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This paper uses a multilayered shell element to compute the dynamic response of multilayered poroelas- 
tic structures such as car instrument panels, car floors, or car roofs. It is based on the P-order Shear defor- 
mation Theory with an added Zigzag function (ZPST). Biot’s theory is used to describe the poroelastic 
layer and standard couplings are realized between elastic and poroelastic layers. A method based on
Padé approximants is also used in order to reduce the computation time. This acceleration technique 
enables to achieve fast frequency sweep computations compared to a standard direct method. Finally,
numerical validation s on plates and curved geometries are presented.

� 2013 Elsevier Ltd. All rights reserved.
1. Introductio n

Porous materials are used in a wide range of industrial applica- 
tions for which noise control problems must be tackled. In the 
transport industry, such as automotive and aeronautics for in- 
stance, these materials are very efficient to reduce the transmis- 
sion of sound from one area to another. To predict their behavior,
3D finite element models (FEM) [1,2] based on Biot’s theory [3–
5] are employed with several parameters related to the micro- 
structure of the porous material [6]. The homogenize d behavior 
of the fluid and solid phases is then described with all the inertial 
and elastic interactions. Structural , viscous and thermal dissipa- 
tions are also taken into account. Because these three dimensional 
numerical models can become very large (from a computational 
point view), simplified models such as the Limp model [7] or the 
Fluid–Fluid model [8] can sometimes be used to reduce the com- 
putational effort. However, these are only valid under some 
assumptions which limit their use for a specific range of materials 
and configurations.

In practice, foam and fibrous materials are often bonded to thin 
structures. In simple academic cases, analytica l formulation s are 
available to model such multilaye red structures [9]. However, for 
more complex geometri es and boundary conditions that are often 
encountered in industrial configurations 3D FE simulations are still 
needed. Each layer is then modeled separately with 3D elements.
Here again, the method turns out to be cumbers ome and time-con- 
suming both in terms of data preparati on and computati on.

On the other hand, multilayered shell elements enable to re- 
duce these costs when dealing with elastic or viscoelastic multilay- 
ered materials. Among the possible shell models, one can 
distingui sh three different kinds. The simplest models are based 
on the First-order Shear Deforma tion Theory (FSDT) [10,11] with
linear displacemen ts across the thickness of each layer. Then, in
the P-order Shear Deformation Theory (PSDT), a p-order polyno- 
mial is used to describe the displacemen ts across the thickness 
[12–14]. The displacement is however not always a smooth func- 
tion as its first derivative is generally discontinuous at the layers 
interface. This makes the displacemen ts difficult to describe accu- 
rately with polynomial shape functions. This phenomena is partic- 
ularly visible when elastic properties are very different in each 
layer. A high order approximat ion is then necessary to model the 
in-plane and transverse displacements as shown by Cugnoni 
et al. in the PSDT model [12,13]. A zigzag function can also be
added to tackle this limitation [15–19] and to reduce the approxi- 
mation order that is necessary with the previous PSDT model. The 
resulting ZPST model developed by Sulmoni et al. [18] was success- 
fully applied by the present authors to the modeling of viscoelastic 
layers [20].

As a natural extension , this paper presents a shell element 
adapted to multilayered structures with poroelastic materials. It
is based on the ZPST model. A specific resolution method is also 
presente d. Here, due to the frequency dependency of the mass 
and stiffness matrices, the classical modal method cannot be
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employed to compute the Frequency Response Function (FRF). Di- 
rect frequency response methods have to be used instead. However ,
when the model size becomes important due to the cumulative ef- 
fect of high order approximation s, large refined meshes and a dense 
grid of frequenc y points, the computati onal cost may be prohibitive.
Specific numerical methods, based for example on the extension of
complex modes [21] or on a substruc turing approach [22,23], are 
then useful to circumvent this difficulty. Methods based on Padé
approximan ts [24–27] can also be used in a similar way to limit 
the computational time. The main advantag e of these methods 
stems from their ability to overcome the convergence problems 
around resonances that are usually observed with standard approx- 
imation methods such as the power series expansion. This is a key 
point for resonant problems encountered in acoustics and vibra- 
tions. Recently , a new approach for Padé approximants has been pre- 
sented by Avery et al. [24]. Finally, the authors have shown in Ref.
[20] that the Padé approximan ts technique was well suited for 
vibroacousti cs problems including viscoelastic materials.
Z
Vp

ðdes :rs� ~qx2du �uÞdV|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Solid phase 

þ
Z

Vp

ð /2

x2q22
$pf �$dpf �

/2

R
pf dpf Þ dV|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Fluid phase 

�
Z

Vp

~cþ/ 1þQ
R

� �� �
dð$pf �uÞdV�

Z
Vp

/ 1þQ
R

� �� �
d pf �$u
� �

dV|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Coupling between the two pha ses 

�
Z

Sp

ðrtnÞ �du dS�
Z

Sp

/ðU �n�u �nÞdpf dS|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Boundary terms 

¼0; ð5Þ
The paper is organized as follows: after reminding in Section 2
the classical variational formulation s associated with the elastic 
and the poroelastic wave equations, the finite element discreti- 
zation of the multilayere d structure using ZPST multilayered 
shell elements is presented in Section 3. The Padé reconstructi on
method is explained in Section 4 and some results including 
validations with conventi onal 3D models are shown in
Section 5.

2. Variational formulation 

2.1. Elastic and viscoelastic layers 

For elastic or viscoelastic layers, the forced harmonic vibration 
problem is described by the classical variational formulation (see
Ref. [20]):Z

Ve

ðde : r� qx2du � uÞdV �
Z

Se

ðrnÞ � du dS ¼ 0; ð1Þ

where e and r are the strain and stress tensors, u the solid displace- 
ment, q the density, and n the unit outward normal. When the har- 
monic excitation is in the form of a known force Fe applied over a
surface Se, the boundary term writes:Z

Se

ðrnÞ � du dS ¼
Z

Se

Fe � du dS: ð2Þ
2.2. Poroelastic layers 

Poroelastic materials are defined by Biot [3–5] as materials with 
a fluid and a solid phase. Elastic, inertial, viscous and thermal inter- 
actions between the two phases are hence taken into account. For 
time harmonic problems (e�jxt), the Biot poroelastici ty equations 
are written in a reduced form using only the solid displacemen t
and fluid pressure (u,pf) variables (see Ref. [2]):

$ � rs þx2 ~qu ¼ �~c$pf ; ð3aÞ
Dpf þx2 q22

R
pf ¼ x2~c

q22

/2 $ � u; ð3bÞ

where rs is the solid stress tensor in vacuo, / is the porosity, R is
related to the dynamic fluid compress ibility Kf with R ¼ /Kf ; ~q is
the effective density such as ~q ¼ q11 � q2

12=q22, and ~c is given by
~c ¼ /ðq12=q22 � ð1� /Þ=/Þ. The inertial coupling coefficients q11,
q22, and q12, and the frequency- dependent Johnson –Allard’s
expressi ons of the fluid density qf and the dynamic fluid compress -
ibility Kf are reminded in Appendix A. Finally , the solid stress tensor 
in vacuo is related to the solid strain es as

rs ¼ ðA� Q 2=RÞ$ � uIþ 2Nes: ð4Þ

Elastic coefficients A, Q and R are also reminded in Appendix A, and I
is the identity matrix.

The associated (u,pf) weak integral formulat ion detailed in Refs.
[2,9] is used here for the poroelastic layers:
with rt the total stress tensor such as rt = rs + rf and U the fluid
phase displacement. The fluid stress tensor rf is here directly re- 
lated to the fluid pressure pf with rf = �/pfI, and the fluid displace- 
ment U does not need to be stated explicitly as it will be removed 
after applying the boundary conditions.

In this formulation , one can distinguish the terms related to the 
solid and the fluid phases, the coupling terms between the two 
phases, and the boundary terms at the porous interface Sp.

2.3. Coupling conditions 

At the interface between an elastic layer and a poroelastic layer 
the continuity of the total stresses and the continuity of the solid 
displacemen ts apply. Moreover the solid and fluid normal dis- 
placemen ts of the porous material are also constrain ed by the solid 
displacemen t of the elastic layer. The coupling conditions between 
an elastic layer 1 and a poroelastic layer 2 writes:

r1n ¼ rt
2n; ð6Þ

u1 ¼ u2; ð7Þ

U2 � n� u2 � n ¼ 0: ð8Þ

This coupling is therefore very simple to implemen t since all the 
boundar y terms vanish at each porous-e lastic interface.

3. Finite element formulat ion 

The finite element ZPST used in this paper is depicted in Fig. 1.
The formulat ion presente d in details by Sulmoni et al. in Ref. [18]
and applied to viscoelastic materials in Ref. [20] is reminded here 
briefly.

3.1. Solid displacemen t approximation 

The solid displacemen t approximat ion in all the layers is shown 
in Fig. 2 with the p-order approximation and the zigzag function.



Fig. 1. ZPST shell element.
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The zigzag function is added in order to enhance the converge nce 
of the solution at the interfaces. The same approximat ion is used 
for the in-plane displacements along n1 and n2, and for the normal 
displacemen t along n3.

The displacemen t vector eu over the element e is described 
using a p-order polynomial and a first-order zigzag function as:

euðnÞ ¼
Xn

i¼1

Hiðn1; n2Þ eqð0Þui
þ ne

3qð1Þui
þ

n2
3
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np
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"
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; ð9Þ

where n = {n1,n2,n3} is the local coordinat es vector, Hi is the ith shape 
function of the n-nodes quadratic shell elemen t, qðjÞui

is the vector with 
the displacement s’ degrees of freedom of node i at the order j, qðZÞui

is
Hui
¼

Hi 0 0 0 n3Hi 0 0 0 ð�1ÞKfHi 0 0 0 . . . np
3Hi=p! 0 0 0

0 Hi 0 0 0 n3Hi 0 0 0 ð�1ÞKfHi 0 0 . . . 0 np
3Hi=p! 0 0

0 0 Hi 0 0 0 n3Hi 0 0 0 ð�1ÞKfHi 0 . . . 0 0 np
3Hi=p! 0

2
664

3
775

and

Hpi
¼ 0 0 0 Hi 0 0 0 n3Hi 0 0 0 ð�1ÞKfHi . . . 0 0 0 np

3Hi=p!
h i

:

the vector with the displace ments’ degrees of freedom of node i cor-
responding to the zigzag function, Kis the layer index and f is the 
transverse layer coordinat e normaliz ed between �1 and +1. Intro- 
Fig. 2. ZPST displaceme
ducing tk the thickness of the kth layer and tt the total thickness of
the multilaye r, the relation between the local through- the-thicknes s
coordinat e n3 and the transverse layer coordinate f writes:

n3 ¼ �1þ 2
XK�1

k¼1

tk

tt
þ ð1þ fÞ tK

tt
: ð10Þ
3.2. Fluid pressure approximation in the porous layers 

For the sake of simplicity, the same approximat ion is used for 
the fluid pressure in the porous domain:

epf ðnÞ ¼
Xn

i¼1

Hiðn1; n2Þ eqð0Þpi
þ n3

eqð1Þpi
þ n2

3
eqð2Þpi
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where qðjÞpi
is the pressure’s degree of freedom of node i at the order j,

and qðZÞpi
is the pressure’s degree of freedom of node i corresp onding 

to the zigzag function. This approximat ion is global over the whole 
thickne ss of the multilayer ed structur e although it is only active for 
poroelas tic layers. We may observe that multila yers made of only 
one poroelastic layer do not need the zigzag function for the pres- 
sure as the polynom ial approximat ion is sufficient. The zigzag func- 
tion is removed in this case in order to avoid redundan cy.

3.3. Global approxim ation 

The displacemen ts’ and pressure’s degrees of freedom qu and qp

are collected in a single vector q. Eqs. (9) and (11) are expressed in
a reduced matrix form:

euðnÞ ¼ HuðnÞeq and epf ðnÞ ¼ HpðnÞeq; ð12Þ

where Hu(n) and Hp(n) are the displacemen t and pressure interpo- 
lation matrices over the n-nodes elemen t, HuðnÞ ¼ ½Hu1 ;Hu2 ; . . . ;
Hun � and HpðnÞ ¼ ½Hp1
;Hp2

; . . . ;Hpn
� respective ly, with 

The total number of dofs by node is thus equal to NDOF n =
4(p + 2), and NDOF n = 4(p + 2) � 1 when the zigzag function is
nt approximation.
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removed for the pressure approximat ion. For a quadratic quadran- 
gle Q8 the number of dofs is therefore equal to NDOF e = 32(p + 2)
and NDOF e = 32(p + 2) � 8 without the zigzag function.

3.4. Finite element discretization 

The finite element discretization of the variation al formulations 
(1) and (5) is introduced and matrices Hu and Hp are used to
approximat e the displacemen ts and the pressure over each ele- 
ment. In the elastic layers, the following elementar y mass, stiff- 
ness, and force matrices are obtained:

eMe ¼
Z

eVe

qHt
uHu dV ; eKe ¼

Z
eVe

eBte Ce B dV ;

eFe ¼
Z

eVe

Ht
u Fe dV ; ð13Þ

where eB refers to the strain–displacement matrix, while eC refers to
the strain–stress matrix. In the poroelastic layers, elemen tary mass 
and stiffness matrices write:

eMpe ¼ ~q
Z

eVp

Ht
uHudV|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

eM1

; ð14Þ

eKpe ¼
Z

eVp

eBt eCeB� / 1þ Q
R

� �
ð$Ht

pHu þHt
u$Hp þHt

p$Hu þ $Ht
uHpÞ

� �
dV|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

eK0

þ /2

x2q22

Z
eVp

$Ht
p$HpdV|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

eK1

� /2

R

Z
eVp

Ht
pHpdV|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

eK2

� ~c
Z

eVp

$Ht
pHu þHt

u$Hp

	 

dV|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

eK3

;

ð15Þ

where eB and eC refer also to the strain–displacement and strain–
stress matrices of the solid phase, respective ly, and $ stands for 
the differe ntial operator in the global coordinates . Note the fre- 
quency-d ependent paramete rs have been isolated in these equa- 
tions and resulting matrices eM1, eK0, eK1, eK2, and eK3 do not 
depend on frequency.

The elementary mass and stiffness matrices are obtained by
summing the elastic and poroelastic elementary matrices. Given 
that each element is made up of several layers with different prop- 
erties, it is necessary to integrate these matrices separately over 
each layer. Finally, the curved shell element is obtained from a
master element. The integration over the curved element can be
found in Ref. [18] with the details of the Jacobian of the geometri c
transformat ion. A numerical integration using Gauss–Legendre 
quadratures is used to calculate the elementary matrices.

The final global matrix is created by the assembly of elementary 
matrices:

ðKðxÞ �x2MðxÞÞ U ¼ F; ð16Þ

where K(x) and M(x) are the global stiffness and mass matric es, U
is the general ized nodal displace ment with all the degrees of free- 
dom and F is the general ized nodal excitation. In this equation,
K(x) and M(x) are symme tric. The problem can also be written 
in the compact form 

ZðxÞU ¼ FðxÞ; ð17Þ

by introducing a global impedan ce matrix Z(x) defined as:

ZðxÞ ¼ Ke �x2Me þ K0 þ
/2

x2q22
K1 �

/2

R
K2 � ~cK3 � ~qx2M0; ð18Þ

where all the matrices involved are frequency -independent .
4. The Padé reconstruction method 

Several acceleration techniques are available. The simplest method
based on Padé approximants can be improved by using a multipoint
matching method [24] or the Galerkin Asymptotic Waveform Evalua-
tion [25–27]. Here, we shall only focus on the basic Padé approximants
method, also known as the Asymptotic Waveform Evaluation [27]
(AWE). The frequency response computation of the mechanical system
described in Eq. (16) is accelerated with the Padé approximants. This
technique has already been used by the authors in a previous paper
[20] for viscoelastic materials. It is briefly presented here and applied
to poroelastic materials with frequency-dependent properties. Instead
of solving Eq. (16) at each frequency, the solution is approximated
around several central frequencies where the direct calculation is per- 
formed. The classical power series expansion 

Udðx0 þ DxÞ ¼
X1
i¼0

uiDxi; with ui ¼
UðiÞd ðx0Þ

i!
; ð19Þ

of the solution Ud at a dof d around x0 is enhanced in the Padé
approxi mant method by using a rationa l fraction [28Chapte r 2]

Udðx0 þ DxÞ ¼ p0 þ p1Dxþ � � � þ pLðDxÞL

1þ q1Dxþ � � � þ qMðDxÞM
þ OðDxLþMþ1Þ: ð20Þ

This rational function is built to agree with the L + M + 1 first terms 
of the Ud power series expansio n at x0 but is better adapted than 
classical power series expansio ns to approximat e the solution, in
particula r solution s with poles. The metho d for computin g coeffi-
cients pi and qi is shown in Appendix B. To get these coefficients,
the solution Ud and its derivativ es UðrÞd are necessary at each central 
frequen cy x0 and are obtained by differentia ting Eq. (17) at x0

according to Liebnitz’s rule for the derivativ e of a product:

Z0UðkÞ0 ¼ FðkÞ0 �
Xk�1

r¼0

k!

r!ðk� rÞ! Zðk�rÞ
0 UðrÞ0 ;

k ¼ 0;1;2; . . . ; LþM þ 1: ð21Þ

Here the subscript ‘0’ signifies that functions are evaluated at x = x0.
The derivativ es of Ud can be obtained from Eq. (21) by a simple iter- 
ative proces s which requires the derivatives of Z0 and F0. This opera- 
tion is carried out using the expression of Eq. (18). The derivativ es are 
compute d analytically after realizing that all the frequency- depen- 
dent parameter s are functions of the quantity :

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jCx

p
=x where

the constant C can be easily identified from Eqs. (A.4) and (A.5).
Finally, from a computational point of view, a LU factorization

[29,30] of the matrix Z0 is used to get U0 and its derivatives with 
a reordering algorithm AMD [31] to reduce the fill-in of the matri- 
ces L and U. Multiple RHS can be easily solved once the factoriza- 
tion is achieved. It is also important to note that the assembly of FE
matrices is only performed once.

In our calculatio ns, the polynomials used for the Padé approxi- 
mation are taken with the same order (i.e. M = L), and only two 
paramete rs are adjusted to improve the quality of the reconstru c-
tion: the number of central frequencies points where the solution 
is expanded and the number of derivatives to get the polynomi al
coefficients. In practice, it is recommend ed to take at least one cen- 
tral frequency for each resonance in the studied frequenc y band,
and to take a number of derivatives between 5 and 10.

5. Results and validations 

The ZPST poroelastic model associated with the Padé approxi- 
mant method is applied here on two cases: (i) a sandwich plate 
and (ii) a curved laminated shell. Standard 3D FE results (with qua- 
dratic shape functions) are also used as reference solutions for 
these two cases. The materials used in the following examples 



Table 1
Characteristics of each material.

Parameters Steel Foam B

E(Pa) 2.1.10 11 8.45.105

gs 0.01 0.10 
m 0.3 0.3 
q1(kg m�3) 7800 31.16 
/ 0.96
a1 1.7
r(103N m�4 s) 32
K(lm) 90
K0(lm) 165 

Table 2
Example of computational times with 1 centra l frequency f0 and 25 intermed iate 
frequencies fi taken into account. Results are observe d on 1 element with 207 dofs.
Calculations are made with Matlab on an Intel Xeon (R) CPU X5650, 12 � 2.67 GHz,
24Go RAM, 64 bits.

CPU time (s) Speed up
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are presented in Table 1. The characteri stics of the Foam B are 
taken from Ref. [9]. Quadratic quadrangles Q8 are used in the ZPST 
model, while quadratic hexahedron H20 are used in the 3D model.
The same order of interpolation p = 4 is chosen for the displace- 
ment and pressure approximat ions over the thickness. Indeed, it
was observed that a cubic approximat ion (p = 3) is not sufficient
to get accurate results above 100 Hz. The FRFs are approximated 
at 10 central frequencies between 0 and 500 Hz, with 8 derivatives 
in the Padé reconstruction method. Finally, the mesh size is chosen 
as to ensure that the results have converge d on the studied fre- 
quency band.

5.1. Sandwich plate 

A sandwich plate of dimensions 0.2 m by 0.3 m with free 
boundary conditions is considered here. The skins are two identical 
plates of Steel and have a thickness of 1 mm. The viscoelastic core 
is made of Foam B and has a thickness of 2 cm. The FRF are mea- 
sured at the points M1(0.05 m; 0.05 m), M2(0.1 m; 0.15 m), and 
M3(0.15 m; 0.25 m) with an excitatio n placed at M1. The shell mesh 
presented in Fig. 3 is made of 12 by 18 elements (21,275 dofs),
while the 3D mesh is made of 12 by 18 by 6 elements (28,122
dofs).
Fig. 3. Mesh used for the sandwich plate.
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Fig. 4. FRFs comparison for the sandwich plate – Lines: 3D model – Markers +: ZPST m
method – Markers �: Padé central frequencies – j c1/F1 c2/F1 c3/F1.
A FRF comparis on between the ZPST model and the 3D model is
presente d in Fig. 4. The results obtained with the poroelastic ZPST 
shell element are very accurate and compare well with the stan- 
dard 3D quadratic model. In addition, the computation time is also 
substanti ally reduced with the Padé approximants method. More- 
over, two resonant modes are observed between the two central 
frequenc ies 225 Hz and 275 Hz and the Padé approximan t method 
maintain s a good accuracy. This clearly shows the efficiency of the 
reconstru ction method.

An example of CPU time is presented in Table 2 for 21,275 and 
37,191 dofs. One central frequenc y is taken into account with 25
intermedi ate frequencies. The solution is reconstructed over 1 ele- 
ment with 207 dofs. Finally, the ratio of the CPU time between the 
direct method and the Padé approximation method gives a speed 
up around 5, but the smaller is the number of dofs to reconstruct,
the faster is the computation. This explains also why a speed up
around 12 was found with 120 dofs to reconstruct in Ref. [20].

A convergence study of the Padé approximat ion is shown in
Fig. 5. The converge nce depends on the number of central frequen- 
cies and the number of derivatives. In the present case, five points 
are used to reconstru ct the FRF between 0 and 250 Hz. With four 
derivatives, the trend is well recovered locally but discrepancie s
(i.e. the curve is discontinuo us) are visible at the junction between 
frequenc y bands. To get better results, it is possible either to add a
central frequency point near the discontinui ty or to compute high- 
er-order derivatives. In all cases, it is reasonable to limit the num- 
ber of derivatives around 8 to 10.
50 300 350 400 450 500
ncy (Hz)

odel with an interpolation order p = 4 and 8 derivatives in the Padé reconstruction 

f0 fi 1 f0, 25 fi

21275 dofs 
Direct method 12.3 12.3 320 
Padé with 8 derivatives 12.3 23.4 57.3 5.6 
Padé with 10 derivatives 12.3 30.2 69.4 4.6 
Padé with 12 derivatives 12.3 36.1 78.4 4

37191 dofs 
Direct method 24.2 24.2 629 
Padé with 8 derivatives 24.2 39.7 102.3 6.1 
Padé with 10 derivatives 24.2 51.6 123.8 5.1 
Padé with 12 derivatives 24.2 65 144.4 4.4 
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Fig. 7. Deformed shape of the upper skin – Lines: ZPST model – Markers +: 3D
model.

Fig. 8. Deformed shape of the sandwich plate at the mass-spring-mass resonance 

104 J.-D. Chazot et al. / Computers and Structures 121 (2013) 99–107
The solid displacements and the pressure distribution in the 
thickness at 450 Hz are shown in Fig. 6. For the sake of illustra- 
tion, it is instructive to separate the different contributi ons 
stemming from the polynomi al and the zigzag functions. In this 
example, the role of the zigzag function is essential and clearly 
shown.

The deformed shapes at 450 Hz of the upper skin obtained with 
the shell mesh and the 3D mesh are plotted in Fig. 7 (the point 
force is represented as the red arrow). As expected, the two models 
show perfect agreement. The well known mass-spring -mass fre- 
quency estimate d around 630 Hz can also be identified when deal- 
ing with a normal plane wave excitation (i.e. the force is uniformly 
distributed on the upper skin). The opposition of phase between 
the two skins can be observed in this case and this is shown in
Fig. 8.

In acoustics, this particular frequenc y highly deteriorates the 
sound insulation propertie s of a multilayere d panel compared to
an equivalent homogeneous panel. However the sound insula- 
tion of the multilaye red panel increases also highly above this 
mass-spring -mass frequency. To illustrate these phenomeno n,
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frequency 630 Hz.
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Fig. 10. 2D mesh used for the curved laminated shell.
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the transmission loss of a similar infinite sandwich panel sub- 
mitted to a normal plane wave calculated with a Transfer Matrix 
Method [32] is presented in Fig. 9. The coincidence frequency is
visible at high frequenc y, while the mass-spr ing-mass resonance 
frequency leads to a dip in the transmission loss curve at
630 Hz.
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Fig. 11. FRFs comparison for the curved laminated shell – Lines: 3D model – Marker
reconstruction method - Markers �: Padé central frequencies – j c1/F1 c2/F1 c3/F1.
5.2. Curved laminated shell 

In this section, the poroelastic shell element is compared with a
3D finite element on a curved geometry . The tested multilayered 
sample is a quarter of a cylinder with two layers of dimensions 
R = 0.2 m and H = 0.2 m. This shape was chosen in order to demon- 
strate the validity of the ZPST porous model for tackling curved 
geometri es that are often encountered in aeronautics, aerospace,
and rail industry. The interior layer is made of Steel and has a
thickness of 1 mm. The poroelastic upper layer is made of Foam 
B and has a thickness of 3 cm. Three points are considered to iden- 
tify input and transfer mobilities: M1(h = p/8; H = 0.025 m),
M2(h = 3p/8; H = 0.175 m), and M3(h = p/8; H = 0.175 m) with an
excitatio n placed at M1. Free boundary conditions are applied in
both models. The 2D mesh presented in Fig. 10 is made of 24 by
8 elements (19,159 dofs), while the 3D mesh is made of 3 by 32
by 16 elements (35,565 dofs). Here, it is worth noticing that the 
gain in dofs is more important for thicker panels.

The coupling with the fluid domain is not considered in this pa- 
per. An impervious condition at the interface with the infinite
acoustic domain is applied. In this case, the total stress of the poro- 
elastic layer is null a the interface, and there is no relative mass 
flux through the interface.

Input and transfer mobilities for the curved shell are com- 
pared with the two models in Fig. 11. The results obtained with 
the poroelasti c ZPST model are in good agreement with the 3D
model over the whole frequency band. The accuracy of the 
Padé approximation method is also demonstrated here. However,
50 300 350 400 450 500
ncy (Hz)

s +: ZPST model with an interpolation order p = 4 and 8 derivatives in the Padé
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the number of central frequencies and the number of derivatives 
must still be chosen carefully to obtain the convergence of the 
Padé approximat ion.

6. Conclusion s and prospects 

The efficiency of the ZPST shell element for the wave propaga- 
tion modeling through curved multilayered structures with poro- 
elastic materials has been demonstrated in this paper. The model 
offers two main advantages: (i) it reduces the time spent on mesh 
preparation and (ii) it significantly reduces the computati onal ef- 
fort while maintaining a good level of accuracy comparable with 
conventional 3D models. Frequency dependent material properties 
have been taken into account for the poroelastic layers. The Padé
approximan t method has also been applied successfu lly in order 
to speed up the numerica l evaluation of the FRFs.
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Appendix A. Porous model 

A.1. Inertial coupling coefficients

The inertial coefficients q11, q22, q12 are related to the 
densities qs of the skeleton, qf of the fluid phase, and q0 of the 
air such as:

q11 ¼ qs þ /qf � /q0; ðA:1Þ

q12 ¼ �/qf þ /q0; ðA:2Þ

q22 ¼ /qf : ðA:3Þ

Viscous and thermal dissipatio ns are taken into account by the fre- 
quency-d ependent Johnson–Allard’s expression s of the fluid density 
qf and the dynamic fluid compres sibility Kf :

qf ¼ q0a1 1� r/
jq0a1x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4 j

ga2
1xq0

K2/2r2

s !
; ðA:4Þ

Kf ¼
cP0

c� ðc� 1Þ 1�
8g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�jq0

PrK02x
16g

q
jK02 Prxq0

0
@

1
A
�1 ; ðA:5Þ

respectivel y, with j2 = �1. These expressions are given with a time 
dependenc e in e�jxt and involve five paramete rs: the porosity /,
the tortuos ity a1, the airflow resistivity r, and the viscous and ther- 
mal charac teristic lengths K and K0. The surroundin g air is also de- 
scribed by the static pressure P0, the dynamic viscosity g and the 
Prandtl number Pr.

A.2. Elastic coefficients

The simplified elastic coefficients A, Q, and R used in Biot’s mod- 
el are given by:

A ¼ 4
3

N þ Kb þ
ð1� /Þ2

/
Kf ; ðA:6Þ
Q ¼ Rð1� /Þ
/

; ðA:7Þ

R ¼ /Kf ; ðA:8Þ

where N is the shear modulus, Kb is the bulk modulus of the solid 
frame, / is the porosity, and Kf is the fluid compr essibility modul us.

Appendix B. Padé coefficients calculation 

The polynomials P and Q have to be computed for each dof 
d 2 D and for each value of x0 2X. To obtain the coefficients pi

and qi, Eq. (20) is rewritten as

Udðx0 þ DxÞQðDxÞ ¼ PðDxÞ þ OðDxMþLþ1Þ: ðB:1Þ

Applying Liebnitz’s rule on the derivativ e of a product [343.3.8 ]
with respect to Dx yields [28, Chapter 2]

uL�Mþ1 uL�Mþ2 . . . uL

uL�Mþ2 uL�Mþ3 . . . uLþ1

..

. ..
. ..

.
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1
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1
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uLþM

0
BBBB@

1
CCCCA; ðB:2Þ

and

pi ¼
Xi

k¼0

qkuk�i; ðB:3Þ

with ui = 0 if i < 0 by convention . The denominat or coefficients qi are
found by solving Eq. (B.2). Note this matrix is Toeplitz [28, Chapter 
2] (or Hankel according the order of the unknowns) and can be in- 
verted in O(n2) operation s instead of O(n3) for arbitrary system s (n
is the matrix size). Nonethele ss, a standard inversion is used in this 
paper. Even if the condition number is high, the computation of the 
coefficients qi remains robust. Once this is done, the numerat ors 
coefficients pi are deduced from the qi’s using Eq. (B.3). As ui appears
in Eqs. (B.3) and (B.2), it is required to compute the power expan- 
sion of Ud as a prior conditio n by using the derivativ es of Ud at x0:

ui ¼
UðiÞd ðx0Þ

i!
: ðB:4Þ
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