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The paper deals with the numerical simulation of the acoustic ﬁeld in two-dimensional
cavities in which absorbing materials are present. Though Finite Element Method (FEM)
could be employed for this purpose, the discretization level required for achieving
reasonable accuracy renders the method impractical in the mid-frequency range. To
alleviate this limitation, the Partition of Unity Finite Element Method (PUFEM) using plane
wave functions has been shown to be very effective for solving short wave Helmholtz
problems. In the present work, the method is extended to the computation of the pressure
wave ﬁeld within the absorbing media which is modeled as a bulk-reacting material
characterized by a complex-valued and frequency dependent mean density and dynamic
compressibility. Lagrange multipliers are used to enforce the transmission conditions at the
air–material interface. Performances of the PUFEM are compared with a standard FEM in
several examples of practical interests. It is shown that the technique is a good candidate
for solving noise control problems at high frequency.
& 2012 Elsevier Ltd. All rights reserved.

1. Introduction
Porous absorbers are now commonly used as passive noise control solutions in order to reduce the sound pressure ﬁeld
in enclosed cavities. The type of applications ranges from room acoustics predictions, sound prooﬁng of aircrafts or cars’
passenger compartments to mufﬂer designs in HVAC systems. In practice, an accurate prediction of the acoustic
performances is obtained via computational methods such as the very popular Finite Element Method (FEM) or the
Boundary Element Method (BEM) [1]. However, these methods are known to be extremely demanding computationally
when the frequency increases, or when the dimensions of the domain are too large, and are thus limited to ‘low’ frequency
applications. This limitation stems from the typical rule-of-thumb that around 10 nodes per wavelength are required in
order to capture the oscillatory behavior of the wave. To make the matter worst, for a certain class of absorbent materials
such as polymer foams, the solid structure has a ﬁnite stiffness. In this case, Biot’s theory describing the propagation of
elastic and pressure waves in the poroelastic material must be used [2]. As opposed to air waves Biot’s waves are damped
and propagate much slower. Again, this limits the analysis to reduced-size conﬁgurations [3].
In order to tackle medium to high frequency problems, the last decade has seen the emergence of new approaches in
which the solution to the problem is expanded in the basis of oscillatory wave functions [4]. Though this is not the place
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for a complete survey, we can cite the Partition of Unity Finite Element Method (PUFEM) [5], the Ultra-Weak formulation
[6,7], the Discontinuous Galerkin Method [8], the Wave Boundary Element Method [9], the Wave Based Method [10,11]
and the Variational Theory of Complex Rays [12]. All these methods have in common that they offer a drastic reduction in
degrees of freedom as compared with conventional discretization schemes. Among all these techniques, the PUFEM has
the advantage to be very similar to the FEM and its numerical implementation can be easily adapted to any FEM mesh.
Applications of the PUFEM using plane waves and/or Bessel functions for the computation of acoustic and elastic waves
can be found in recent papers [13–16].
One direction of particular interest to us is to extend the PUFEM for the numerical computation of the sound ﬁeld in cavities
ﬁlled with air in contact with porous absorbing materials. In the present work, the computational model is simpliﬁed by
assuming that the material reacts like an equivalent ﬂuid. Although this restricts the analysis to a certain class of absorbing
materials, this assumptions is widely used, especially at high frequencies where the solid phase response is not predominant
(see a detailed discussion in Chapter 6 in [2]). Furthermore, this work must be considered as a starting point for further
development of the PUFEM for tackling the more general problem of Biot’s waves propagation in poroelastic materials.
The present paper is organized as follows. The PUFEM formulation is presented in Section 2. In each domain (air and
porous material) the acoustic pressure is discretized using a set of plane waves with real or complex wavenumbers
whereas the continuity of pressure and velocity at the air–porous interface is enforced by the use of Lagrange multipliers.
In Section 3, the performances of the method, measured in terms of data reduction, are assessed against a one-dimensional
problem for which an analytical solution is available. In the last section, the interest of the method is illustrated on various
examples of practical interest such as the analysis of interior sound ﬁelds in a car’s passenger compartment.
2. Formulation
2.1. Problem statement
The general interior problem under consideration is illustrated in Fig. 1. It consists of a bounded two-dimensional
domain V ¼ V a [ V p where Va is a air-ﬁlled cavity with density ra and sound speed ca and the domain Vp is ﬁlled with a
porous absorber. For a brief nomenclature, all quantities associated with the air cavity are referred by the subscript a
whereas the porous domain is denoted by the subscript p. In the frequency domain (the time dependence eiot is
assumed), the governing equation for the acoustic pressure in the air is the classical Helmholtz equation

Dpa þk2a pa ¼ 0 in V a ,

(1)

where ka ¼ o=ca is the wavenumber and o is the harmonic frequency. The propagation model for porous absorbers with a
rigid skeleton is given by the well-known equivalent ﬂuid approach. The porous absorber is modeled as a ﬂuid medium
characterized by a complex wavenumber kp and a complex density rp [2]. The pressure in the porous material satisﬁes

Dpp þ k2p pp ¼ 0 in V p :

(2)

Here, kp ¼ oðrp =K p Þ1=2 and quantities such as the density and the dynamic ﬂuid compressibility Kp are calculated from the
Johnson–Champoux–Allard’s model [2] (see the Appendix).
The coupling conditions at the air–porous interface (here denoted Sca and Scp) are obtained by imposing the continuity
of pressure and normal velocity across the interface:

f qpp

rp qnp

¼

1 qpa

ra qna

,

(3)

pp ¼ pa ,

(4)

where np and na are the outward normals of each domain so np ¼ na and f is the porosity. On the other part of the
boundary of the air cavity (Sa 0 ), a prescribed normal velocity va is imposed:
qpa
¼ ira ova
qna

in Sa 0 ,

Sa

Vp
np

Va

(5)

Sca

na
Scp
Sp

Fig. 1. Studied conﬁguration.

1920

J.-D. Chazot et al. / Journal of Sound and Vibration 332 (2013) 1918–1929

whereas the porous absorber is assumed to be in contact with rigid walls, that is
qpp
¼0
qnp

in Sp 0 :

(6)

2.2. Variational formulation
A standard weighted residual scheme is applied to the Helmholtz equation, so the inner product
Z
2
ðDpa þ ka pa Þdpa dV, a ¼ a or p,

(7)

Va

where dpa is a properly chosen weighting function, gives the governing integral equation for the problem. After integration
by parts, the problem in both domains (a ¼ a,p) is formulated in a weak form as
Z
Z
qpa
2
ðrpa  rdpa ka pa dpa Þ dV
dpa dS ¼ 0:
(8)
Va
qV a qna
By following the steps of the work published in Ref. [16], we now introduce L, the Lagrange multiplier deﬁned as the
normal derivative of the acoustic pressure at the air–porous interface. The variational formulation for the air cavity writes
Z
Z
Z
2
ðrpa  rdpa ka pa dpa Þ dV
Ldpa dS ¼ ira o va dpp dS:
(9)
Va

S0a

Sca

And similarly,

fra

rp

Z
Vp

2

ðrpp  rdpp kp pp dpp Þ dV þ

Z
Scp

Ldpp dS ¼ 0

(10)

for the porous domain. Applying standard Lagrange multiplier techniques, the continuity of pressure across the air–porous
interface is weakly enforced as
Z
ðpp pa ÞdL dS ¼ 0,
(11)
Sc

where dL is an appropriate weight function and Sc ¼ Sca ¼ Scp denotes the air–porous common interface. We can note that
the formulation (10) was deliberately multiplied by the factor fra =rp for symmetry reasons as shown in the next section.
2.3. Plane wave ﬁnite elements and integration
Let the domain V be partitioned into L non-overlapping subdomains V ðlÞ where l ranges from 1 to L. Each sub-domain, or
ﬁnite element in the engineering terminology, is deﬁned via the geometric mapping r ¼ r ðlÞ ðx, ZÞ between the real space
and the local system of triangular type
T ¼ fx Z0, Z Z 0, x þ Z r 1g:
The key ingredient of the PUFEM relies on the enrichment of the conventional ﬁnite element approximation by including
solutions of the homogeneous partial differential equation. In the Helmholtz case plane waves, circular waves (Bessel
functions) and wave bands are commonly used [5,15–17]. In this work, plane waves are chosen for their simplicity. In each
sub-domain V ðlÞ , the acoustic pressure is expanded as
pa ðrÞ ¼

Q a,j
3 X
X

N3j ðx, ZÞ expðika da,jq  ðrr ðlÞ
ÞÞAðlÞ
a,jq ,
j

(12)

j¼1q¼1
3
where the plane waves amplitudes AðlÞ
a,jq are unknown coefﬁcients and functions N j are the classical linear shape functions
ðlÞ
on triangular elements. Points r ðlÞ
are
the
three
nodes
associated
with
element
V
. Their presence in (12) ensures that the
j
nodal values are recovered simply as

pa ðr ðlÞ
j Þ¼

Q a,j
X

AðlÞ
a,jq

(13)

q¼1

and that plane waves amplitudes of the porous domain are not spoiled by the complex character of the wavenumber. This
fact is discussed further in the next section. The directions, attached to node j, are chosen to be evenly distributed over the
unit circle, that is
da,jq ¼ ðcosðyq Þ,sinðyq ÞÞ

where yq ¼

2pq
,
Q a,j

q ¼ 1, . . . ,Q a,j :

(14)
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The number of plane waves attached to each node j ¼ 1; 2,3 must be dependent on the frequency and the element size.
Although there is no rigorous theory in this matter as this number might also depend on the studied conﬁguration, there is
a common acceptance that the following criteria should provide a good estimate [18]:
Q a,j ¼ round½ka h þCðka hÞ1=3 :

(15)

Here, h is taken as the largest element edge length connected to node j within the acoustic domain and the constant C is
usually chosen to lie in the interval C 2 ½2; 20. This coefﬁcient can be adjusted depending on the conﬁguration and the
expected accuracy. Note that Eq. (15) is restricted to two-dimensional domains. For the porous domain, the same criteria is
applied with the real part of the wavenumber since it corresponds to the oscillating part of the solution:
Q p,j ¼ round½Reðkp Þh þCðReðkp ÞhÞ1=3 :

(16)

Similarly, h is taken as the largest element edge length connected to node j within the porous domain.
In the present work, the ﬁnite element geometries are deﬁned using standard quadratic shape functions on triangular
elements:
r ðlÞ ðx, ZÞ ¼

6
X

N 6j ðx, ZÞr ðlÞ
j

(17)

j¼1

as this description is integrated in most softwares (here the ﬁnite element mesh generator Gmsh is used [19]). In Eq. (17)
extra nodes r ðlÞ
j for j ¼ 4; 5,6 correspond to the mid-node of the edges as shown in Fig. 2. On both sides of the air–porous
interface, meshes are designed to be compatible. This choice is made for practical reasons as it considerably eases the
numerical implementation of the method. At the matching interface, the Lagrange multiplier is expanded using real plane
waves with the highest oscillations (i.e. Reðkp Þ), that is

LðrÞ ¼

Q p,j
2 X
X

N2j ðxÞ expðiReðkp Þdp,jq  ðrrðlÞ
ÞÞljq ,
j
ðlÞ

(18)

j¼1q¼1

where amplitudes ljq are unknown coefﬁcients, linear functions N 2j are simply the restriction of the shape functions N3j on
the boundary line Sc and the superscript (l) refers to the adjacent element V ðlÞ belonging to the porous domain. Finally, the
element matrices are formed using a Galerkin scheme: the weight functions dpa (a ¼ a,p) and dL are chosen from the
plane wave basis (12) and (18). This is the so-called unconjugated formulation [14] which renders the algebraic system
symmetric with the following form:
0
1
0
1
Ka
0 Ca 0 Aa 1
Va
B
CB
C
B
Kp
Cp C@ Ap A ¼ ir o@ 0 C
B 0
(19)
A:
a
@
A
T
T
Ca Cp
0
K
0
ðlÞ

Here Ka are the plane wave ﬁnite element matrices for the Helmholtz problem, Ca the coupling matrices and vectors Aa
(a ¼ a,p) and K contain the plane wave amplitudes in (12) and (18). As plane wave ﬁnite elements may span many
wavelengths the computation of the element matrices requires the integration of highly oscillating functions, especially in
the porous domain where the real part of the wavenumber can be much larger than the acoustic one. This procedure may
prove costly from a numerical point of view so some precautions must be taken in order to avoid penalizing and timeconsuming calculations. Recently, progress has been made to perform the integration analytically using various
mathematical techniques [20–22]. Unfortunately, these developments cannot be applied to curved elements. In passing,
we think that there is scope for further research in this direction. In the present work, the integration is performed using
the adaptive Gauss quadrature algorithm gauleg from Numerical Recipes [23]. In each sub-domain a set of Gauss points
and weights are stored. All geometric information independent of the plane wave basis such as the value of shape
functions N3j and their derivatives at the quadrature points are also precomputed and stored.

Fig. 2. Plane wave ﬁnite element with quadratic geometry and matching mesh.
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3. Study of the PUFEM performances with absorbing materials
Since the emergence of plane waves-based computational methods in the mid-1990s, the method has received some
attention from the applied mathematicians community. Theoretical analysis concerning convergence with real plane
waves can be found, for instance in [5,6,24,25]. Although, it would be interesting to extend the study to plane waves with
complex wavenumbers, such an analysis is clearly beyond the scope of this paper. The aim of this section is to highlight the
performances of the method from a practical point of view. In this regard, an interesting point is to evaluate the average
number of degrees of freedom per wavelength necessary to ensure a good approximation of the solution. Due to the
disparity in speed of sound between the air and the porous media, it is convenient to simplify the analysis by taking an
artiﬁcial value for the porous wavenumber as kp ¼ ka ð1 þ wiÞ where w is deﬁned as the ratio between the imaginary and the
real part of kp. With this deﬁnition, the wavelength l ¼ 2p=ka is identical in both domains so we can deﬁne the number of
wavelengths spanning over a characteristic element length hmesh of the ﬁnite element mesh as

b¼

hmesh

l

:

(20)

By calling Ndof the total number of degrees of freedom, the average discretization level nl deﬁned as the number of
variables needed to capture a single wavelength is evaluated via
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ndof
:
(21)
nl ¼ l
areaðVÞ
For instance, using conventional ﬁnite element discretization, it is widely accepted that numerical solutions are expected
to be of acceptable accuracy if around nl ¼ 10 nodes per wavelength are used and this corresponds to b ¼ 0:1 or 0.2
depending on the order of approximation (i.e. linear or quadratic).
Now, from the relation (15), the average discretization level associated with the PUFEM can be anticipated. Indeed, in
the particular and ideal case of a regular triangular mesh of inﬁnite extent as shown in Fig. 3, it is easy to see that
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l pﬃﬃﬃﬃ 1
Q¼
4pb þ2Cð2pbÞ1=3 ,
(22)
nideal
¼
l
a
b
pﬃﬃﬃ
where the number of plane waves directions Q attached to each node is calculated via (15) and hmesh ¼ a 2. The
performance of the method for this ideal scenario is illustrated in Fig. 4 for three typical values: C ¼2, 10 and 20 (dotted
lines). Clearly, for a ﬁxed mesh the gain in terms of data reduction (i.e. low nideal
) grows as the frequency increases. To be
l
more precise, a substantial gain is observed if the element size spans over few wavelengths: above 5 wavelengths, a
discretization level of 3 degrees of freedom per wavelength is more than sufﬁcient to ensure a converged solution, this fact
was conﬁrmed numerically in [16] for the PUFEM, and also for the Wave Boundary Element Method [26]. We can also
notice from (22) that
lim nideal
¼ 0,
l

b-1

(23)

which means that very high frequency numerical solutions can be obtained with almost 0 degree of freedom par
wavelength! This somewhat surprising fact is simply reﬂected in the formula (15) indicating that the number of variables
2
needed to simulate approximately b wavelengths in the two-dimensional wave ﬁeld behaves almost linearly with respect
to b. Finally, an elementary sensitive analysis shows that

Dnideal
¼
l

qnideal
l
DC
qC

where

qnideal
ð2pÞ1=3
l
¼ 5=3
:
qC
b nideal
l

Thus, for sufﬁciently large b the value of C has a marginal impact on the efﬁciency of the method.

a

Fig. 3. Ideal mesh of inﬁnite extent.

(24)
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Fig. 4. Performances of the PUFEM: ideal scenario (dotted lines) and the standing wave tube test with w ¼ 0:1 (symbols). The relative error E2 stands for
the quadratic error.
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Fig. 5. The standing wave tube test (the gray color refers to the porous material): regular subdivision (a), regular subdivision with smaller elements in
the porous domain (b), small porous layer (c), with variable backing (d).

Now, in order to verify this numerically, the ﬁrst series of tests concerns that of a standing wave tube which geometry is
illustrated in Fig. 5(a). The triangular mesh used in our calculation is also shown. The tube of length L¼0.15 m is divided
into three regions of equal length with x1 ¼ L=3 and x2 ¼ 2L=3. The ﬁrst region contains the incident and reﬂected wave and
a normal velocity is imposed at the left wall. The second area (in gray) is the porous absorber. The last region is an air gap
terminated by a rigid wall. This simple test case is chosen as one-dimensional analytical solutions are easily obtained and
it corresponds to conﬁgurations
of practicalﬃ interest [11]. For this conﬁguration, the characteristic length of the mesh is the
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
longest edge, that is hmesh ¼ 0:052 þ 0:032  0:06 m where the width of the tube is 0.03 m.
Through intensive calculations, the dependence between the discretization level nl , the element length (in b) and the
coefﬁcient C is conveniently reported in Fig. 4. Here, all symbols correspond to numerical results with less than ﬁve
percent deviation compared with the analytical solution; the wavenumber in the porous domain is arbitrarily chosen to be
kp ¼ ka ð1þ 0:1iÞ and we took f ¼ 1 and ra ¼ rp . As the exact solution can be expressed as the sum of two horizontal plane
waves propagating in opposite directions, all calculations were performed without the horizontal directions in order to
ensure that the exact solution is not included in the plane wave basis. To be more precise, we take

yq ¼

2pðq þ1=2Þ
Q a,j

(25)

in (14) where the number of waves directions Q a,j is an even number.
The curves show trends that are comparable with the ideal ones though the gain in terms of data reduction is not as
good. This difference is simply due to the ﬁniteness of the domain (i.e. the contribution of the plane wave basis associated
with nodes on the boundary is restricted to the interior domain), the relatively small number of elements and the
additional number of degrees of freedom (the Lagrange multiplier) at the air–porous interfaces. When the number of
elements is sufﬁciently large, performances are found to be closer to the ideal curves. This will be illustrated through
numerical examples in the next section.
For elements of small size, i.e. b small, the sensitivity analysis shows that the coefﬁcient C has an impact on the
efﬁciency of the method. In this regard, we can note that results of reasonable accuracy ( o ﬁve percent) can still be
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Fig. 6. Inﬂuence of the parameter kp on the quality of the solution. Symbols refer to the mesh used in the calculation: mesh (a) (cross), mesh (b)
(triangle), and mesh (c) (circle).

achieved using the low value C ¼2. Depending on the complexity of the problem, this coefﬁcient may have to be chosen
larger as shown later.
In the high frequency regime, i.e. b 4 10, larger errors are likely to occur. This observation which is absent in the
undamped acoustic case is a consequence of the damping properties of the porous absorber. A closer analysis reveals that
the degradation of the plane wave approximation is closely related to the magnitude of

kp ¼ Imðkp Þhmax ,

(26)

where hmax is the largest element edge within the porous domain. The reasons for this can be explained by the cumulative
impact of two factors. The ﬁrst one stems from the ill-conditioned nature of the algebraic system (19) which is inherent in
all plane-waves based computational methods. The second one is the loss of accuracy due to round-off errors in the
recombination of plane waves in (12) due to the large disparity in magnitudes between coefﬁcients in the summation and,
in the worst case, these coefﬁcients range from expðkp Þ to expðkp Þ. It is interesting to note that this numerical problem is
also encountered with Mode Matching techniques when strongly evanescent modes needed to capture the wave ﬁeld in
the vicinity of a geometric singularity give rise to numerical discrepancies due to round-off errors [27]. The previous
analysis is conﬁrmed and illustrated in Fig. 6 where estimations of the quadratic errors (E2 ) are plotted against the
quantity expðkp Þ for three different meshes of Fig. 5 (denoted by appropriate symbols) and for a large range of numerical
tests. Here, we took different values for ka and C whereas the ratio w is chosen in the interval ½0:1,0:4. Results, conveniently
plotted on a logarithmic scale, show similar trend irrespective of the mesh structure. They indicate that below a certain
threshold (say expðkp Þ o 103 or expðkp Þ o 102 depending on the expected accuracy), round-off errors are likely to be
too penalizing giving rise to corrupted results. It should be noticed that the errors are calculated in the region of interest
(i.e. 0 o x ox1 ) and errors in the silent zone (i.e. x2 ox o L) are usually higher (by an order of magnitude at most) as the
amplitude of the acoustic pressure in this region is considerably smaller. The fact that kp should not exceed a certain value
restricts the ﬁnite element mesh size of the porous domain and thus appears to be a limiting factor. This is not necessarily
a major issue as the numerical examples presented in the next section will show.
4. Numerical examples
In this section, the efﬁciency of the method is discussed and illustrated on various examples of practical interest. The
acoustic properties of the sound absorbing porous materials are taken from Refs. [28,29] and reported in the Appendix. The
ﬁrst example concerns that of the standing wave tube of Fig. 5(a). The graph of the acoustic pressure (in dB) with respect to
the horizontal axis is shown in Figs. 7 and 8 for materials A and B. These results correspond to a high frequency calculation
with f¼20 000 Hz and each element contains about 3–4 wavelengths. The comparison with the analytical curve, in solid
line, shows good agreements with about one percent relative error. In these examples, results are computed by taking C¼5
and convergence was reached with only C ¼2. The curve of Fig. 7 shows a sound transmission loss of about 50 dB between
the incident and the silent zone. In this case, the parameter kp associated with the mesh of Fig. 5(a) is relatively high as we
have expðkp Þ  0:0005.
The second test concerns that of the standing wave tube with variable backing as shown in Fig. 5(d). This example
illustrates the performance of the PUFEM for tackling corner singularities. Fig. 9 shows the sound pressure level in the tube
at 20 000 Hz when no material is present. We can observe that the scattering of waves by the corner generates the second
transverse mode in the tube. This mode does not appear when a porous absorber is placed in the tube, as shown in Fig. 10.
In both examples, results are computed using C¼ 5. This was sufﬁcient to ensure numerical solutions of engineering
accuracy. In this regard, the accuracy could be greatly enhanced by using appropriate fractional Fourier–Bessel functions as
shown in [30].
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Fig. 7. The standing wave tube test with material A, f ¼20 000 Hz: analytical solution (solid line) and PUFEM results (cross symbol).
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Fig. 8. The standing wave tube test with material B, f ¼20 000 Hz: analytical solution (solid line) and PUFEM results (cross symbol).

Fig. 9. The standing wave tube test with no material, f ¼ 20 000 Hz.

Fig. 10. The standing wave tube test with material C placed on variable backing, f ¼20 000 Hz.

In the last example, the PUFEM is applied to the numerical estimation of the sound ﬁeld in a 2D interior car cavity. The
geometry and the PUFEM meshes used in our calculation are shown in Figs. 11 and 12. The sound ﬁeld is generated by
imposing an arbitrary normal velocity at the front windscreen (we simply put qpa =qna ¼ 1). The car seat, in gray color, is
ﬁlled with a porous material. In Fig. 13 are shown the distribution of sound in the car cavity at a frequency of 5000 Hz. The
PUFEM results were computed using the coarse mesh 1 with material D and convergence was reached using C ¼15. The
total number of degrees of freedom, including the Lagrange multipliers, is 8030. A rough estimate of the performance of
the method can be obtained by calculating the average discretization level in (21). By taking ca ¼ 342 m=s and
areaðVÞ ¼ 2:76 m2 , we ﬁnd that nl  3:7. Note this estimate is overestimated as it is based solely on the acoustic
wavelength. For the sake of comparison, the same calculation was performed with a standard FEM with quadratic
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Fig. 11. Model of two-dimensional car interior cavity: coarse mesh 1. (For interpretation of the references to color in this ﬁgure caption, the reader is
referred to the web version of this article.)

Fig. 12. Model of two-dimensional car interior cavity: coarse mesh 2.

Fig. 13. Sound pressure ﬁeld (in dB) with material D at 5000 Hz. PUFEM results computed with coarse mesh 1 (top) and standard FEM results (bottom).

interpolation using approximately 120 000 nodes. The results show a very good agreement and differences stem from
graphical interpolation as evaluation points are not identical for both methods. Note that the comparison was not easy to
realize due to mesh geometric distortions. Indeed a closer look at Fig. 11 reveals that the PUFEM mesh does not exactly
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follow the original boundary (in blue color). This is because the coarse mesh was designed with quadratic interpolation
functions. Consequently, the standard FEM mesh has been drawn so that it ﬁts perfectly with the PUFEM coarse mesh.
In Fig. 14, we pushed the calculation to high frequency with f¼10 000 Hz. The ﬁrst ﬁgure (top) shows the sound
pressure level distribution with material D. Few numerical tests were performed by taking different values for the
parameter C until convergence was reached. In this case, it was found that C¼25 was sufﬁcient. This yields N dof ¼ 16 648
giving nl  2:65. The second ﬁgure (bottom) shows the sound pressure level distribution with material C. A quick glance at
Fig. 15 reveals that, at 10 000 Hz, the imaginary part of the wavenumber is about four times higher than that of material D.
With the coarse mesh 1, the parameter kp is too high (expðkp Þ  0:0001) and the PUFEM cannot produce good solutions.
To circumvent this difﬁculty, the coarse mesh 2 has been designed by reﬁning the element mesh size in the porous
domain. The parameter kp is now smaller and expðkp Þ  0:01. This allows to obtain converged solutions with C ¼20. The
computation was performed with Ndof ¼ 16 117 giving nl  2:6. The gain is remarkable here as the use of conventional
ﬁnite elements would require at least 15–20 times more variables to achieve the same accuracy. It is anticipated that a

Fig. 14. Sound pressure ﬁeld (in dB) at 10 000 Hz. PUFEM results computed with coarse mesh 1 with material D (top) and PUFEM results computed with
coarse mesh 2 with material C (bottom).
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Fig. 15. Complex wavenumbers (imaginary part) for various materials.
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similar analysis conducted in three dimensions would increase the gain by an additional factor of three to four [13].
5. Conclusions
This paper has demonstrated the applicability of the PUFEM for the numerical simulation of sound ﬁelds in twodimensional cavities in which absorbing materials are present. These latter are modeled as a bulk-reacting material
characterized by a complex-valued mean density and dynamic compressibility. The main ingredient of the method relies
on the enrichment of the conventional ﬁnite element approximation by including a set of plane waves propagating in
various directions. The performances of the method are assessed against a one-dimensional problem for which an
analytical solution is available. It is concluded that best performances, measured in terms of data reduction, are obtained
when the plane wave ﬁnite element spans over a large number of wavelengths. However, the imaginary part of the
wavenumber of the pressure waves in the absorbing material may give rise to larger errors in the recombination of plane
waves due to strongly evanescent waves and thus appears to be a limiting factor. Numerical applications presented in the
Appendix of this paper show that the problem can be circumvented by reﬁning adequately the mesh size in the porous
domain. In this regard, we think that progress could be made by considering non-matching meshes at the air–porous
interface. This would allow to keep large ﬁnite elements in the air domain regardless of the mesh size in the porous
domain. In the mid-term, there is a need for a better geometric description of the domains’ boundaries especially when the
frequency increases. This could be done in the spirit of Deckers et al. [31] for instance. An efﬁcient numerical or semianalytical integration of element stiffness and mass matrices for curved elements should also be devised and we think
there is a lot room for improvement in this direction. Finally, it is hoped that this work could serve as a starting point for
the analysis of short wave problems involving poroelastic materials.
Appendix A. Porous model
The porous absorber is modeled as a rigid-frame material. The elastic and inertial contributions of the solid phase are
therefore not taken into account. The remaining ﬂuid phase is hence described as an equivalent ﬂuid with viscous and
thermal dissipations using the frequency-dependent Johnson–Champoux–Allard’s expressions of the ﬂuid density rp and
the dynamic ﬂuid compressibility Kp [2]:
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respectively, with i ¼ 1. These expressions are given with a time dependence in eiot , and require also the knowledge of
ﬁve semi-phenomenological parameters to efﬁciently take into account the pore geometry: the porosity f, the tortuosity
a1 , the airﬂow resistivity s, and the viscous and thermal characteristic lengths L and L0 . The characteristics of the
surrounding ﬂuid are given by its density r0 , its static pressure P0, its dynamic viscosity Z, its speciﬁc heat ratio g, and the
Prandtl number Pr. Figs. 15 and 16 show the value of the complex wavenumbers kp ¼ Reðkp Þð1 þ iwÞ as function of the
frequency for various materials denoted A–D. All other parameters such as the porosity, sound speed, density and so on
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Fig. 16. Ratio between the imaginary and the real part of the wavenumber for various materials.
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Table A1
Characteristics of the materials.
Parameters

Mat A

Mat B

Mat C

Mat D

f

0.95
1.00
105

0.95
1.00
23.0

0.97
1.54
57.0

0.90
7.8
25.0

35.1
105.3
17

54.1
162.3
58

24.6
73.80
46

226
226
30

a1
s ð103 N m4 sÞ
L ðmmÞ
L0 ðmmÞ
rs ðkg m3 Þ

can be found in [28] for materials A–C. The material D refers to the FM2 foam in [29]. For the sake of completeness, the
values are listed in Table A1.
References
[1] S. Marburg, B. Nolte, Computational Acoustics of Noise Propagation in Fluids—Finite and Boundary Element Methods, Springer-Verlag, Berlin, Heidelberg,
2008.
[2] J.-F. Allard, N. Atalla, Propagation of Sound in Porous Media: Modelling Sound Absorbing Materials, John Wiley & Sons, 2009.
[3] O. Dazel, N. Dauchez, The ﬁnite element method for porous materials, in: M. Bruneau, C. Potel (Eds.), Materials and Acoustics Handbook, John Wiley &
Sons, 2009.
[4] P. Bettess, Short wave scattering: problems and techniques, Philosophical Transactions of the Royal Society of London A 362 (2004) 421–443.
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