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Abstract. We consider the problem of sound sources localization from
acoustical measurements obtained from a set of microphones. We formal-
ize the problem within a statistical framework: the pressure measured by
a microphone is interpreted as a mixture of the signals emitted by the
sources, pervaded by a Gaussian noise. Maximum-likelihood estimates
of the parameters of the model (locations and strengths of the sources)
may then be computed via the EM algorithm. In this work, we intro-
duce two sources of uncertainties: the location of the microphones and
the wavenumber. First, we show how these uncertainties may be trans-
posed to the data using belief functions. Then, we detail how the local-
ization problem may be studied using a variant of the EM algorithm,
known as Evidential EM algorithm. Eventually, we present simulation
experiments which illustrate the advantage of using the Evidential EM
algorithm when uncertain data are available.

Keywords: Localization of sound sources, Inverse problem, EM algo-
rithm, Belief function, Evidential EM algorithm, Uncertain data.

1 Introduction

In this paper, we consider the problem of sound sources localization. We as-
sume there exist N sound sources on the plane, and our aim is to determine
their position using measurements made by an array of microphones. The sound
pressure measured by each microphone is interpreted as a superimposed signal
composed of N components, each of which has been emitted by a sound source.
Our purpose is to estimate the locations and strengths of the sound sources.

Feder and Weinstein [9] investigated the parameter estimation problem of su-
perimposed signals using the EM algorithm. This approach makes it possible
to compute iteratively maximum-likelihood (ML) estimates of the parameters
of a model which depends on unobserved (or “complete”) variables. In the case
of sound source estimation, each observed variable (the pressure measured by a
microphone) is the sum of several complete ones (the signals propagated by the
� Corresponding author.
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sources towards this microphone). The EM algorithm proceeds with the complete
likelihood (that is, the likelihood of the complete variables), the expectation of
which is maximized at each iteration. Cirpan and Cekli [2,3] and Kabaoglu et
al. [10] studied the localization of near-field sources using the EM algorithm.
This work is a particular case of [9], in which the sources are located using polar
coordinates. In our work, we investigated the problem of sound source localiza-
tion. However, unlike in [2,3,10], we use general coordinates, and we explicitly
describe the propagation process from the sources to the microphones using a
specific operator.

It should be stressed out that uncertainties may pervade the measurement
process, so that the sound pressures received by the microphones are not exactly
known. For instance, it may be difficult to perfectly assess the positions of the
microphones, for example due to the vibration of the antenna on which they are
set. The medium may also be the cause to some uncertainties: in particular, the
wavenumber can vary, due to a significant variation of the temperature between
the sound sources and the microphones. In this paper, we present how both these
sources of uncertainty may be taken into account in the localization process.

The theory of belief functions, also known as Dempster-Shafer theory, is a
powerful tool for managing and mining uncertain data. The theory was devel-
oped by Dempster and Shafer [5,6,13]. The problem of statistical inference was
addressed in [13], and developed by Denoeux [7]. In this latter work, the au-
thor proposed a framework in which data uncertainty is represented using belief
functions. He then introduced an extension of the EM algorithm, the Evidential
EM (E2M) algorithm, which makes it possible to estimate the parameters of
the model from such uncertain data. In this paper, we will adopt this approach
for representing the uncertainties arising from ill-known microphone locations
and wavenumber, and for estimating the locations and strengths of the sound
sources.

The organization of this paper is as follows. In Section 2, we give the basic
description of the sound sources localization model in the case of precise data
and we show how the EM algorithm may be used to solve the parameter esti-
mation problem. In Section 3, we show how imprecise microphone locations and
wavenumber may induce an uncertainty on the sound pressures measured by the
microphones. Then, in Section 4, we detail our parameter estimation method for
such uncertain data using the E2M algorithm. Finally, Section 5 presents sim-
ulation experiments which show the advantage of the E2M algorithm in coping
with uncertain data, and Section 6 concludes the paper.

2 Sound Source Localization via the EM Algorithm

2.1 Basic Description of the Model

We assume that there are M microphones on a line, with known locations
(θm, 0),m = 1, . . . ,M . We consider N sound sources, the coordinates of the n-th
source being (ξn, ηn), n = 1, . . . , N . The signal received by the m-th microphone
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in each snapshot is the sum of components from different sources, altered by a
complex-valued Gaussian distributed noise:

xp = G(ξ, η)A + εp. (1)

Here xp = (x1p, . . . , xMp)
T is the vector of pressures measured by the M micro-

phones in the p-th snapshot. The M-by-N matrixG(ξ, η)=(G(ξn, ηn, θm))
M,N
m=1,n=1

describes the sound propagation process: the (m,n)-th entry of this matrix is the

Green functionG(ξn, ηn, θm) = e
jk

√
(ξn−θm)2+η2

n

2π
√

(ξn−θm)2+η2
n

, that is the operator which trans-

forms the signal emitted by the n-th source into the signal received by the m-th
microphone. The vector A = (A1, . . . , AN )T contains the strengths of the sound
sources. Eventually, εp = (ε1p, . . . , εMp)

T is a complex Gaussian-distributed noise.
Note that Re(εp) and Im(εp) are independent N(0, σ2

2 IM ) M -dimensional ran-
dom variables (here, IM stands for the M-by-M identity matrix).

2.2 The EM Algorithm

In this section, we give a brief introduction of the EM algorithm [4]. Let us denote
by x the incomplete or observed data, with probability density function (pdf)
g(x|Φ). Similarly, y stands for the complete (unknown) data, with pdf f(y|Φ).
Both f and g depend on the parameter vector Φ, which is to be estimated by
maximizing the log-likelihood of the observed data (observed log-likelihood)

L(Φ) = log g(x|Φ),
over Φ. For this purpose, the EM algorithm proceeds with the complete log-
likelihood by iterating back and forth between two steps:

– the E-step, where the expectation Q(Φ|Φ′) = E(log f(y|Φ)|x, Φ′) over the
unknown variables is computed, knowing the parameter vector Φ′ estimated
at the previous iteration;

– the M-step, where ML estimates of the parameters are determined by max-
imizing Q(Φ|Φ′) with respect to Φ.

It may be shown that, under regularity conditions, the EM algorithm con-
verges towards a local maximum of the observed log-likelihood [4,17].

2.3 Model Estimation Using the EM Algorithm

We now present how the problem of sound source localization may be addressed
using the EM algorithm. Let x = (x1, . . . , xP ) be the vector of observed data.
For each observed vector of pressures xp, the complete data are the contributions
yp = (y1p, . . . , yNp) of the sound sources to these measured pressures: each vector
ynp represents the set of pressures emitted by the n-th source and received by
the microphones. Thus, xp is related to the ynp by

xp =

N∑

n=1

ynp.
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We have ynp ∝ N(Gn(ξn, ηn)An,
σ2

N IM ), where Gn(ξn, ηn) is the n-th column of
the matrix G(ξ, η). Since the joint pdf of the complete data over all snapshots is

f(y; ξ, η, A, σ) =

P∏

p=1

N∏

n=1

f(ynp; ξn, ηn, An, σ),

we may write the complete log-likelihood:

logL(y; ξ, η, A, σ) = −2MNP log σ − N

σ2

P∑

p=1

N∑

n=1

|ynp −Gn(ξn, ηn)An|2 . (2)

Then, given the parameters Φl = (ξl, ηl, Al, σl) estimated at iteration l, the
(l + 1)-th iteration of EM algorithm consists in the E- and M-steps.

E-step: compute Q(Φ|Φl) = E(logL(y; ξ, η, A, σ)|x, ξl, ηl, Al, σl). For this pur-
pose, let us remind the following theorem ([15]):

Theorem 1. Let X and Y be n-dimensional Gaussian random vectors with ex-
pectation mX and mY and with covariance matrix ΣXX and ΣY Y . Let ΣXY =
Cov(X,Y ) and ΣYX = Cov(Y,X), then the conditional pdf of Y given X is

N(mY +ΣYXΣ−1
XX(x−mX), ΣY Y −ΣYXΣ−1

XXΣXY ).

Since (xp, ynp)
T are jointly Gaussian with expectation (G(ξ, η)A Gn(ξn, ηn)An)

T ,
assuming that yn1p and yn2p are uncorrelated for n1 �= n2, the covariance matrix

of (xp, ynp)
T is

(
σ2IM

σ2

N IM
σ2

N IM
σ2

N IM

)
. Then by Theorem 1, we obtain the conditional

expectation of ynp:

E(ynp|x, ξl, ηl, Al, σl) = Gn(ξ
l
n, η

l
n)A

l
n +

1

N
(xp −G(ξl, ηl)Al); (3)

in the following, we will denote this expectation by vlnp. For each n, we have

arg max
ξn,ηn,An

Q(Φ|Φl)

= arg min
ξn,ηn,An

P∑

p=1

E
(
|ynp −Gn(ξn, ηn)An|2 |x, ξl, ηl, Al, σl

)

= arg min
ξn,ηn,An

P∑

p=1

∣∣vlnp −Gn(ξn, ηn)An

∣∣2 . (4)

M-step: compute Φl+1 = (ξl+1, ηl+1, Al+1, σl+1) so as to maximize Q(Φ;Φl).
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The update equation for the strength An of the sources is obtained from (4),
for n = 1 . . . , N :

Al+1
n = argmin

An

∣∣eln −Gn(ξn, ηn)An

∣∣2 =
Gn(ξn, ηn)

Heln
Gn(ξn, ηn)HGn(ξn, ηn)

, (5)

in which we write

eln =
1

P

P∑

p=1

vlnp. (6)

Therefore, the estimates for the source location are obtained by minimizing

1

P

P∑

p=1

∣∣∣∣v
l
np −Gn(ξn, ηn)

Gn(ξn, ηn)
Heln

Gn(ξn, ηn)HGn(ξn, ηn)

∣∣∣∣
2

,

which gives

ξl+1
n , ηl+1

n = arg min
ξn,ηn

∣∣∣∣e
l
n −Gn(ξn, ηn)

Gn(ξn, ηn)
Heln

Gn(ξn, ηn)HGn(ξn, ηn)

∣∣∣∣
2

= arg max
ξn,ηn

(eln)
H Gn(ξn, ηn)Gn(ξn, ηn)

H

Gn(ξn, ηn)HGn(ξn, ηn)
eln. (7)

Finally, by computing and maximizing E
(
logL(y; ξl+1, ηl+1, Al+1, σ)|x, ξl, ηl, Al, σl

)

with respect to σ, we obtain the estimate of the variance σ2:

(σ2)l+1=
1

MP

P∑

p=1

N∑

n=1

[
M(N − 1)(σl)2

N2
+
∣∣vlnp −Gn(ξ

l+1
n , ηl+1

n )Al+1
n

∣∣2
]
. (8)

We can see that (7) is a 2-parameter optimization problem. If we assume further
that all noise sources are on a line (ηn = z), it boils down to a single-parameter
optimization problem, which is easy to solve.

Eventually, the strategy for estimating the parameters of the model using the
EM algorithm may be summarized as follows:

1. For l = 0, pick starting values for the parameters ξ0, η0, A0, σ0.
2. For l ≥ 1:

– obtain eln from (6),
– obtain ξl+1

n , ηl+1
n , for n = 1, . . . , N from (7);

– obtain Al+1
n , n = 1, . . . , N by substituting ξl+1

n , ηl+1
n back into (5);

– obtain (σ2)l+1 from (8).
3. Continue this process until convergence: stop when the relative increase of

the observed data (incomplete data) log-likelihood is less than a given thresh-
old κ:

logL(x;Φl+1)− logL(x;Φl)

logL(x;Φl)
< κ. (9)

We remark that the computation of (σ2)l+1 from (8) may be skipped if we
just care the situation of the sound sources, since the estimates of the location
and the strength do not depend on σ2.
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3 Uncertainty Representation Using Belief Functions

3.1 Uncertain Measurements

In practice, uncertainty may pervade the measurement process, so that the sound
pressures measured by microphones are not precise. For example, it may be
difficult to give an exact location for the microphones due to the vibration of
the antenna. The medium may also be the cause to some uncertainties: e.g., the
wavenumber may be ill-known, due to a significant variation of the temperature
and thus of the sound velocity between the sound sources and the microphones.

In the next subsection, we will give a short introduction of the belief func-
tions theory, which is a powerful tool for representing and managing uncertain
information. Then we will describe how the uncertainties on the microphone lo-
cations and wavenumber may be transferred to the observed data in the belief
function framework.

3.2 Belief Functions

Let X be a variable taking values in a finite domain Ω. Uncertain information
about X may be represented by a mass function mΩ : 2Ω → [0, 1], where 2Ω

stands for the power set of Ω, such that
∑

A⊆Ω m(A) = 1. Any subset A of Ω
such that m(A) > 0 is called focal element of m. A mass function m may also be
represented by its associated belief and plausibility functions. Both are defined
for all A ⊆ Ω, by:

Bel(A) =
∑

B⊆A

m(B), P l(A) =
∑

B∩A �=φ

m(B).

We can interpret Bel(A) as the degree to which the evidence supports A, while
Pl(A) can be interpreted as an upper bound on the degree of support that
could be assigned to A if further evidence was available. Eventually, note that
the function pl : Ω → [0, 1] such that pl(ω) = Pl({ω}) is the contour function
associated to mΩ .

Belief Functions on the Real Line. Here we consider the case in which the
domain ΩX = R. In this case, a mass density can be defined as a function m
from the set of closed real intervals to [0,+∞) such that m([u, v]) = f(u, v) for
all u ≤ v, where f is a two-dimensional probability density function with support
in {(u, v) ∈ R2 : u ≤ v}. The intervals [u, v] such that m([u, v]) > 0 are called
focal intervals of m. The contour function pl corresponding to m is defined by
the integral:

pl(x) =

∫ x

−∞

∫ +∞

x

f(u, v)dvdu.

One important special case of continuous belief functions are Bayesian be-
lief functions, for which focal intervals are reduced to points. Then the two-
dimensional pdf has the following form: f(u, v) = p(u)δ(u − v), where p is a
univariate pdf and δ is the Dirac delta function. If we assume further that p is
a Gaussian pdf, then pl(x) is Gaussian contour function.
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3.3 Uncertain Data Model Using Belief Functions

We consider here the same model as described in Section 2. We have M mi-
crophones with coordinates (θm, 0),m = 1, . . . ,M , and N sound sources, with
coordinates (ξn, ηn), n = 1, . . . , N . The complete data are the signals emitted by
the sources: yp = (y1p, y2p, . . . , yNp), in which ynp = Gn(ξn, ηn)An + εnp, such

that xp =
N∑

n=1
ynp for all p = 1, . . . , P . In this section, we present how the uncer-

tainties on the microphone locations and on the wavenumber may be transposed
to the data. A variance estimation technique via first-order Taylor expansion [1]
is used here.

Assume X1 and X2 are two independent real-valued random variables and
E(X1) = μ1, E(X2) = μ2, Var(X1) = σ2

1 , Var(X2) = σ2
2 . Furthermore, we

assume f(x1, x2) is second-order differentiable and has real-valued inputs and
complex outputs. By first-order Taylor expansion in (μ1, μ2) we have

f(x1, x2) ≈ f(μ1, μ2) +
∂f

∂x1
(μ1, μ2)(x1 − μ1) +

∂f

∂x2
(μ1, μ2)(x2 − μ2),

and by the independence of X1 and X2, we obtain

E
(
|f(X1, X2)− f(μ1, μ2)|2

)
≈

∣∣∣∣
∂f

∂X1
(μ1, μ2)

∣∣∣∣
2

σ2
1 +

∣∣∣∣
∂f

∂X2
(μ1, μ2)

∣∣∣∣
2

σ2
2 .

Let us remind that the p-th pressure measured by the m-th microphone is

xmp =
N∑

n=1

ymnp =
N∑

n=1

G(ξn, ηn, θm)An =
N∑

n=1

ejk
√

(ξn−θm)2+η2
n

2π
√
(ξn − θm)2 + η2n

An,

for m = 1, . . . ,M , p = 1, . . . , P . Assume that the imprecise knowledge of the mi-
crophone locations and of the wavenumber is expressed by variances σ2

θ (assumed
to be the same for all the microphones) and σ2

k. First, we remark that

∂xmp

∂k
=

N∑

n=1

jAn

2π
ejkrmn , (10)

∂xmp

∂θm
=

N∑

n=1

An

2π

[
jk

rmn
ejkrmn − 1

r2mn

e−jkrmn

](
−ξn − θm

rmn

)
, (11)

m = 1, . . . ,M , where rmn =
√
(ξn − θm)2 + η2n is the distance from the n-th

source to the m-th microphone.
Then, we can transfer the uncertainties on the microphone locations and on

the wavenumber to the measured pressure. We assume that our imprecise knowl-
edge on the actual measured pressure may be represented using a Gaussian con-
tour function N(μ∗

mp, σ
2
mp) with expectation μ∗

mp = xmp and variance

σ2
mp ≈

∣∣∣∣
∂xmp

∂k

∣∣∣∣
2

σ2
k +

∣∣∣∣
∂xmp

∂θm

∣∣∣∣
2

σ2
θ . (12)

Note that this variance is a function of ξn, ηn and An for n = 1, . . . , N .
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4 Sound Source Localization from Credal Data

4.1 Likelihood Function of a Credal Sample

Let Y be a discrete random vector taking values in ΩY , with probability function
pY (y|Φ). Let y denote a realization of Y , referred to as the complete data. In
some cases, y is not precisely observed, but it is known for sure that y ∈ A for
some A ⊆ ΩY . The likelihood function given such imprecise data is:

L(Φ;A) = pY (A;Φ) =
∑

y∈A

pY (y|Φ).

More generally, our knowledge of y may be not only imprecise, but also un-
certain; it can be described by a mass function m on ΩY with focal elements
A1, . . . , Ar and corresponding masses m(A1), . . . ,m(Ar). To extend the likeli-
hood function, Denoeux [7] proposes to compute the weighted sum of the terms
L(Φ;Ai) with coefficients m(Ai), which leads to the following expression:

L(Φ;m) =

r∑

i=1

m(Ai)L(Φ;Ai) =
∑

y∈ΩY

pY (y|Φ)pl(y). (13)

The likelihood function L(Φ;m) thus only depends on m through its associated
contour function pl. Therefore, we will write indifferently L(Φ;m) or L(Φ; pl).

The above definitions can be straightforwardly transposed to continuous case.
Assume that Y is a continuous random vector with probability density function
pY (y|Φ) and let pl : ΩX → [0, 1] be the contour function of a continuous mass
function m on ΩX . The likelihood function given pl can be defined as:

L(Φ; pl) =

∫

ΩY

pY (y;Φ)pl(y)dy, (14)

assuming this integral exists and is nonzero.

4.2 The Evidential EM Algorithm

Here we remind how the classical EM algorithm may be extended so as to es-
timate the parameters of the model when the data at hand are imprecise. An
extensive presentation of this approach may be found in [7]. The new method is
called Evidential EM (E2M) algorithm, which maximizes the generalized crite-
rion introduced in the previous section.

At iteration l, the E-step of the E2M algorithm consists in computing

Q(Φ;Φl) = EΦl [logL(Φ; y)|pl(x)] . (15)

Note that this expectation is now computed with respect to the imprecise sample
known through the contour function pl(x). The M-step is unchanged and requires
the maximization of Q(Φ;Φl) with respect to Φ. As in the EM algorithm, the
E2M algorithm alternately repeats the E- and M-steps defined above until the
relative increase of the observed-data likelihood becomes smaller than a given
threshold.
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4.3 Sound Source Localization via the E2M Algorithm

In this section, we present the main results which lead to the update equations
of the parameter estimates ξ, η, A and σ2. For this purpose, we give a lemma
which will be used later. Due to page limitation, we omit the proof.

Lemma 1. IfX follows M -dimensional complex Gaussian distribution with mean
μ1 and covariance matrix σ2

1IM , that is f(x) = φ(x;μ1, σ
2
1IM ), and if X is known

through the Gaussian contour function pl(x) = φ(x;μ2, σ
2
2IM ), then

f(x)pl(x) = φ(x;
σ2
1μ2 + σ2

2μ1

σ2
1 + σ2

2

,
σ2
1σ

2
2

σ2
1 + σ2

2

IM )φ(μ1;μ2, (σ
2
1 + σ2

2)IM )

and

f(x|pl(x)) = φ

(
x;

σ2
2μ1 + σ2

1μ2

σ2
1 + σ2

2

,
σ2
1σ

2
2IM

σ2
1 + σ2

2

)
.

The log-likelihood of the complete data y is

logL(y; ξ, η, A, σ) = −2MNP log σ − N

σ2

P∑

p=1

N∑

n=1

|ynp −Gn(ξn, ηn)An|2 .

Since the partial knowledge of the actual pressure measured by the m-th micro-
phone is representedby a Gaussian contour function pl(xmp) = N(xmp;μ

∗
mp, σ

2
mp),

by the second equation of Lemma 1

f(xmp|pl(xmp)) = φ

(
xmp;

σ2
mp[G(ξ, η)A]m + σ2μ∗

mp

σ2
mp + σ2

,
σ2
mpσ

2

σ2
mp + σ2

)
,

where [v]m stands for the m-th element of the vector v. Then, by Theorem 1,

f(ymnp|xmp) = φ

(
ymnp; [Gn(ξn, ηn)An]m +

1

N
(xmp − [G(ξ, η)A]m),

N − 1

N2
σ2

)
,

from which we can deduce

f(ymnp|xmp)f(xmp|pl(xmp))

= N2φ
(
xmp; [G(ξ, η)A −N(ynp −Gn(ξn, ηn)An)]m , (N − 1)σ2

)

φ

(
xmp;

σ2
mp[G(ξ, η)A]m + σ2μ∗

mp

σ2
mp + σ2

,
σ2
mpσ

2

σ2
mp + σ2

)
.

Then, the conditional probability of ymnp given pl(xmp) is

f(ymnp|pl(xmp)) =

∫
f(ymnp|xmp)f(xmp|pl(xmp))dxmp, (16)



Sound Source Localization Using the Evidential EM Algorithm 171

and by the first equation in Lemma 1, we can write

f(ymnp|pl(xmp)) = φ

(
ymnp; vmnp,

1

N2

Nσ2μ∗
mp + (N − 1)σ4

σ2
mp + σ2

)
,

where vmnp = [Gn(ξn, ηn)An]m + 1
N

σ2(μ∗
mp−[G(ξ,η)A]m)
σ2
mp+σ2 . Then we obtain

E(ymnp|pl(xmp); ξ
l, ηl, Al, σl) = vlmnp,

where vlmnp is obtained by replacing the parameters ξ, η, A, σ by ξl, ηl, Al, σl in
vmnp. Eventually, for each n, for obtaining the estimates of ξn, ηn, An, the E2M
algorithm amounts to solve, at iteration l,

arg max
ξn,ηn,An

E
(
logL(y; ξ, η, A, σ)|pl(x); ξl, ηl, Al, σl

)

= arg min
ξn,ηn,An

P∑

p=1

M∑

m=1

∣∣∣∣∣v
l
mnp − [Gn(ξn, ηn)An]m

∣∣∣∣∣

2

. (17)

The M-step of the E2M algorithm thus corresponds to the following computa-
tions:
1. From (17), we obtain the estimate of An at (l + 1)-th step

Al+1
n =

Gn(ξn, ηn)
Heln

Gn(ξn, ηn)HGn(ξn, ηn)
, (18)

n = 1, . . . , N , where

eln = (el1n, e
l
2n, . . . , e

l
Mn)

T (19)

and elmn = 1
P

P∑
p=1

vlmnp.

2. Therefore, the update equation for the source location are obtained by

arg min
ξn,ηn

M∑

m=1

∣∣∣∣∣e
l
mn − [Gn(ξn, ηn)]mGn(ξn, ηn)

H

|Gn(ξn, ηn)|2
eln

∣∣∣∣∣

2

= arg min
ξn,ηn

(eln)
H Gn(ξn, ηn)Gn(ξn, ηn)

H

|Gn(ξn, ηn)|2
eln. (20)

3. Finally, we compute E
(
logL(y; ξl+1, ηl+1, Al+1, σ)|pl(x); ξl, ηl, Al, σl

)
and

maximize it with respect to σ, then the estimate of variance σ2 is given by

(σ2)l+1 =
1

MP

P∑

p=1

N∑

n=1

M∑

m=1

[
N(σl)2σ2

mp + (N − 1)(σl)4

N2((σl)2 + σ2
mp)

+
∣∣vlmnp − [Gn(ξ

l+1
n , ηl+1

n )Al+1
n ]m

∣∣2
]
. (21)
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Finally, we could summarize the algorithm as the EM algorithm at the end of
Section 2.3, but Equations (5-8) are replaced by Equations (18-21). The stopping
criterion in this E2M algorithm is the same as in Equation (9), but the observed-
data log-likelihood is replaced by logL(Φ; pl), which is computed by:

logL(Φ; pl) = −MP log π −
M∑

m=1

P∑

p=1

[
log(σ2 + σ2

mp) +

∣∣μ∗
mp − [G(ξ, η)A]m

∣∣2

σ2 + σ2
mp

]
.

5 Experiments

5.1 Data Generation

We consider M = 11 microphones situated on the x-axis with locations θm = 0 :
0.1 : 1, and N = 2 sound sources with actual coordinates ξ1 = 0.3, ξ2 = 0.7, and
η1 = η2 = 0.3 (the locations of microphones and sound sources are displayed
in Figure 1 using pink stars and black crosses respectively.). The strengths of
both sources are A1 = 0.6 and A2 = 0.8. The theoretical wavenumber value is
k = 2πf/c, where the sound frequency is f = 500Hz and the sound velocity is
assumed to be c = 340m/s.

The number of snapshots (the amount of pressures measured by each micro-
phone) is set to P = 100. Then, we introduce noise in the microphone locations
and wavenumber, as follows. For a given value of σk, we generate a wavenumber
value according to a Gaussian distribution with mean k and standard devia-
tion σk. Similarly, we introduce noise in the microphone locations using means
θ1, . . . , θ11 and standard deviation σθ. Then, we obtain simulated pressures using
Equation (1), in which we set σ = 0.05. The contour functions modeling the un-
certainty on the pressures may be obtained using the method detailed in Section
3.3. The level of noise in the data, and consequently the amount of uncertainty,
may thus be controlled through the parameters σθ and σk.

Note that the quality of the estimates obtained via the EM and E2M algo-
rithms depend on the starting values for the parameters. Therefore, for a given
dataset, we let both algorithms run using 5 different sets of starting values, re-
taining the solution with highest log-likelihood. Remark that the variances of
the contour functions σ2

mp used in the E2M algorithm are computed using the
parameters ξn, ηn and An estimated via the EM algorithm. Since the data are
randomly generated, the above procedure (from data generation to model esti-
mation) is repeated 30 times, so that mean square errors (MSE) on the parameter
values and associated 95% confidence intervals may be computed.

5.2 Results

First, we set σk = 0.5 and σθ = 0.05, and we estimate the sound source lo-
cations (ξn, ηn) using EM and E2M. Figure 1 shows the 30 estimation results
of the source locations computed by EM (left figure) and E2M (right figure).
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Fig. 1. Locations of the sources estimated using the EM (left) and E2M (right) algo-
rithms, with σk = 0.5 and σθ = 0.05
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Fig. 2. MSE and 95% confidence intervals for the estimates of sound source locations
(ξ, η) (left) and strengths A (right) using EM (blue dash lines) and E2M (red full lines),
according to the level of uncertainty in the microphone locations (top) and wavenumber
(bottom)

The estimates obtained using E2M clearly exhibit a smaller spread around the
actual locations of the sources, which demonstrates its interest in terms of dealing
with uncertain data.

To corroborate these observations, we now study the MSE of the parameters
(ξn, ηn) and An estimated via both algorithms. We set σk = 0 and increase σθ

from 0 to 0.08. The estimated MSE of the sound source locations and strengths
are displayed in Figure 2 (top) along with 95% confidence intervals. Without
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surprise, the accuracy of the results obtained using both algorithms decreases
as the amount of noise increases. However, E2M proves to be much more robust
to the level of noise than EM: the difference clearly shows the interest of using
E2M. More specifically, when σθ increases, the MSE of the estimates obtained
via EM increase dramatically, while the MSE obtained using E2M stay under
an acceptable level. The same phenomenon may be observed when σθ = 0 and
σk increases from 0 to 1. The corresponding results are displayed in Figure
2 (bottom). Again, as the level of uncertainty σk increases, the MSE of the
estimates obtained via EM increases much more than those obtained with E2M,
which remains at an acceptable level.

6 Conclusions

In this paper, we addressed the problem of sound source localization from acous-
tical pressures measured by a set of microphones. The problem may be solved in
a statistical setting, by assuming that each pressure measured by a microphone
is the sum of contributions of the various sources, pervaded by a Gaussian noise.
The EM algorithm may then be used to compute maximum-likelihood estimates
of the model.

However, in many applications, some parameters of the model, such as the
microphone locations or the wavenumber, may be pervaded with uncertainty. In
this work, we show how this uncertainty may be transposed on the measured
pressures. We propose to model these uncertainties using belief functions. In this
case, the parameters of the model may be estimated using a variant of the EM
algorithm, known as the Evidential EM algorithm.

The results obtained on simulated data clearly show the advantage of tak-
ing into account the uncertainty on the data, in particular when the degree of
noise due to the ill-known parameters (microphone locations and wavenumber)
is high. Then, the results obtained using the E2M algorithm are more robust
than those obtained using the EM algorithm. The generalization of our method
to the general case of spatial sources, as well as its validation on real data, are
left for further work.
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