide frequency band is required, e.g. for numerical simulation, damping design, and
so on. The test technique and the related theory of viscoelastic damping materials have been thoroughly discussed in Ref.
[1]. The basic idea to obtain the desired material properties consists in measuring the frequency and damping level of
various bending resonances of a sample beam, then back-calculating the viscoelastic material properties from these modal
data at discrete resonance frequencies. This is applied in the standard testing procedure [2] for the Young’s modulus. Ref.
[3] advocates the broadband modal analysis by system identiﬁcation techniques to accurately estimate the resonances of a
homogeneous viscoelastic beam and quantify their uncertainties due to the measurement noise and nonlinear distortions;
from these estimated resonances, different kinds of beam models are used to obtain the Young’s modulus.
Recently, more attention has been paid to the inverse estimation of the Young’s modulus in a continuous broad
frequency range, and not only just at resonant frequencies. The main idea of this approach is to estimate the Young’s
modulus parametrically by minimizing the residuals between indirect experimental data and predictions of a numerical
model. The complex modulus of an adhesive layer is identiﬁed with a sandwich ﬁnite element (FE) model from
experimental modal data [4]. The characterization of the Young’s modulus is conducted for viscoelastic materials using a
gradient-based optimization algorithm from frequency response functions (FRFs) based on a fractional derivative model
[5] or a concept of internal variables [6]. Ref. [7] constructs the cost function from FRFs at user-controlled frequencies to
make the method insensitive to the measurement noise, and applies the identiﬁcation approach on high damping
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Nomenclature
d
F(k)
HðoÞ
q(t)
Y(k)

a
b
D

c
t
m, n
h
X^

modulus increment ratio
input discrete spectrum
frequency response function
random phase multisine
output discrete spectrum
modal parameters
scale parameter of the Gamma distribution
of c
set of experimental data
weighting coefﬁcients
relaxation time
noninteger order derivatives
modulus parameters
sample mean of X
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E0
nc
nm
ns
ncluster
no
Cexp

static Young’s modulus
number of Markov chains
number of poles
sample number by Latin Hypercube sampling
number of clusters of HðoÞ
number of frequency lines
covariance due to the measurement
uncertainty
Cmod
covariance due to the modeling uncertainty
NF(k),NY(k) input–output noise spectra
YS(k)
nonlinear distortions
T ref
reference temperature
b0
scale parameter
of the Gamma distribution of b
s2X
variance of X

materials. Besides, the experiment development for the viscoelastic property identiﬁcation is particularly considered in
Ref. [8]. However, the measurement noise and the nonmodeled dynamics of the laminated structure are rarely taken into
account explicitly for viscoelastic identiﬁcation. As a matter of fact, measurements are corrupted by perturbations of
various origins and numerical models are built based on assumptions and approximations. A probabilistic identiﬁcation of
the Young’s modulus is therefore more adapted as it can deal properly with these uncertainties.
The goal of this paper is to identify the Young’s modulus of the polymer core in a laminated structure by a probabilistic
approach especially from a Bayesian perspective. The Bayesian method endows the parameters with prior information in
the form of probability density function (pdf), which can be regarded as imposing soft physical constraints to force the
problem to ﬁnd a unique and stable solution; it also provides a rigorous probabilistic framework to account for most
sources of errors that contribute to the uncertainty of the parameters to be inferred [9,10]. The Bayesian approach is
proposed for structural dynamics in a pioneer work [11] and its related techniques are surveyed in [12]; and it has been
also used to incorporate the modeling error for full-scale FE model updating [13]. The Bayesian probabilistic approach not
only regards the Young’s modulus as a random variable, but also considers the nonmodeled dynamics, called modeling
uncertainty, aleatory due to the lack of knowledge by epistemic uncertainty.
In the present work, the Young’s modulus is parameterized in a broad frequency band based on a fractional derivative
model with a small set of parameters. Effort is particularly paid to the following ingredients in order to enable probabilistic
modulus identiﬁcation of a polymer core from FRF data of a layered structure. (1) A cost-effective surrogate model is
constructed based on an artiﬁcial neural network (ANN) by means of data processing techniques to alleviate the Bayesian
computation, (2) the measurement noise and nonlinear distortions, and the modeling uncertainty are taken into account
explicitly in the formulation of the Bayesian modulus identiﬁcation, and the latter is modeled in a hierarchical way and (3)
the parameters of the modulus model and those characterizing the modeling uncertainty are jointly updated by exploring
the posterior probability density function through the use of Markov Chain Monte Carlo (MCMC) methods. In addition to
the above contributions, a laminated FE model with an accurate viscoelastic shell element is implemented to simulate
structural responses, and a speciﬁc experimental protocol is adopted to estimate FRFs and quantify their uncertainties
issued from the measurement noise and nonlinear distortions.
The paper is structured as follows. Section 2 presents the identiﬁcation prerequisites which include the laminated
FE formulation and the experiment protocol. Section 3 is devoted to constructing a complete and efﬁcient Bayesian
identiﬁcation framework with the consideration of the measurement and modeling errors. Section 4 illustrates the
methodology on experimental examples. Conclusions are drawn in Section 5.
2. Numerical model and measurements
The model reliability and measurement quality are fundamental for parameter estimation in an inverse way. So, in the
following sections a FE model with a sophisticated laminated shell element and a speciﬁc experimental protocol for high
quality measurements are introduced.
2.1. Laminated ﬁnite element model combined with Padé approximant
The complex elastic moduli of viscoelastic materials vary as a function of many parameters, most important of which
are the temperature and the frequency. In fact, these two parameters are not independent. A frequency-temperature
superposition principle exists and can be modeled for example with the WLF law [14]. This principle is frequently used in
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dynamic mechanical analyzers to measure elastic moduli on a large frequency band. In the following the temperature
effect is not taken into account. At a given reference temperature T ref , the Young’s modulus is described here by a
fractional derivative model [15] with a small set of parameters


ðd1ÞðjotÞm
Eðo,T ref Þ ¼ E0 1 þ
,
(1)
1 þ ðjotÞn
where E0 is the modulus value at o ¼ 0, d ¼ E1 =E0 with E1 the modulus at o-1, t is the time of relaxation, m, n 2 ½0,1
with m Z n, and j2 ¼ 1. By virtue of this parametric modeling, the identiﬁcation of the modulus in a broad frequency range
is reduced to the estimation of these ﬁve parameters.
In general, the global behavior of laminated structures is more difﬁcult to predict than homogeneous structures with
isotropic material. The discontinuity of the mechanical properties at each layer interface can indeed lead to high shear
strains in the internal layers. The displacements can also present singular points at these interfaces in some cases. The
ZPST element presented in [16] is a multilayered shell ﬁnite element which works by approximating the through-thethickness displacement using a p-order polynomial and a zig-zag function (see Fig. 1). It has been shown to be capable of
modeling appropriately viscoelastic laminated structures in a previous work [17]. This ZPST element is therefore used in
the present study. The governing equation of a laminated viscoelastic structure is
½Kðo, hÞo2 MUðoÞ ¼ FðoÞ,

(2)

where FðoÞ is the generalized nodal excitation, UðoÞ is the generalized nodal displacement with all the degrees of freedom,
Kðo, hÞ and M are the stiffness and mass matrices, respectively, and h is a vector concatenating the parameters of Eq. (1).
Eq. (2) is solved at each frequency to obtain the nodal solution, which will be cumbersome to get the structural response of
a large FE model at numerous frequencies. The Padé approximation is therefore implemented to accelerate the frequency
sweep computation. Instead of solving Eq. (2) at each frequency on a ﬁne grid, it is ﬁrstly solved on a user-chosen coarser
grid (not necessarily regular). The response is then reconstructed on the ﬁne grid by means of the Padé approximant. At a
frequency, o, on the user-chosen coarse grid, the nodal solution Ui at the ith degree of freedom (dof) is returned for the
frequency o þ do by the Padé approximant as
U i ðo þ doÞ ¼

PðdoÞ
þO½ðdoÞL þ M þ 1 ,
Q ðdoÞ

(3)

with the polynomials
PðdoÞ ¼

L
X

pl  ðdoÞl , Q ðdoÞ ¼ 1 þ

M
X

qm  ðdoÞm :

(4)

m¼1

l¼0

The Padé coefﬁcients fpl gLl ¼ 0 and fqm gM
m ¼ 1 are calculated from the response U i ðoÞ. More details can be found in Refs. [18]
and [17].
The velocity-to-force response matrix derived from Eq. (2) reads then
Hðo, hÞ ¼ jo½Kðo, hÞo2 M1 ,

(5)

which explicitly depends on the modulus parameters through the stiffness matrix, and whose generic element Hij ðo, hÞ is
the FRF relating the velocity at the ith dof to the force at the jth dof.
2.2. Experimental protocol
The setup of the single-input and single output is used for the ease of algorithmic illustration. All real structures are
nonlinear to some extent. For a nonlinear system whose noise-free output is approximated by the Volterra series [19], at
the kth frequency line
Y 0ðaÞ ðkÞ ¼

1
X

Y ð0aÞ ðkÞ

(6)

a¼1

P
ðaÞ
with Y 0ðaÞ ðkÞ is the contribution of degree a. Y ð1Þ
to the underlying linear system, and 1
a ¼ 2 Y0
0 ðkÞ is the part corresponding
P1
ðaÞ
is the contribution of the system nonlinearity. Under random excitations, a ¼ 2 Y 0 can be split into two parts: one is the
systematic bias due to the system nonlinearity, the other is the stochastic part YS(k) which behaves like noise [20,21]. The
former part along with the underlying linear system constitutes the related linear system HR ðok Þ. The modeling of
the nonlinear system is shown Fig. 2, which is valid for a nonlinear structure whose output can be approximated by the

Fig. 1. ZPST displacement approximation.
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Fig. 2. Modeling of a nonlinear system under a normally distributed excitation. F 0 ðkÞ and Y 0 ðkÞ are the input–output noise-free spectra, HR ðok Þ is the
related underlying linear system, and YS(k) represents the nonlinear distortions.

Volterra series in a mean square sense. Especially under the excitation of the random phase multisine (RPM), it can be
proved – following the same lines as in Appendix 3A–3E of [20]—that YS(k) is asymptotically a zero-mean circular complex
normal variable. The RPM is deﬁned as


no
X
2kp
Ak sin
t þ fk ,
qðtÞ ¼
(7)
Tp
k¼1
where the amplitudes fAk gnk o¼ 1 are set uniform, and the phases ffk gnk o¼ 1 are independent and identically distributed (i.i.d.)
uniform variables in ½0,2pÞ. By increasing the number of excited frequency lines ðno Þ, the pdf of the RPM converges to be
normal.
In the sequel, an experimental protocol is presented estimate HR ðok Þ and quantify its uncertainty based on multiple
experiments. Each experiment is controlled by a RPM of independent phase realization. In the rth experiment, the shaker is
fed with the RPM of MR periods. The application of the discrete Fourier transform to the pth period of the input–output
observations yields
½r
½p,r
Y ½p,r ðkÞ ¼ HR ðok ÞF ½r
0 ðkÞ þY S ðkÞ þ N Y ðkÞ,

F ½p,r ðkÞ ¼ F 0½r ðkÞ þ N ½p,r
F ðkÞ,
N ½p,r
F ðkÞ

(8)

N ½p,r
Y ðkÞ

and
denote the input–output measurement noises, respectively. It is due to the application of the
where
Fourier transform to the i.i.d. noises, NY(k) and NF(k) become asymptotically circular normal variables and independent
over frequencies according to the central limit theorem [22]. They account for the difference of the input–output spectra
between periods so that the input–output measurement noises can be assessed by averaging over index p. From the noisy
½r
½r
2
2
2
input–output spectra in (8), the sample means Y^ ðkÞ, F^ ðkÞ and (co)variances s^ Y^ ½r ðkÞ, s^ F^ ½r ðkÞ and s^ Y^ ½r F^ ½r ðkÞ are computed.
½r
^ ðok Þ is obtained using the maximum likelihood identiﬁcation in an errors-in-variables framework,
The FRF estimate H
2
and its variance s^ H^ ½r ðkÞ is derived from the sample (co)variances of the noises (see details in Appendix).
Prior to estimate the related linear system using multiple experiments, the denoised input–output spectra are projected
onto the spectrum of the reference signal q½r ðtÞ in Eq. (7) to keep the phase synchronization,
½r
½r
Y^ q ðkÞ ¼ Y^ ðkÞ=Q ½r ðkÞ,

½r
½r
F^ q ðkÞ ¼ F^ ðkÞ=Q ½r ðkÞ:

(9)

These projections can now serve to estimate the related linear FRF following Appendix:
^ o

where F^ ðkÞ and Y^ ðkÞ are the sample mean of

^

^

Hð k Þ ¼ Y ðkÞ=F ðkÞ,
½r
½r
R
fF^ q ðkÞ, Y^ q ðkÞgM
r ¼ 1 , respectively.

^ ok Þ92
s^ 2H^ ðkÞ ¼ 9Hð

(

^ ok Þ is
The variance of Hð
#)
2
s
s
s^ Y^ F^ ðkÞ
þ
2 Re
,
^
9Y ðkÞ9
9F ðkÞ9
Y ðkÞF^ ðkÞ
^ 2Y^ ðkÞ
2
^

^ 2F^ ðkÞ
2
^

(10)

"

(11)

2
2
where X is the conjugate of a complex variable X, Re denotes the real part of a complex number, and s^ Y^ ðkÞ, s^ F^ ðkÞ and
2
s^ Y^ F^ ðkÞ are the sample estimates of the (co)variances.
2
The variance s^ H^ ðkÞ is jointly compounded of the measurement noise and nonlinear distortions. The part due to the
2
nonlinear distortions, s^ H^ S ðkÞ, can be separated out by assessing the difference

s^ 2H^ S ðkÞ ¼ s^ 2H^ ðkÞs^ 2H^ m ðkÞ=MR
^ 2H^ ðkÞ
m

(12)

2
R
f ^ H^ ½r ðkÞgM
r¼1

where s
denotes the sample mean of s
which are the variances contributed only by the measurement
noise, and the factor MR takes into account the averaging over realizations of the random phases.
3. Bayesian identiﬁcation of the modulus parameters in the presence of measurement and modeling uncertainty
Effort is particularly focused on the construction of the surrogate model for the forward problem in Eq. (5) and on the
hierarchical treatment of the modeling uncertainties.
3.1. Surrogate model
One of the principal advantages of the Bayesian approach is to deliver a marginal (or joint) pdf for the identiﬁed
parameters. The pdf is usually not available in an explicit form. Often, sampling techniques like MCMC are used to explore
the whole space of probability. However, a huge number of FE evaluations are required in the sampling process, which
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makes this approach computationally expensive. In order to alleviate the Bayesian computation, a surrogate model is thus
necessary to avoid time-consuming FE calculations. Various kinds of surrogate models exist, such as response surface
model [23], polynomial chaos expansion [24], Kriging model [25]. An artiﬁcial neural network is advocated here as it can
approximate arbitrary well any continuous function provided that the number of hidden units is sufﬁciently large and that
the weights and biases are chosen appropriately [26].
3.1.1. Artiﬁcial neural network
A neural network is classically composed of a laminated architecture of neurons, with a ﬁrst input layer (x),
intermediate layer(s) (z), called hidden layer(s), and a ﬁnal output layer (y). Each layer is characterized by a different
number of neurons, indicated by ninp , nhid and nout for the input, hidden and output layers, respectively. The multilayer
perception (one single hidden layer) is considered. The ﬁrst layer of the network forms nhid linear combinations of the
inputs to give a set of intermediate activation variables
að1Þ
j ¼

ninp
X

ð1Þ

wð1Þ
ji xi þ bj ,

j ¼ 1, . . . ,nhid

(13)

i¼1
ð1Þ

with each variable að1Þ
associated with each hidden unit. wð1Þ
represents the connection weight and bj is the bias
j
ji
nhid
parameter associated with the hidden unit. fað1Þ
g
are
transformed
through a nonlinear activation function of the hidden
j
j¼1
layer,
zj ¼ f
fzj gnj hid
¼1

ð1Þ

½að1Þ
,
j

j ¼ 1, . . . ,nhid

(14)

are then transformed to the second layer activation values
að2Þ
¼
k

nhid
X

ð2Þ

wð2Þ
z þbk ,
kj j

k ¼ 1, . . . ,nout

(15)

j¼1

gnout are passed through the output-unit activation function to deliver output values yk ¼ f ½að2Þ
,k ¼ 1, . . . ,nout .
Finally, fað2Þ
k k¼1
k
The connection weights and biases in Eqs. (13)–(15) are in fact the parameters of the surrogate model which have to be
adapted through a supervised training procedure by means of the error back-propagation algorithm [27].
ð2Þ

3.1.2. Sampling plan and prior probability density functions
In order to train the neural network, an experiment plan is designed in the parameter space to generate sample data
using the efﬁcient Latin Hypercube Sampling (LHS) method. To this end, a pdf is ﬁrst deﬁned for each parameter, based on
the maximum entropy principle [28] from theoretical or engineering results. Prior information on the Young’s modulus of
a polymer is often available, or can be measured with a preliminary dynamical mechanical analysis test. Based on the
limited available information (single value, positivity), a truncated normal pdf or a Gamma pdf can be reasonably chosen
as a prior according to the maximum entropy principle, e.g. the relaxation time t follows a Gamma distribution Gðkt , bt Þ


1
t
pðt9kt , bt Þp k
tðkt 1Þ exp 
,
(16)
bt
bt ðkt 1Þ!
where p means ‘‘is proportional to’’, kt is the shape parameter of positive-integer value, and bt is the scale parameter.
The coupling between m and n in Eq. (1) gives an additional constraint: m Z n. Such constraint is equivalent to n ¼ mE
with E2
= R . The random variable E replaces n to constitute the vector h, whose elements can be seen as mutually
independent from a prior point of view; this simpliﬁes the construction of the joint prior pdf.
3.1.3. Approximation of the frequency response function by a rational form
s
Using the sample data fhi gni ¼
, the FRFs are calculated, which take values at numerous frequencies. The behavior of each
1
FRF around the poles can be very different according to the tested parameters. As a result, it seems difﬁcult to link directly
the parameters h to the FRFs by a neural network with a limited number of layers. One possible way is to project the FRFs
onto a rational basis functions, and make the connection between the projected coefﬁcients and h.
According to the Mittag–Lefﬂer theorem [29], any transfer function can be expanded in an inﬁnite sum of partial
fractions. Since the active frequency range of each partial fraction is limited, the FRF in Eq. (5) can be well approximated
with a rational form of ﬁnite order in a particular frequency band of interest,
!
nm
X
Ak
Ak
Hðo, k,c,ed ,es Þ ¼
þ
(17)
þ joed þes ,
jolk jol k
k¼1
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where nm is the model order (twice the number of poles), lk ¼ Zk o0k þ j 1Z2k o0k with o0k the natural frequency and Zk
the damping ratio, Ak is the pole residue, and es, joed represent the static and dynamic terms to model the inﬂuence of
the nearest poles outside the frequency range. These modal parameters, concatenated in a, can be extracted by using a
maximum likelihood identiﬁcation [20] or a vector-ﬁtting technique [30].
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The key step to extract accurately a lies in the choice of an appropriate frequency band in which the modes of the FRFs
are fully covered. At a ﬁrst glance, it appears impossible to determine a unique frequency band with the same number of
s
poles for all the realizations fHi gni ¼
. Nevertheless, the FRFs can be grouped according to their similarity (having the same
1
poles) by clustering techniques, a same frequency band being then determined for each class. The grouping of the FRFs can
be achieved by means of the k-means clustering technique, or in a more sophisticated way it is obtained from the mixture
of probabilistic principal component analysis by maximizing the log-likelihood
"
#
nX
ns
cluster
X
lðz,x,u,W, rÞ ¼
log
pðzk ¼ iÞpðHk 9zk ¼ iÞ ,
(18)
i¼1

k¼1

where z is the variable labeling the FRF, pðzk ¼ iÞ is the corresponding mixing portion of the ith class, and pðHk 9zk ¼ iÞ
denotes the probability that Hk belongs to the ith class. The class label variables fzk gnzks ¼ 1 are tuned by the expectationmaximization algorithm [31], they provide a robust partition of the FRFs (with a complex data structure).
Finally, the whole process of the surrogate model’s construction is displayed in Fig. 3.
3.2. Formulation of the Bayesian parameter identiﬁcation
In this section, parameter estimation is formulated with the consideration of the measurement and modeling
uncertainties. The assessment of the nonmodeled dynamics is obviously a much more difﬁcult task since, by deﬁnition,
it is out of reach. The probabilistic approach followed in the present work views the nonmodeled dynamics as random via
the epistemic uncertainty (due to the lack of knowledge). The random variables describing the modeling uncertainty,
denoted by c, are to be inferred jointly with the modulus identiﬁcation.
In the current conﬁguration, the unknown variables include the Young’s modulus parameters h and the random
variables c characterizing the modeling uncertainty, which are updated through the Bayes’ rule

pðh, c9DÞppðD9h, cÞpðh, cÞ,

(19)

where pðD9h, cÞ is the likelihood function of the measurement data D given the values of fh, cg, and pðh, cÞ is the prior pdf
which is assumed to be factorisable, pðh, cÞ ¼ pðhÞpðcÞ.
The assigned prior pdf should be rather ﬂat, which reﬂects the lack of precise information, in order to avoid pðh, c9DÞ to
be dominated by the (probably subjective) prior information. Attention should also be paid when the pdf of a truncated
form is used, for its support must cover all possible values.
3.3. Likelihood function
The likelihood function is formulated based on the modal data, the pdf’s of the modal data, embodying the
measurement and modeling uncertainties, are required. The uncertainty of the FRF due to the measurement noise and
nonlinear distortions has been shown to be circular complex normally distributed; it can be propagated to the modal
na
parameters by applying a Monte Carlo procedure. A set of samples D ¼ faðiÞ
exp gi ¼ 1 are obtained using the vector ﬁtting
technique, and aexp denotes the experimental modal parameters. The distribution of the sample mean a^ tends to be
normal according to the central limit theorem as na becomes large

pða^ a0 Þ ¼ N ð0,Cexp Þ,

E d

H
Fig. 3. Schema of the surrogate model’s construction.

(20)
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where a0 represents the modal parameters of the related linear system, and Cexp is the covariance matrix of the sample
mean a^
Cexp ¼

na
X
1
^ T
½aðiÞ a^ ½aðiÞ
exp a  ,
na ðna 1Þ i ¼ 1 exp

(21)

with T the transpose operator.
On the other hand, the pdf of the modeling uncertainty must be deﬁned. However, any probabilistic assumption can at
most cover one part of the nonmodeled dynamics. The approach followed in the present work is to describe the modeling
error by a zero-mean multivariate normal pdf,

p½a0 aðhÞ ¼ N ð0,Cmod Þ,

(22)

where Cmod is an unknown covariance matrix. It is composed of three diagonal block matrices
g

A
Cx
mod ¼ gx Ko , Cmod ¼ gg KZ , Cmod ¼ gA KA ,

(23)

where each block consists of a predeﬁned structure and a weighting coefﬁcient. The diagonal elements of the used-chosen
^ 21 , . . . , o
^ 2nm Þ, similarly for KZ and KA . This choice
K are deﬁned as the square values of the sample means a^ , e.g. Ko ¼ diagðo
P
is in accordance with the cost function, deﬁned as a weighted relative residual like i gi ½1f i ðhÞ=f^ i 2 , used in numerous
optimization cases for parameter identiﬁcation for instance in Refs. [7,8,32] with fgi g determined by the prior belief.
Instead of being set by the user, the weighting coefﬁcients gx , gg and gA , constituting the vector c, have to be tuned jointly
with the modulus parameters h from the measurements.
By considering the measurement noise, the nonlinear distortions and the modeling uncertainties, the likelihood
function in Eq. (19) of the experimental modal data a given the values of the parameters h and c is formulated as follows:
Z
pðD9h, cÞ ¼ pða^ 9a0 Þp½a0 9aðhÞ, c da0


1
1
^
p9Ca ðcÞ9 exp  ½a^ aðhÞT C1
ð
c
Þ½
a

a
ð
h
Þ
(24)
a
2
with Ca ðcÞ ¼ Cexp þ Cmod ðcÞ. It is observed that most of error sources are explicitly involved in the Bayesian formulation for
parameter estimation, the modeling uncertainty is taken into account through an assigned parametric model.
It is worth noting that Eq. (24) gives a general way to take into account the measurement and modeling uncertainties.
The former, carried in pða^ 9a0 Þ in Eq. (20), is shown to asymptotically follow a Gaussian pdf by means of the central limit
theorem. The probabilistic modeling error is expected to be zero-mean for a sophisticated numerical model, the choice of a
Gaussian form being motivated by making feasible and efﬁcient the computation of the convolution involved in Eq. (24). In
addition, this is in accordance with the maximum entropy principle.
It should be also mentioned that the mechanical/geometrical properties of the external layers and experiment setting
(e.g. shaker position) are assumed to be precise with negligible uncertainties. In fact, their parametric uncertainties can be
incorporated into the Bayesian parameter estimation by assigning them appropriate probability distributions.
3.4. Hierarchical modeling of the weighting coefﬁcients
The joint identiﬁcation of the modulus parameters h and the weighting coefﬁcients c based on Eq. (24) can lead to an
ill-conditioned case, since increasing the weighting coefﬁcients c might always favor the increase of the likelihood of the
experimental data. Prior information should thus be assigned to c to regularize the joint parameter identiﬁcation. Each
element of c follows a prior Gamma pdf Gðkg , bÞ, whose mean value, say kg b, suggests the one’s prior belief on the level of
the modeling uncertainty (an approximate percentage of the absolute value of a modal parameter, see the deﬁnition in
Eq. (23)). The shape parameter kg is set small so that the distribution can have a long tail, i.e. a wide support, to cover all
the possible values of the weighting coefﬁcients. The scale parameter b remains then to be determined.
However, assigning a value to b by a prior belief is not straightforward and may have a signiﬁcant inﬂuence on the
posterior pdf of the weighting coefﬁcients, consequently on the modulus identiﬁcation. Therefore, it is better to treat b as
an uncertain variable and tune it by the Bayesian inference. Within the Bayesian context, b is a so-called hyper-parameter,
here it follows a Gamma pdf Gðkb , b0 Þ, where kb and b0 are known a priori. The above probabilistic modeling of the
weighting coefﬁcients constitutes a hierarchical Bayes model [9]
ðkb , b0 Þ |{z}
! b |{z}
! ðgo , gZ , gA Þ

(25)

pðb9kb , b0 Þ pðc9kg , bÞ

The Bayesian hierarchical modeling allows incorporating the prior information (soft constraint) to avoid the potential
degeneracy (due to the joint identiﬁcation of parameters of different kinds), it can also make robust the identiﬁcation
results with respect to the choice of the prior information by virtue of the hierarchical modeling of the weighting
coefﬁcients.
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3.5. Bayesian parameter learning in conjunction with Markov Chain Monte Carlo
The application of the Bayes’s rule to all the unknown variables delivers the posterior pdf (up to a constant)

pðh, c, b9DÞplðD9h, cÞpðhÞpðc9bÞpðbÞ,

(26)

which is the full solution of the Bayesian approach, and carries much more information than a point estimate provided
by most of the classical estimation methods. Often, the posterior pðh, c, b9DÞ is a complex and implicit function of the
parameters, which is difﬁcult to explore as such. Sampling techniques, such as MCMC, should be used as it can avoid
calculating the normalization constant and draw samples directly from pðh, c, b9DÞ. The principle of MCMC consists in
generating a sequence of random walks whose stationary distribution coincides with the posterior pdf [33,34].
On account of the high complexity of pðh, c, b9DÞ, such as strong correlation between the parameters, a simple MCMC
like Metropolis–Hastings algorithm explores quite slowly the whole posterior space due to high rejection rate of the
candidate samples. To accelerate the exploration of a pdf, one effective solution is to use a population of Markov chains
where the stochastic walk is based on a set of search points. During the sampling process, the population is evolved by
mutation (Metropolis update in a single chain), crossover (partial states swapping between different chains) and exchange
operators (full state swapping between adjacent chains). The MCMC sampler constructed in such a way bears a high
similarity with genetic algorithms [35–37]. In the followings, a brief view is given to understand how it deals with
complex pdf’s:

 A stochastic search starts with a population of points randomly placed at different locations in the parameter space,


which provides a natural way to accelerate the exploration of the probability space of parameters, even in a case of
multimode.
The diversity of the population plays a crucial role in maintaining the efﬁciency of the stochastic algorithm. This can be
realized by invoking parallel tempering which works by simulating a sequence of distributions along a temperature
ladder [38]. Simulations at high temperature levels help the system to overcome the barriers of energy landscapes.
Rewriting pðh, c, b9DÞ in an exponential form exp½Dðh, c, bÞ, a sequence of pdf’s is deﬁned in the following way:

pl ðh, c, b9DÞ ¼ zðtl Þ exp½Dðh, c, bÞ=tl , l ¼ 1, . . . ,nc



(27)

with zðt l Þ the normalization constant and nc the number of Markov chains. The temperatures 1 ¼ t 1 o ,    , o t nc create a
ladder, each temperature is associated with a target distribution toward which the corresponding Markov chain
converges. t1 corresponds to the posterior pdf of interest.
The exchange of information between two samples running in parallel is seen as a way to improve the performance of
the MCMC sampler, such as rapid mixing, which is realized through the cross and swap operators. The states of adjacent
chains swap with a probability according to the Metropolis–Hasting criterion. A sample with a weak ﬁtness value will
climb up the temperature ladder and will probably be eliminated as mutation operations (e.g. random walks) are
accepted with a higher probability at high temperatures. On the contrary, a sample with a high ﬁtness value will climb
down the temperature ladder and will probably be stored as mutation operations are accepted with a lower probability
at low temperatures.

The enriched MCMC method has therefore the learning capability of a genetic algorithm as well as the fast mixing ability of
parallel tempering, which explains its good performances in dealing with complex pdf’s. From the samples of h returned by
MCMC, the pdf of the elastic modulus can be estimated at each frequency by using the kernel density estimation [39].
4. Experimental applications
The proposed approach is illustrated on the estimation of the Young’s modulus of a polyvinyl butyric (PVB) layer in
laminated glass. Two kinds of laminated glasses are considered, one is made with a classical PVB polymer in the interlayer,
the other is made with a speciﬁc PVB polymer with a high damping. The laminated glass samples are 0.6 m long and
0.025 m wide. Other geometrical and mechanical properties are presented in Table 1.
The beam is modeled with the ZPST shell element, and meshed with 4 elements in width and 100 elements in length.
The coarse frequency grid [80, 220, 500, 950, 1500, 2200, 3200, 4500, 5800] (unity: Hz) is set quite dense for the Padé
approximation, based on which the Padé reconstruction is guaranteed to be always valid for all the FRFs in the frequency
range of interest. To construct the surrogate model, ns ¼ 2  104 samples are generated by a truncated LHS based on
Table 1
Physical properties of the laminated glass. (1) standard PVB, (2) modiﬁed PVB.
Material

Thickness (  10  3 m)

Density (kg m  3)

Poisson ratio

Elastic modulus (Pa)

Glass
Polymer

3.8
0.76(1), 0.86(2)

2500
900

0.22
0.49

72  109
To be identiﬁed
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Fig. 4. Clustered frequency response functions, ncluster ¼ 6.
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Fig. 5. Experimental set up, as described in the ISO standard [40].

a rather ﬂat prior pdf of h. The computed FRFs are clustered into 6 classes shown in Fig. 4, for each of which an appropriate
frequency band is chosen for modal parameter estimation. At the end, a multilayer perception neural network is applied to
link the parameters h with the modal parameters a.
Fig. 5 illustrates the experimental conﬁguration proposed in the ISO standard [40]. The laminated glass beam is excited
at its center (point 1) by a shaker; the impedance head, coupled to a shaker, is connected to the beam with the aid of an
impact button.
The sampling frequency is set as fs ¼ 16,384 Hz. A RPM with uniform amplitude is applied to the shaker with MP ¼32 periods
and MR ¼ 30 phase realizations. The vibration velocities at three observed locations (points 2, 3 and 4) are measured by a Laser
Doppler vibrometer in a thermostatic chamber with T ref ¼ 21:5 1C. The ﬁrst two periods of the measured signals are ignored to
reduce the transient effect. Three estimated FRFs are displayed with their variances due to the measurement noise and the
nonlinear distortions in Fig. 6.
A prior Gamma distribution Gðkb , b0 Þ of b is set with kb ¼ 2 and b0 ¼ 104 . The assigned values correspond to a modeling
uncertainty’s level around 1 percent of the absolute true values of the modal parameters. 3  104 samples are drawn from
the posterior distribution pðh, c, b9DÞ by running the MCMC method with a population size nc ¼ 200. In principle, any kind of
statistics can be computed for the updated parameters based on these samples. The posterior pdf’s of the modulus
parameters are illustrated in Fig. 7 in comparison with the prior ones. The pdf of each parameter becomes narrower by
fusing the experimental information with the prior information. These pdf’s embody the uncertainty originating from the
measurement and modeling uncertainties. The pdf’s of the estimated real part (storage modulus), imaginary part (loss
modulus) and Tangent delta of the Young’s modulus are presented in Fig. 8 for the beam with standard PVB. The resulting
Young’s modulus estimate is less reliable at high frequencies where the fractional derivative model is more sensible to the
variation of the Young’s modulus through the parameters h. Fig. 9 shows a good agreement between the FRFs computed
with the optimal posterior modulus and the experimental ones in terms of magnitude and phase.
Likewise, Fig. 10 presents the pdf’s of the modulus identiﬁed for the beam with the modiﬁed PVB. The FRFs calculated
with the optimal prior and posterior Young’s moduli are displayed in comparison with the experimental ones in Fig. 11.
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Fig. 6. FRF measurements realized at three different points on the laminated sample with a core layer made of standard PVB.
deviations of nonlinear distortions,
standard deviations of measurement noise.

Fig. 7. Probability density functions of the modulus parameters in the case of standard laminated glass,

Prior pdf,

FRF,

Posterior pdf.

Fig. 8. From left to right: Real part, Imaginary part, and Tangent delta of the Young’s modulus for the standard laminated glass,
probability density functions,
Prior nominal values.

Fig. 9. Frequency response functions for the standard laminated glass in magnitude (left), and phase (right).
Prior FRFs.

Measured FRFs,

standard

Posterior

Posterior FRFs,

The weighting coefﬁcients tuned jointly with the modulus are shown in Fig. 12. The updated weighting coefﬁcients do not
have the same level especially for gA which is associated with the mode shapes. Such imperfect agreement can be
understood by the following facts: (1) the numerical model is not sufﬁcient to capture the full dynamics of the sandwich
beam especially at high frequencies due to the complex behavior of the (not really homogeneous) PVB layer and (2) the
measurement is perturbed (low signal-to-noise ratio) at high frequencies, as reﬂected in Fig. 11.
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Fig. 10. From left to right: Real part, Imaginary part, and Tangent delta of the Young’s modulus for the modiﬁed laminated glass,
probability density functions,
Prior nominal values.

Fig. 11. Frequency response functions for the modiﬁed laminated glass in magnitude (left), and phase (right).
Prior FRFs.
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Fig. 12. Probability density functions of the weighting coefﬁcients in the case of the modiﬁed laminated glass,
b0 ¼ 102 .

10−1

100

γA
b0 ¼ 106 ,

b0 ¼ 104 ,

Fig. 12 illustrates the inﬂuence on the estimates of the weighting coefﬁcients by using different prior information. It is
observed that the pdf’s of c share the dominant probability mass for b0 ¼ 106 , 10  4 and 10  2, respectively. It is veriﬁed
by experimental applications that due to the hierarchical modeling strategy, the choice of the prior information on the
modeling uncertainty is no more critical to obtain a reliable identiﬁcation.

5. Conclusion
A complete probabilistic Bayesian approach for identifying the frequency-dependent Young’s modulus of the
viscoelastic material in a laminated structure has been presented in the presence of errors from various origins, with
application to laminated glasses. One of its main advantages stands in its capacity to return the quantiﬁed uncertainty in
the form of posterior probability density function for the Young’s modulus. The Bayesian Young’s modulus identiﬁcation is
based on a layered ﬁnite element model and a speciﬁc experimental protocol, whose efﬁciency strongly relies on the
proposed combination of a surrogate model and a Markov Chain Monte Carlo sampler.
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Appendix A
The measurement of FRF falls into the errors-in-variables framework, in which the input and output are both
contaminated by additive measurement errors. At the kth frequency line
F ½r,p ðkÞ ¼ F 0½r ðkÞ þ N½r,p
F ðkÞ

(28)

Y ½r,p ðkÞ ¼ Y 0½r ðkÞ þ N ½r,p
Y ðkÞ
Y ½r
0 ðkÞ ¼

H0½r ð

(29)

½r
k ÞF 0 ðkÞ.

F ½r
0 ðkÞ,

Y ½r
0 ðkÞ,
½r,p

o
The unknown variable are the input–output noise-free spectra
with
maximum likelihood formulation is used to estimate them from noisy input–output observations fF
2

and H½r
0 ð k Þ.
P
ðkÞ,Y ½r,p ðkÞgM
p ¼ 1,

2

½r
½r
2
2
9Y ½r ðkÞY ½r
0 ðkÞ9 sY ½r þ9F ðkÞF 0 ðkÞ9 sF ½r

min

H½r
ðok Þ,Y ½r
ðkÞ,F ½r
ðkÞ
0
0
0

o

A

(30)

½r
½r
with the constraint Y ½r
0 ðkÞH 0 ðok ÞF 0 ðkÞ ¼ 0. By introducing a Lagrange multiplier l, it is converted into

min

2

2

½r
½r
½r
½r
½r
2
2
9Y ½r ðkÞY ½r
0 ðkÞ9 sY ½r þ9F ðkÞF 0 ðkÞ9 sF ½r þ l½Y 0 ðkÞH 0 ðok ÞF 0 ðkÞ

H½r
ðok Þ,Y ½r
ðkÞ,F ½r
ðkÞ
0
0
0

(31)

By setting to zero the ﬁrst-order derivatives of the cost function with respect to all the unknown variables, it follows that
1 PMP ^ ½r,p
ðkÞ
^ ½r
p¼1Y
^ ½r ðok Þ ¼ Y ðkÞ ¼ M P
H
½r
1 PMP ^ ½r,p
F^ ðkÞ
F
ðkÞ
MP p ¼ 1

(32)

^ ½r ðok Þ, Y^ ½r ðkÞ and F^ ½r ðkÞ the estimates of H½r ðok Þ, Y ½r ðkÞ and F ½r ðkÞ.
with H
0
0
0
Writing the estimates of the input–output spectra as the true values plus the additive errors, and further applying the
ﬁrst-order Taylor expansion yields
½r
^ ½r
^ ½r
^ ½r ðok Þ ¼ Y ðkÞ ¼ Y 0 ðkÞ þ N Y ðkÞ
H
½r
½r
F^ ðkÞ
F 0½r ðkÞ þ N^ F ðkÞ
½r
N^ ðkÞ

¼ H½r
0 ð

ok Þ

1 þ Y ½rY ðkÞ
1þ

0
½r
N^ U ðkÞ
½r
F 0 ðkÞ

"
 H0½r ðok Þ 1 þ

½r
N^ Y ðkÞ

Y 0½r ðkÞ



½r
N^ F ðkÞ

F ½r
0 ðkÞ

#
(33)

^ ½r ðok ÞH½r ðok Þ is a zero mean complex normally distributed variable, the variance of the FRF estimate is
The deviation H
0
directly computed based on Eq. (33).
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