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This paper considers the problem of identifying multiple sound sources from acoustical
measurements obtained by an array of microphones. The problem is solved via maximum
likelihood. In particular, an expectation-maximization (EM) approach is used to estimate
the sound source locations and strengths, the pressure measured by a microphone being
interpreted as a mixture of latent signals emitted by the sources. This work also considers
two kinds of uncertainties pervading the sound propagation and measurement process:
uncertain microphone locations and uncertain wavenumber. These uncertainties are
transposed to the data in the belief functions framework. Then, the source locations
and strengths can be estimated using a variant of the EM algorithm, known as the
Evidential EM (E2M) algorithm. Eventually, both simulation and real experiments are
shown to illustrate the advantage of using the EM in the case without uncertainty and the
E2M in the case of uncertain measurement.

& 2015 Elsevier Ltd. All rights reserved.
1. Introduction

One of the crucial issues in acoustics engineering is to reduce the noise emitted by complex devices, e.g. electric or
combustion engines, with a minimum of added mass. The first step of this task is to know and to understand the acoustic
behavior of the device in order to focus on the main sound sources and the most annoying frequency bands. Powerful
experimental tools for acoustic imaging are able to give a quick overview of the radiation patterns of complex devices.
Beamforming [1–6] and Near-field Acoustical Holography (NAH) [7–10] are popular methods dedicated to the aforemen-
tioned issue. These approaches are based on pressure measurements obtained from an array of microphones. Beamforming
estimates the Direction Of Arrival (DOA) of the plane waves in the farfield case, or the point source location in the near-field
case, by maximizing the Delay-and-Sum beamformer, or equivalently by Least Square Estimation (LSE) [1]. In order to cope
with the corresponding ill-posed inverse problem, classical Tikhonov regularization can be used to improve the estimation
of the source localization [11]. However, beamforming is still restricted due to its limited resolvable source separation in low
frequencies and its difficulty to accurately quantify source levels. Alternatively, NAH can be used to backpropagate the sound
pressure over a surface near the sound sources. It ensures a higher spatial resolution by taking into account evanescent
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waves and a better quantification by properly solving an inverse problem. Statistically Optimized NAH (SONAH) [8,9]
method proceeds similarly but its analytical formalism avoids the errors caused by the use of the discrete spatial Fourier
transform in NAH. In a recent paper [12], Antoni presented a unified approach of these different acoustic imaging methods.
Based on a Bayesian framework, a super-resolution reconstruction of pressure field is made possible by taking into account
prior information about the source distribution. However, all these approaches reconstruct the sound field on a specific
surface and thus cannot localize point sources in a 3D space.

This paper proposes a maximum likelihood (ML) approach for the problem of sound source identification in a 3D space.
The pressure measured by a microphone is interpreted as a mixture of signals emitted by the various sources. The
parameters to estimate are then the locations and strengths of the sources. In the case of a single source, estimating these
parameters via ML is straightforward and equivalent to classical beamforming. For multiple sources, however, computing
ML estimates of the parameters is difficult, the contributions of the various sources to a measured signal being unknown.
Clearly, should these contributions be known, ML estimation would be straightforward as in the single source case.
Therefore, Feder and Weinstein [13] proposed to introduce latent variables representing the unknown contributions of the
sources to the measured pressures. Then, ML estimates of the model parameters may be obtained via the EM algorithm
[14,15]. This algorithm iteratively alternates between two steps: first, the expected source contributions are computed given
the current fits of the model parameters; then, these model parameters are updated according to the source contributions
newly computed. Similarly, Cirpan and Cikli [16], Kabaoglu et al. [17], Sheng and Hu [18] and Meng et al. [19] investigated
the source localization problem using the EM algorithm. However, in all above works, either sound wave attenuation or
phase is ignored. In this paper, a more realistic model, where both are considered, is proposed. The sound source estimation
problem is then explicitly solved using the EM algorithm.

Contrary to the simulated results presented in the literature, experimental results are always submitted to different kinds
of uncertainties [20,21]. In the sound source localization problem, the microphone positions [22–26] and the wavenumber
[26–33] in the Green function are never totally certain. Besides, these input parameters can also vary from one measurement
to the other, for instance due to motion of the array or to thermal changes. This paper addresses the problem of model
estimation from data pervaded by such uncertainties. First and foremost, it should be clear that a distinction is made
between randomness and uncertainty. The former stands for irreducible random errors inherent to the environment (such
as background and instrumentation noise) and is thus taken into account in the model. The latter corresponds to systematic
errors due to an incomplete knowledge of the experimental setting.

Some researchers have investigated how the uncertainties may be taken into account in the sound source localization problem
or in other physical models, mainly using propagation of variance [34,35] or error bar [36], probabilistic method [37], Bayesian
approaches [38–40,31,41,29,42,43], interval and fuzzy sets analysis [43–46], or belief functions [47,48]. The statistical moment
technique coupled with Taylor series expansion [49–51] is frequently used to estimate the output variable uncertainty and some
authors [34,35] have used this method to conduct sensitivity and uncertainty analyses in acoustics.

Note that many of the works mentioned above aim at propagating the uncertainty directly through the model. However,
sound source estimation is an inverse problem in which imprecise measurements may have a significant impact on the
accuracy of the parameter estimates. Some works [31,41,29,38,39] consist in estimating the model in a Bayesian setting by
assuming the uncertain parameters as random variables. However, for the case of multiple uncertain parameters and
multiple parameters to be estimated, these methods are hardly applicable due to model complexity. Therefore, in order to
reduce the model complexity in the uncertainty propagation and parameter estimation, this paper proposes to transfer the
uncertainties on some meta-parameters1 of the model, such as microphone locations and wavenumber, to the data level.
Then, the resulting uncertain data are used in the estimation process of the model parameters.

The theory of belief functions, also known as Dempster–Shafer theory, is a powerful tool for managing and mining uncertain
data. The theory was developed by Dempster and Shafer in Refs. [52–54]. The problem of statistical inference was addressed in
Ref. [54] and developed by Denœux [55]. In this latter work, the author proposed a framework in which the data at hand may
have been partially or imperfectly observed. Rather than using precise but possibly erroneous data, it is proposed to represent the
uncertainty on each measurement using a mathematical tool called contour functions. Then, an extension of the likelihood
function and of the EM algorithm, known as the Evidential EM (E2M) algorithm, can be used to maximize the likelihood of such
imprecise data. This paper considers uncertainties on some of the meta-parameters such as the temperature of the medium
(which has an impact on the wavenumber) and the microphone locations. After the uncertainties on the meta-parameters of the
model have been transferred to the data, the E2M algorithm can thus be used to estimate the model parameters.

This article can be seen as a generalization of a previous work [56]. It is organized as follows. Section 2 begins with a
description of the model without consideration of uncertainty: the EM algorithm is then used to solve the parameter
estimation problem. In particular, the update equations for the model parameters to be estimated (sound source locations
and strengths) are provided. Section 3 raises the issue of uncertain measurements, to which the notion of likelihood is
extended. Section 4 introduces the E2M algorithmwhich is used to maximize this generalized likelihood. Section 5 presents
experimental results on simulated and real data, with and without taking into account uncertainty. The advantages of the
proposed methods are hence demonstrated. Eventually, Section 6 concludes this paper.
1 By this term, we refer to parameters that are generally considered as known and on which the model implicitly depends.
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2. Sound source estimation via the EM algorithm

In this section, the sound propagation model is presented first. Then, the model estimation problem is formulated in a
statistical framework and solved using the EM algorithm.

2.1. Model

Assume that the acoustic field produced by S sound sources with positions rs (s¼ 1;…; S) is measured by an array of M
microphones at some known discrete locations r0m (m¼ 1;…;M). Fig. 1 displays the problem in the 2D case. The signal
measured in the t-th snapshot (t ¼ 1;…; T) is the sum of components from different sources, altered by a complex-valued
Gaussian distributed [57] noise

pt ¼GðrÞAþnt : ð1Þ
Here, pt ¼ ðp1t ;…; pMtÞT is the vector of measured pressures at a given frequency domain f for a snapshot at time instant t,
the vector A¼ ðA1;…;AsÞT contains the strengths of the sound sources, nt ¼ ðn1t ;…;nMtÞT is a complex Gaussian distributed
noise with 0-mean and covariance matrix Σ ¼ σ2Im, and G is an M-by-S matrix of Green functions for the Helmholtz
operator whose general term gms describes the sound propagation process

gms ¼ G rsjr0m
� �¼ ejk rs � r0mj j

4π rs�r0m
�� ��; ð2Þ

where k¼ 2πf
c is the wavenumber and c is the sound speed. The sound source localization problem is to estimate the source

locations r and strengths A given the measurement pt , t ¼ 1;…; T .

2.2. Latent source contributions

This section details the solution of the sound source estimation problem presented in Section 2.1. The log-likelihood of
Eq. (1) is a function of the source locations r and strengths A, and of the measured sound pressures p¼ ðp1;…;pT Þ; after
removing unnecessary constants that do not change its maximum point, it is

logLðr;AjpÞ ¼ �
XT
t ¼ 1

jjpt�GAjj2: ð3Þ

The Maximum Likelihood Estimators (MLE) of r and A are obtained by maximizing Eq. (3).
However, this optimization problem can be largely simplified by introducing latent variables. A latent variable

can be defined as an unknown information that would make the estimation process straightforward, should it
be available. Here, the latent variables are the contributions of the various sources to the measured pressures
ct ¼ ðc1t ;…; cStÞ, in which

cst ¼GsAsþnst : ð4Þ
In this equation, Gs represents the s-th column of the matrix G and nst are obtained by arbitrarily decomposing the total
noise nt into S components, i.e.,

PS
s ¼ 1 nst ¼ nt . The relationship between these latent variables (complete data) and the

pressures measured by the microphones (therefore referred to as incomplete data) is thus

pt ¼
XS
s ¼ 1

cst : ð5Þ

Finally, by assuming that nst are mutually independent Gaussian-distributed with mean 0 and covariance matrix Σs ¼ σ2

S Im,
the log-likelihood of these complete data (after removing unnecessary terms) can be written as

logLðr;AjcÞ ¼ �
XT
t ¼ 1

XS
s ¼ 1

jjcst�GsAsjj2: ð6Þ
Fig. 1. Sound source estimation problem (2D case). The microphone locations are represented by red points, the sound sources by blue crosses. The origin
is assumed here to be the center of the array of microphones. (For interpretation of the references to color in this figure caption, the reader is referred to the
web version of this paper.)
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Intuitively, if the contributions of the sound sources to the measured pressures were available, each source could be treated
separately from the others by considering only the corresponding emitted signals in the estimation procedure. Then, the
source location and strength could be estimated as in the single source assumption.
2.3. Model estimation via the EM algorithm

Obviously, the complete log-likelihood Eq. (6) cannot be exploited directly, since the latent variables are unknown. The
EM algorithm [14] makes it possible to process such missing data by treating them as random variables. Here the basic
principle of this algorithm is reviewed and its application in the sound source estimation problem is detailed below.

Let Y be a latent variable with probability density function (pdf) f Y ðyjΦÞ, in whichΦ is the parameter vector to estimate, and x
be an incomplete data obtained from variable X. The idea behind the EM algorithm consists in maximizing the observed log-
likelihood by proceeding iteratively with the expected complete log-likelihood given the incomplete data. This latter is obtained
by replacing the (missing) latent variables with their expectation, computed using a current fit for the parameter vectorΦ. More
precisely, the EM algorithm starts from an initial parameter vector Φ0 and iterates back and forth between two steps:
�

P

in the E-step, the expectation Q ðΦjΦ0Þ ¼ Eðlogf Y ðyjΦÞjx;Φ0Þ of the complete log-likelihood is computed with respect to
the unknown variables given a current fit Φ0 for the model parameters;
�
 the M-step consists in computing a new fit for the parameters by maximizing Q ðΦjΦ0Þ with respect to Φ.

It may be shown that, under regularity conditions, the EM algorithm converges towards a local maximum of the observed
log-likelihood [14,15]. In order to guarantee the global maximum of the likelihood function, a strategy based on multiple
initializations can be employed. The EM algorithm is applied with different initial parameter values that are representatives
of the parameter space. Finally, only the result with highest likelihood is retained.
2.3.1. E-step
In the sound source estimation problem, let rl and Al respectively denote the locations and strengths estimated in the lth

iteration of the EM algorithm. Then, the E-step of the (lþ1)th iteration consists in computing

Q ðΦjΦlÞ ¼ d�
XT
t ¼ 1

XS
s ¼ 1

jjEðcst jpt ; r
l;AlÞ�GsAsjj2; ð7Þ

where d is a constant independent of r and A. Before computing the conditional expectation in Eq. (7), the following
property [58] is reviewed. Let X�N ðμX;ΣXXÞ and Y�N ðμY ;ΣYYÞ be two multivariate Gaussian random vectors. Then, the
conditional pdf f YjXð�jXÞ of Y given X is that of a multivariate Gaussian,

YjX�N ðμYþΣYXΣ
�1
XX ðX�μXÞ;ΣYY�ΣYXΣ

�1
XX ΣXYÞ; ð8Þ

where ΣXY ¼ CovðX;YÞ and ΣYX ¼ CovðY;XÞ. Since the observed and complete data are both Gaussian, they are jointly
Gaussian, and the conditional expectation of cst given pt is then

ĉ lst ¼ E cst jpt ; r
l;Al

� �
¼ Gl

sA
l
sþ

1
S

pt�
XS
s ¼ 1

Gl
sA

l
s

 !
: ð9Þ

This finally gives the following expression for the expectation of the complete log-likelihood:

Q ðΦjΦlÞ ¼ d�
XT
t ¼ 1

XS
s ¼ 1

jjĉ lst�GsAsjj2: ð10Þ
2.3.2. M-step
The M-step consists in computing the parameter estimates that maximize Eq. (10):

rlþ1
s ;Alþ1

s

� �
¼ argmin

rs ;As

XT
t ¼ 1

jjĉ lst�GsAsjj2: ð11Þ

These estimates can be determined as follows. For any source locations r,

Alþ1
s ¼ argmin

As

�������
�������ĉ ls�GsAs

�������
�������
2

¼ GH
s ĉ

l
s

GH
s Gs

; ð12Þ
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in which ĉ ls ¼ 1
T

PT
t ¼ 1 ĉ

l
st . Substituting Eq. (12) back into Eq. (11), the source location can be estimated by

rlþ1
s ¼ argmin

rs

�������
�������ĉ ls�

GsGH
s

GH
s Gs

ĉ ls

�������
�������
2

¼ argmax
rs

ðĉ lsÞH
GsGH

s

GH
s Gs

ĉ ls: ð13Þ

Algorithm 1 summarizes the strategy that can be employed to estimate the model via the EM algorithm.

Algorithm 1. Sound source estimation via the EM algorithm.
For l¼0, pick starting values for the parameters r0 ;A0. For lZ1:
repeat

obtain ĉ l
st from Eq. (9), for s¼ 1;…; S;

obtain source location estimates rlþ1
s from Eq. (13), for s¼ 1;…; S;

obtain source strength estimates Alþ1
s by substituting rlþ1

s back into Eq. (12), for s¼ 1;…; S.
until the relative increase of the observed data log-likelihood (3) is less than a given threshold.
2.4. Comparison of maximum likelihood and beamforming

In this section, the ML approach is compared with beamforming. The conventional (or Bartlett) beamforming technique
is based on the single source assumption. The Delay-and-Sum beamformer, for measured pressures pt , is defined as

Bt ¼wHpt ¼
XM
m ¼ 1

pmtwm; ð14Þ

its power output is then

Btj j2 ¼wHptp
H
t w: ð15Þ

Here, the vector of measured pressures pt is defined as in Eq. (1), but in the case of a single source (S¼1). Then, the weights
of the microphones are estimated by solving

bwBF ¼ argmax
w

E wHptp
H
t w

� �¼ argmax
w

A2 wHG
�� ��2þσ2 wj j2

� �
: ð16Þ

In order to obtain a non-trivial solution, w is constrained to jwj ¼ 1, which gives

bwBF ¼
Gffiffiffiffiffiffiffiffiffiffi
GHG

p : ð17Þ

Substituting Eq. (17) back into Eq. (15), the source location estimated via beamforming is finally

r̂ ¼ argmax
r

pH
t GG

Hpt

GHG
: ð18Þ

In comparison, in the case of a single source, and under the assumption of Gaussian noise with 0-mean and covariance
matrix σ2Im, the MLE is

br; bA� �
¼ argmin

r;A
jjpt�GðrÞAjj2; ð19Þ

which finally leads to the same source location estimates as in Eq. (18).
In the case of multiple sources, the beamforming solves the problem in the sameway as the single source case: the assumption

is still a single source. An r-jBt j2 colormap is usually employed to localize the sources. For example, the locations corresponding to
the Smaxima on the colormap can be retained. But this method is theoretically inappropriate. By contrast, the ML approach is still
well defined if the number of sources is predefined, and the update equation of the source locations becomes

r̂ ¼ argmax
r

pH
t G GHG
� ��1

GHpt : ð20Þ

However, as mentioned at the beginning of this section, Eq. (20) is difficult to solve, unless the problem is simplified using latent
variables and solved by the EM algorithm as in Section 2.2. The update equation of the sound source location estimate (Eq. (13))
indicates that each iteration of the EM algorithm actually performs a beamforming projection for various sources.

3. Model uncertainties

In this section, the problem of model uncertainties is addressed. As mentioned in Section 1, this notion should be
distinguished from randomness. The latter refers to random errors due to the environment or the experimental setting (e.g.,
background and instrumentation noise). Such irreducible errors are thus integrated in the model. In this paper, randomness
may be identified to the noise which is quantified by the complex Gaussian-distributed noise component in Eq. (1).
Please cite this article as: X. Wang, et al., (2015), http://dx.doi.org/10.1016/j.ymssp.2015.06.011i
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Uncertainty, however, accounts for systematic errors due to an imperfect knowledge of the experimental setting. For
instance, in this work, the locations of the microphones may be imprecisely known. The medium may also be subject to
temperature variation, which in turn changes the wavenumber. Uncertainty is frequently left aside, being identified as one
of the causes for randomness. As a matter of fact, taking several snapshots in Section 2 is for reducing the bad effect of the
random noise on the source estimation. However, no matter how large the amount of snapshots is, the proposed method in
Section 2 cannot cope with uncertainties. Following Refs. [22–33], this paper rather claims that the uncertainties should be
quantified and taken into account in the estimation process, so as to make the model estimation more robust.

This section describes how uncertain microphone locations and wavenumber may be taken into account using the theory
of belief functions. First, basic material of belief functions is reviewed, in particular the mathematical tools used for
quantifying uncertainties in the sound propagation model. Then, the likelihood criterion used classically is extended to the
case where the data at hand are uncertain. The problem of estimating the model by maximizing this generalized likelihood
will be addressed in Section 4.

3.1. Belief functions

3.1.1. Belief functions on finite domains
Belief functions were originally proposed by Dempster in Ref. [52] in order to represent imprecise and uncertain

observations using multi-valued functions, also known as random sets or set-valued mappings. This seminal work was then
further extended and developed in Refs. [54,59].

Let X be a variable taking values in a finite domain Ω. Partial knowledge about X may be represented by a mass function
m:2Ω-½0;1�, where 2Ω stands for the power set of Ω, such that

P
ADΩmðAÞ ¼ 1. Any subset A of Ω such that mðAÞ40 is

called a focal element of m. Then, m(A) quantifies the degree of belief that the actual value taken by X is A. Two particular
cases are of interest:
�

P

when mðAÞ ¼ 1 for some ADΩ, the mass function m is said to be categorical (if furthermore A¼Ω, then m is vacuous);

�
 if jAj ¼ 1 for all ADΩ such that mðAÞ40, then m is called a Bayesian belief mass; it is then formally equivalent to a

probability distribution.

A mass function m may also be represented by its associated belief and plausibility functions, defined for all ADΩ by

BelðAÞ ¼
X
BDA

mðBÞ; PlðAÞ ¼
X

B\Aaϕ

ðBÞ: ð21Þ

The property BelðAÞrPlðAÞ always holds, for all ADΩ. The belief function Bel(A) and plausibility function Pl(A) are lower and
upper bounds on the possibility that the hypothesis A could be true according to the evidence expressed by the mass
function m. Furthermore, if m is Bayesian, then BelðAÞ ¼ PlðAÞ ¼mðAÞ for all ADΩ. Eventually, the function pl:Ω-½0;1� such
that plðωÞ ¼ PlðfωgÞ is called the contour function associated to mΩ.

3.1.2. Belief functions on the real line
In the case of a continuous domain, e.g., Ω¼R, the notion of mass function is replaced by that of mass density function.

A mass density is defined as a function m from the set of closed real intervals to ½0; þ1Þ such that mð½u; v�Þ ¼ f ðu; vÞ for all
urv, where f is a two-dimensional probability density function with support in fðu; vÞAR2:urvg. The intervals ½u; v� such
that mð½u; v�Þ40 are called the focal intervals of m. The contour function pl corresponding to m is defined by the integral

plðxÞ ¼
Z x

�1

Z þ1

x
f ðu; vÞdv du: ð22Þ

One important special case of mass density functions are Bayesian mass functions, for which focal intervals are reduced
to points. Then, the two-dimensional pdf has the following form: f ðu; vÞ ¼ pðuÞδðu�vÞ, where p is a univariate pdf and δ is
the Dirac delta distribution. In this case, the contour function pl(x) has the same form as a traditional pdf. If p is further
assumed to be a Gaussian pdf, then pl(x) is called a Gaussian contour function.

3.2. Model uncertainty representation using belief functions

It is obvious that ignoring the uncertainty on meta-parameters of the model, such as microphone locations, would
introduce a bias in the estimates of the model parameters. Indeed, a pressure pmt used in the estimation process is
considered as provided by a microphone with location r0m. Thus, if the microphone is actually closer to the sound sources
than it would have been at this assumed location r0m, then pmt is overestimated with respect to the pressure that should have
been measured at r0m. Conversely, if the microphone is further away than its nominal location, pmt will be underestimated.

It should be stressed out that the uncertainties on the meta-parameters can be reflected through the observed data (here,
the measured pressure vector pt). Thus, rather than integrating the uncertainties on these meta-parameters directly in the
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model, this paper proposes to propagate it to the observed data. This choice is motivated by the efficiency and the versatility
of the resulting procedure. Indeed, the propagation step is thus separated from the model estimation process. Furthermore,
many kinds of uncertain meta-parameters can then be taken into account, the only requirement is to identify how these
uncertainties impact the observed data.

Let the contour function plpt
ðptÞ specify the set of plausible values for the pressure measured at time t (for convenience,

in the rest of this article plpt
is denoted as plt). That is, instead of a unique value corresponding to the pressure actually

measured, plt associates degrees of plausibility to each of the possible pressures. Here, Gaussian contour functions are
considered2: the imprecise knowledge of the pressure measured is thus quantified by a Gaussian pdf, the expectation of
which is assumed to be the measured pressure itself: μn

t ¼ pt . Its covariance matrix Σn directly reflects the level of
uncertainty to which the measurement is subject, which can be estimated from the meta-parameter (denoted as
Θ¼ ðθ1;…;θU Þ) uncertainties via a first order Taylor approximation [50]

Σn �∇ptðμΘÞΣΘ∇ptðμΘÞH : ð23Þ
In this equation, ∇pt is the theoretical gradient related to the measurement pt and calculated from the model Eq. (1) with
respect toΘ, μΘ and ΣΘ are the expectation and the covariance matrix ofΘ. Next, a real-life example of model uncertainties
(i.e., the meta-parameters are explicitly given) in the sound source estimation model is considered.

Example 1 (Imprecise microphone locations and wavenumber). This example considers a localization problem where the
microphone locations are uncertain but their relative positions are precisely known. In this case, the uncertainties on the
microphone locations can be decided by the center coordinate and the orientation of the array. Assume also that the
wavenumber is subject to uncertainties, for instance due to unmeasurable temperature in the medium. Fig. 2 gives a
representation of this problem in a two-dimensional case.

Let the array center be r0 ¼ ðx0; y0; z0Þ and the rotation angles around x-, y- and z-axis be θ1, θ2 and θ3. Then, the real
coordinates of the microphones can be computed by

r0m ¼ Rxðθ1Þ Ryðθ2Þ Rzðθ3Þðrnm�r0Þ; ð24Þ
for m¼ 1;…;M, where rnm is the assumed microphone location and the rotation matrices Rx, Ry and Rz are defined by

Rxðθ1Þ ¼
1 0 0
0 cos θ1 � sin θ1

0 sin θ1 cos θ1

0B@
1CA; ð25Þ

Ryðθ2Þ ¼
cos θ2 0 � sin θ2

0 1 0
sin θ2 0 cos θ2

0B@
1CA; ð26Þ

Rzðθ3Þ ¼
cos θ3 � sin θ3 0
sin θ3 cos θ3 0

0 0 1

0B@
1CA: ð27Þ

Obviously, these parameters cannot be measured at each time. However, it is reasonable to assume that partial
information on the parameter uncertainties is available in the form of variances σ2

θ1
, σ2

θ2
, σ2

θ3
, σ2

x0 , σ
2
y0
, σ2

z0 , σ
2
k. Furthermore,

these sources of uncertainty are assumed as mutually independent (here it is cognitive independence for variables in the
mass assignment space, which means that the belief in one variable does not affect the beliefs in other variables, cf. page 149
in Ref. [54]) and having zero mean (except for the wavenumber which has mean μk). Thus, it is proposed to model the meta-
parameter uncertainties by a multivariate Gaussian contour function pltðptÞ with expectation μn

t ¼ pt and whose covariance
2 This assumption enables the source estimation in Section 4 to have a closed form. Actually, the distribution of the contour functions can be assumed
as other forms, if more information for uncertain data is available.
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matrix can be estimated via Eq. (23)

Σn �∇ptðμΘÞdiagðσ2
θ1 ;σ

2
θ2 ;σ

2
θ3
;σ2

x0 ;σ
2
y0
;σ2

z0 ;σ
2
k Þ∇ptðμΘÞH : ð28Þ

Here the gradient vector ∇ptðμΘÞ is obtained by Eq. (A.3). The specific computation can be found in Appendix A.

3.3. Likelihood of uncertain data

Let Y denote a continuous random vector taking values inΩY with pdf pY ðyjΦÞ and y denote a realization of Y, referred to
as the complete data. In some cases, y is not precisely observed, but only known that yAB for some BDΩY . Then, the
likelihood function given such imprecise data is

LðΦjBÞ ¼ pY ðBjΦÞ ¼
Z
yAB

pY ðyjΦÞ dy: ð29Þ

More generally, the knowledge of y may be not only imprecise, but also uncertain. Such a variable can be described by a
contour function plY onΩY. Although partial, the knowledge about the actual realization y of Y is then richer than previously.
Then, Denœux [55] proposed to generalize the notion of likelihood function to such uncertain data

LðΦjplY Þ ¼
Z
ΩY

pY ðyjΦÞplY ðyÞ dy; ð30Þ

assuming this integral exists and is nonzero. This generalized likelihood can be considered as a weighted counterpart for Eq.
(29): for each possible value y, pY ðyjΦÞ is weighted according to the degree of plausibility plY ðyÞ. Note that when plY ðyÞ ¼ 1
for all yAB and 0 otherwise, Eq. (29) is retrieved.

Here, the variables of interest are the pressures pt measured by the microphones. Assume that these pressures are
imprecisely known: their partial knowledge can be represented by multivariate contour functions plt. In this case, the
uncertain data log-likelihood function (corresponding to certain data log-likelihood Eq. (3)) is

logLðr;AjpltÞ ¼ log
Z

f ðpt jr;AÞpltðptÞ dpt : ð31Þ

Assume further that pltðptÞ is Gaussian distributed with mean μn
t and covariance matrix Σn; the uncertain data log-

likelihood then becomes

logLðr;AjpltÞ ¼ �ðμn

t �GAÞHðσ2ImþΣnÞ�1ðμn

t �GAÞ: ð32Þ
The detailed computation of Eq. (32) may be found in Appendix B.

Example 2. (Log-likelihood of uncertain data) This example considers a simple 2D example to show the advantage of taking
into account uncertainties in the data. Fig. 3 displays two sources with actual coordinates r1 ¼ ð�1;2Þ and r2 ¼ ð1;2Þ; the
coordinates of S1 and y-coordinate of S2 are known, so that only the x-coordinate rx;2 of S2 needs to be estimated. Also, five
microphones are placed on the y-axis, with assumed x-coordinates ð�2; �1;0;1;2Þ. The first four x-coordinates are certain,
but the fifth one, written hereafter mx;5, is subject to noise and may actually take any value in the interval [1,3] (represented
by the pink line segment in Fig. 3). For various user-defined positions of the microphone M5, pressures are generated by Eq.
(1), in which the strengths are A¼ ð1;1ÞT , the frequency f¼1000 and the standard deviation of the noise σ ¼ 0:05. Then, the
log-likelihood logLðrx;2jptÞ is computed via Eq. (3), assuming that the microphone position is (2,0). Alternatively, the
generalized log-likelihood logLðrx;2jpltÞ is computed via Eq. (32), where the Gaussian contour function plt has mean μn

t taking
value as the generated pressure and covariance matrix Σn ¼ diag 0;0;0;0; ðσn

5Þ2
� �

, with ðσn
5Þ2Af0:003;0:01;0:05g.

Fig. 4(a) displays the level curves of logLðrx;2jptÞ as a function of rx;2 and mx;5. When the actual microphone x-coordinate is
equal to its assumed value (mx;5 ¼ 2), the log-likelihood of pt reaches its maximum for the actual sound source x-coordinate
(rx;2 ¼ 1): in this case, a classical ML estimation makes it possible to correctly locate the sound source. However, when the
information of the microphone location is wrong (i.e., mx;5a2), this strategy may result in a wrong source location estimate.
Fig. 4(b)–(d) shows the level curves of logLðrx;2jpltÞ as a function of rx;2 and mx;5, for ðσn

5Þ2 ¼ 0:003, ðσn
5Þ2 ¼ 0:01, and

ðσn
5Þ2 ¼ 0:05, respectively. As the level of uncertainty σn

5 on the assumed microphone location mx;5 increases, it may be seen
Fig. 3. 2D sound source localization example. The sound sources are represented by blue crosses. The actual microphone locations are represented by red
crosses. The real location of 5th microphone is uncertain, taking possible values on pink line segment. (For interpretation of the references to color in this
figure caption, the reader is referred to the web version of this paper.)
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5Þ2 in plt are 0.003, 0.01 and 0.05 in (b), (c) and (d) respectively. In all cases, microphone M5 is assumed to have a x-coordinate mx;5 ¼ 2.

X. Wang et al. / Mechanical Systems and Signal Processing ] (]]]]) ]]]–]]] 9
that the local maxima observed for the classical log-likelihood function disappear. The explanation is that the weight of the
information provided by microphone M5 in the estimation process then decreases. Thus, the estimation process relies more
on the information provided by the other microphones, the likelihood function being “smoothed” with respect to the
variations of mx;5. As a result, maximizing the generalized likelihood makes it possible to correctly estimate the actual sound
source location, even if the information provided by M5 is inaccurate.
4. Sound source estimation in presence of model uncertainty

4.1. Evidential EM algorithm

This section addresses the problem of estimating the model parameters via the ML when the uncertain data at hand are
represented using contour functions. Obviously, the EM algorithm cannot be used to maximize the generalized likelihood
Eq. (30), since the data are uncertain. An extension of the EM algorithm, known as the Evidential EM (E2M) algorithm, was
proposed in Ref. [55] to address this case. Here the principle of this algorithm is briefly reviewed; for an extensive
presentation, the readers are invited to refer to Ref. [55].

The E2M algorithm iterates alternatively between two steps. In the E-step of iteration lþ1, the expectation of the log-
likelihood of the complete data given its contour function is computed

Q ðΦjΦlÞ ¼ E logLðΦjyÞjplY ;Φl
� �

: ð33Þ

Note that this expectation is now computed with respect to both the current fit Φl of the parameter vector and the contour
function plY through which the uncertain sample is known. As explained in Ref. [55], the pdf used in this expectation is
defined by

pY yjplY ;Φl
� �

¼ pY ðyjΦlÞplY ðyÞ
LðΦljplY ðyÞÞ

: ð34Þ

Then, Eq. (33) is computed using the definition of the mathematical expectation

Q ðΦjΦlÞ ¼
Z
ΩY

logLðΦjyÞpY ðyjplY ðyÞ;ΦlÞ dy: ð35Þ
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The M-step of the E2M algorithm is unchanged and requires the maximization of Q ðΦjΦlÞ with respect to Φ. As in the
EM algorithm, the E2M algorithm alternately repeats the E- and M-steps defined above until the relative increase of the
observed-data likelihood becomes smaller than a given threshold.
4.2. Sound source model estimation from uncertain data

In this section, the sound source model presented in Section 2.1 is considered, in the case of uncertain data
represented by contour functions plt. The generalized likelihood Lðr;AjpltÞ defined in Section 3.3 needs to be
maximized. By introducing latent variables (i.e., the contributions cst of the various sources) such as in Eq. (4), the problem
of estimating the model parameters can be solved using the E2M algorithm. We proceed here with the E- and M-steps of
this algorithm.
4.2.1. E-step
First, let us notice that

Q ðΦjΦlÞ ¼ d�
XT
t ¼ 1

XS
s ¼ 1

jjEðcst jplt ; rl;AlÞ�GsAsjj2; ð36Þ

where d is a constant independent of r and A. This expectation depends on the uncertain data only through the expected
latent pressures bcst ¼ Eðcst jpltÞ. To proceed with the latter, the conditional pdf of the observed pressures given the uncertain
data has to be explicitly given

f
�
pt plt

�
¼ pltðptÞf ðptÞR

pltðptÞf ðptÞ dpt
;

���� ð37Þ

where f ðptÞ ¼ϕ pt jGA;Σ
� �

and ϕð�jμ;ΣÞ denotes the multivariate Gaussian pdf with expectation μ and covariance matrix Σ.
By Eq. (8),

f
�
cst pt

�
¼ϕ cst GsAsþ

1
S
pt�GA
� �

;
1
S
� 1

S2

� 	
Σ

���� 	
:

����� ð38Þ

Thus, the conditional pdf of the latent contributions cst given the uncertain pressures plt is

f ðcst jpltÞ ¼
Z

f ðcst jptÞf ðpt jpltÞ dpt : ð39Þ

Finally, the expectation bcst of the latent contributions cst given the uncertain measured pressures plt is

ĉst ¼
Z

cst f cst plt
�� �

dcst ¼
Z Z

cst f cst pt

�� �
dcst f pt plt

�� �
dpt

���
¼ GsAs�

1
S
GAþ1

S

R
ptpltðptÞf ðptÞ dptR
pltðptÞf ðptÞ dpt

: ð40Þ

At the (lþ1)-th iteration, the E-step amounts to computing the expected latent contributions of the sources

ĉ lst ¼ Gl
sA

l
s�

1
S
GlAlþ1

S

R
ptpltðptÞf ðpt jrl;AlÞ dptR
pltðptÞf ðpt jrl;AlÞ dpt

: ð41Þ

Note that in the general case, computing the last term on the right-hand side of Eq. (40) may be difficult, depending on
the form of the contour functions considered. Then, it may require using approximation techniques such as Monte-Carlo
estimation. However, if the uncertain measured pressures are represented by Gaussian contour functions
pltðptÞ ¼ϕðpt jμn

t ;Σ
nÞ, a closed form may be obtained.

First, a well-known property of multivariate Gaussians [60] is reviewed here. Assume that X follows a complex Gaussian
distribution with pdf f Xð�Þ ¼ϕð�jμ1;Σ1Þ and that it is imprecisely observed through a Gaussian contour function
plXð�Þ ¼ϕð�jμ2;Σ2Þ. Then,

f XðxÞplXðxÞ ¼ϕðxjμ3;Σ3Þϕðμ1jμ2;Σ1þΣ2Þ ð42Þ

and thus

f ðxjplXÞ ¼ϕðxjμ3;Σ3Þ; ð43Þ

where μ3 ¼ ðΣ �1
1 þΣ�1

2 Þ�1ðΣ�1
1 μ1þΣ�1

2 μ2Þ and Σ3 ¼ ðΣ�1
1 þΣ �1

2 Þ�1. Then, from Eqs. (34) and (43), the pdf of the
measured pressure vector pt given the uncertain measurement plt is defined by

f ðpt jplt ; rl;AlÞ ¼ϕ pt jμ4;Σ4
� �

; ð44Þ
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in which

μ4 ¼
Im
σ2þðΣnÞ�1
� 	�1

ðΣnÞ�1μn

t þ
Im
σ2G

lAl
� 	

; ð45Þ

Σ4 ¼
Im
σ2þðΣnÞ�1
� 	�1

: ð46Þ

This makes it possible to get the following expression for the expectations of the latent contributions of the sources

ĉ lst ¼Gl
sA

l
s�

1
S
GlAlþ1

S
μ4: ð47Þ

4.2.2. M-step
The M-step consists in computing new fits for the parameters so as to maximize Eq. (36), or equivalently to solve

rlþ1
s ;Alþ1

s ¼ argmin
rs ;As

XT
t ¼ 1

jjĉ lst�GsAsjj2: ð48Þ

Notice that the only difference between the EM and E2M algorithms lies in the E-step (Eqs. (9) and (41)). The general formulation
for the M-step (Eqs. (11) and (48)) is the same. The update equations for the M-step of the E2M algorithm are thus

rlþ1
s ¼ argmax

rs
ðĉ lsÞH

GsGH
s

GH
s Gs

ĉ ls; ð49Þ

Alþ1
s ¼ ðGlþ1

s ÞH ĉ ls
ðGlþ1

s ÞHGlþ1
s

; ð50Þ

where

ĉ ls ¼
1
T

XT
t ¼ 1

ĉ lst : ð51Þ

4.3. Algorithm and properties

The strategy for estimating the locations and strengths of the sound sources using the E2M algorithm is summarized by
Algorithm 2.

Algorithm 2. Sound source estimation using the E2M algorithm.
For l¼0, pick starting values for the parameters r0 ;A0.
For lZ1:
repeat

obtain ĉ l
s from Eqs. (51) and (41) (or (47) for Gaussian contour function case), s¼ 1;…; S;

obtain source location estimates rlþ1
s ; s¼ 1;…; S by Eq. (49);

obtain source strength estimates Alþ1
s ; s¼ 1;…; S by Eq. (50).

until the relative increase of the log-likelihood (logLðr;AjplpÞ given by Eq. (B.3) in Appendix B) is less than a given threshold.
It is easy to conclude that the E2M algorithm is a generalization of the EM algorithmwhen addressing the problem of sound
source estimation. Indeed, when the data are certain, i.e., plt is a Dirac distribution located at the measurement point of the
pressure, the last term of Eq. (41) becomes 1

Spt (here for convenience pt represents the measurement as well). Then, Eqs. (9)
and (41) are equivalent.

In order to highlight the properties of the E2M algorithm and to show how it affects the results for the sound source
estimation problem, a particular case of Gaussian contour functions is considered. Assume that the covariance matrix of plt is
diagonal: Σn ¼ diagððσn

1Þ2;…; ðσn
mÞ2Þ. Then, the E-step consists in computing ĉ lst ¼ ðĉ1st ;…; ĉMstÞ, in which

ĉmst ¼ ½Gl
sA

l
s�mþ1

S
σ2ðμn

mt�½GlAl�mÞ
σ2þðσn

mÞ2
; ð52Þ

where ½v�m stands for the m-th entry of vector v. Compared with the E-step of the EM algorithm Eq. (9), the E2M algorithm

gives an extra weight σ2

σ2 þðσn
mÞ2

to decrease the belief of the measurement. More particularly, the weight representing the
Please cite this article as: X. Wang, et al., (2015), http://dx.doi.org/10.1016/j.ymssp.2015.06.011i

http://dx.doi.org/10.1016/j.ymssp.2015.06.011
http://dx.doi.org/10.1016/j.ymssp.2015.06.011
http://dx.doi.org/10.1016/j.ymssp.2015.06.011


−0.4 −0.2 0 0.2 0.4 0.6

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

X [m]
Y

 [m
]

Fig. 5. Experimental setup (left) and microphone distribution (right).

X. Wang et al. / Mechanical Systems and Signal Processing ] (]]]]) ]]]–]]]12
degree of decrease σ2

σ2 þðσn
mÞ2

A 0;1ð � and is decided by the proportion of the variances of the noise and the uncertainty.

Moreover, Eq. (52) illustrates that the E2M is a generalization of the EM in terms of level of belief: if the measurement is

totally certain, i.e., ðσn
mÞ2 ¼ 0, the last term of Eq. (52) (E-step) becomes 1

S μn
mt�½GlAl�m

� �
, which means that the EM and the

E2M are identical.

5. Experiments

This section illustrates the proposed methodology on simulated and real data. The experiments are based on the setup
described in Fig. 5. An array of 60 microphones is located on the plane z¼0 (the center of the array coincides with the
origin). Two sound sources are placed in front of the microphone array. Note that in the real experiments, these sound
sources are surface sources (more precisely, loudspeakers with a vibrating membrane). But in order to numerically assess
the accuracy of the estimates using a distance measure, they are assumed as point sources located at the centers of the
surfaces.

Section 5.1 presents the experiment realized on real data without uncertainty: the results obtained via the EM-based
approach are compared with those given by beamforming and SONAH. In a second time, experiments are realized on data
pervaded with uncertain microphone locations and wavenumber. The results are provided in Sections 5.2 and 5.3.
5.1. Real experiment without uncertainty

In this experiment, two sound sources (the loudspeakers mentioned previously) are located at r1 ¼ ð�0:239; �0:112;0:314Þ
and r2 ¼ ð0:172; �0:012;0:314Þ3, the z-coordinate of which is assumed to be known. Both sources play multi-sine signals with a
wide range of frequency (100–6000 Hz). Then, the EM algorithm is run. Figs. 6–8 show the estimation results at different
frequencies: in each figure, subplot (a) displays the 100 EM estimates obtained with different initial values (blue points) and the
estimates finally retained (red points) that are characterized by the highest likelihood value among the 100 candidates. The initial
values are generated as follows. For each source, 100 initial locations r0s are drawn from a two-dimensional uniform distribution
with a square 60 cm�60 cm support centered at the actual position of the source. The initial strength value As

0
of each source is

generated according to a complex-valued uniform distribution with support in the range of 73 dB.
Fig. 6(a) indicates that at low frequencies (lower than 1000 Hz), the EM estimates obtained with the different initial

values are almost identical. However, Figs. 7 and 8(a) show that at high frequencies (greater than 1000 Hz), different initial
values generally lead to different EM estimates of the sound source locations. Nevertheless, the source location estimates
characterized by the highest likelihood value are accurate approximations to the actual ones. Figures (b)–(d) present the
sound field reconstructed using the EM estimates, beamforming, and SONAH with Tikhonov regularization, respectively (in
the last case, the “optimal” Bayesian regularization parameter is determined as described in Ref. [12]). These results show
that beamforming and SONAH can separate the two sources at low frequencies, but give spurious estimates at high
frequencies. On the other hand, the EM procedure gives accurate estimates regardless of the frequency considered. Actually,
the results of beamforming and SONAH are in line with the well-known limits of both methods. When the frequency is high,
3 The spatial coordinates are all in meters in this section.
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the acoustical field becomes very complex due to the short wavelength, which means that the non-parametric approaches
beamforming and SONAH do not have sufficient spatial measurements to replicate the acoustical field. On the other hand,
the EM algorithm is a parametric method: the frequency does not affect the estimation of the sound sources in theory. As a
matter of fact, a high frequency brings more local maxima of the likelihood function in a given region, which may also result
in an inaccurate estimate (e.g., some blue points in Fig. 8(a)). However, as proposed in Section 2.3, the strategy of multiple
initializations can guarantee the convergence of the likelihood function to the global maximum, as well as an accurate
estimate of the model parameters. The experimental results justify this approach: 100 initial values can generally guarantee
the good results. Moreover, since the EM algorithm converges fast in a few iterations, the computational cost of 100 repeats
is still low enough.
5.2. Comparison of EM and E2M on simulated data

Now, uncertainties in the microphone locations and wavenumber are introduced as in Example 1. Two sound sources are
considered with strengths A1 ¼ A2 ¼ 0:8 and locations r1 ¼ ð�0:2;0:1;0:2Þ, r2 ¼ ð0:2; �0:1;0:2Þ; the sound frequency is
f¼5000 Hz for both sources. Then, uncertainties in the microphone locations and the wavenumber are introduced as
follows. A wavenumber value is generated according to a Gaussian distribution with mean μk ¼ 2πf

c (the sound velocity
c¼340 m/s) and predefined standard deviation σk. Similarly, a Gaussian distributed noise is introduced in the array center
location r0 with zero mean and standard deviation σx0 ;σy0 ;σz0 (for x, y-, z-coordinates respectively) and in each of the
rotation angles of the array θp (p¼ 1;2;3) with mean 0 and predefined standard deviation σθp . Pressures are then generated
according to Eqs. (1) and (24), in which σ ¼ 0:05.

As before, for a given dataset, both the EM and E2M algorithms are run using five different starting values, retaining the
solution with highest likelihood. Remark that the covariance matrix Σn of the contour functions used in E2M are computed
using the parameters r and A estimated via the EM algorithm. Since the data are randomly generated, the above procedure
(from data generation to model estimation) is repeated 30 times, so that mean square error (MSE) of parameter estimates
and 95% confidence intervals of square error may be computed.

First, let σx0 ¼ σy0 ¼ σz0 ¼ 0:02, σθp ¼ 15 π
180 for p¼1,2,3, σ¼0.5. Fig. 9 shows the 30 estimation results for the x- and y-

coordinates of the sources via the EM (blue circles) and the E2M (red crosses) algorithms, as well as the 95% confidence
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ellipses of the estimated source location. The estimates obtained via E2M clearly exhibit a smaller spread around the actual
sources locations, which illustrates its interest in terms of dealing with uncertain data.

Then, the estimation error of both algorithms are investigated. Let σk ¼ 0 (the wavenumber is certain) and let the degree
of uncertainty on the microphone locations increase: σx0 ¼ σy0 ¼ σz0 ¼ 0:01l and σθp ¼ 5l π180 (p¼1,2,3), for l¼0,1,2,3,4. The
MSEs of the estimated sound source locations and 95% confidence intervals of the square errors are displayed in Fig. 10(a).
Alternatively, let σx ¼ σy ¼ σz ¼ σθ1 ¼ σθ2

¼ σθ3 ¼ 0 (the microphone locations are precise) and let σk increase from 0 to 1.
Fig. 10(b) shows the corresponding estimation error trend. In both cases, when the level of uncertainty is low, the EM and
E2M algorithms exhibit similar performances. As the amount of uncertainty increases, the accuracy of the estimates
obtained using both approaches decreases. However, the E2M proves to be much more robust to uncertainty than the EM,
its estimation error staying under an acceptable level while the estimation error of EM estimate increases dramatically.
5.3. Comparison of EM and E2M on real data

In this experiment, two sound sources with coordinates r1 ¼ ð�0:239; �0:112;0:214Þ and r2 ¼ ð0:172; �0:012;0:214Þ are
considered; both radiate at a frequency f¼5025 Hz. The dataset is composed of 14 different signals: each has a duration of
30 s and is consequently divided and transformed into 30 snapshots in the frequency domain. Uncertainty is introduced in
the microphone locations by applying a rotation (around 101 on average) and a translation (around 5 cm on average) to the
microphone array. The wavenumber is also considered as uncertain, since the temperature measured during the experiment
ranges from 17 1C to 23 1C.

On each of the 14 datasets, ML estimates of the parameters are estimated using both the EM and E2M algorithms, each using
100 initial values obtained as follows. The starting values for each source location are generated using the same protocol as before,
according to a three-dimensional uniform distribution on a 10 cm�10 cm �5 cm cube. The initial values for the strengths of the
sources are generated according to a complex-valued uniform distribution whose support has a range of 6 dB in sound pressure
level. The variance σ2 of measurement noise is estimated by 1

M

PM
m ¼ 1 σ̂

2
m, in which σ̂2

m is the sample variance of pm1;…; pmT . Let
σθ1

¼ σθ2 ¼ σθ3 ¼ 10
180π, σx0 ¼ σy0 ¼ σz0 ¼ 0:05, σk ¼ 0:3. For each of the 14 signals, the EM and E2M algorithms are run 100 times

with different starting values, and the parameter estimates with highest likelihood are kept.
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The MSEs of the 14 source location estimates are 0.0435 using EM and 0.0153 using E2M, and the corresponding 95%
confidence intervals of the square errors are ½0:0325;0:0545� for EM and ½0:0129;0:0177� for E2M. Furthermore, Fig. 11
displays the x- and y-coordinate estimates along with 95% confidence ellipses of the sources using EM and E2M. Fig. 12
shows the source location estimates and 95% confidence ellipsoids in 3-D space. As before, the E2M estimates exhibit a
smaller spread over the actual source locations than the EM estimates. This shows the advantage of taking into account the
uncertainty in the model estimation process.
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Fig. 12. Source location estimates obtained using EM (left) and E2M (right) and corresponding 95% confidence ellipsoids in 3D space. Black crosses
represent the source locations.
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6. Conclusions and perspectives

This paper addresses the problem of estimation of multiple sound sources by fitting a propagation model to measured
data. The sound pressures are measured by an array of microphones. The sound field is modeled as a free monopole field
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with classical Green function. The source estimation problem is then carried out in a statistical framework by maximum
likelihood. For this purpose, the contributions of the sources to the measured pressures are considered as latent variables
and the EM algorithm is used to solve the maximization problem at a reasonable cost.

A major contribution of this work is the management of uncertain measurements. While randomness is identified as the
noise inherent to the measurement process, uncertainty related to ill-known microphone locations and wavenumber is
scarcely taken into account in acoustic imaging. Here, uncertainties on the microphone locations and the wavenumber are
transposed to the data via first-order approximations. The resulting uncertain pressures are represented using contour
functions. Such mathematical objects are defined in the theoretical framework of belief functions as a rich and
flexible way to quantify partial knowledge of imperfectly observed variables. Model estimation is carried out by extending
the notion of likelihood function to such imprecise data. The resulting generalized likelihood is eventually maximized
using an extension of the EM algorithm, known as the Evidential EM algorithm, which was recently proposed for this
purpose.

Our approach, which is rather dedicated to engineering applications, is compared with standard methods used in
engineering contexts such as beamforming and SONAH. Experimental results obtained on both simulated and r
eal data clearly show its interest. The present method is indeed more robust on a larger frequency range than beamforming
and SONAH. Besides, the model parameter estimates remain accurate even in presence of uncertain measurements.

Further work may be conducted in several directions. First, the data uncertainties are modeled using Gaussian
contour functions in this paper, an assumption which may not always hold. Note that the method proposed in this paper
makes it possible to use any kind of contour function: simpler distributions, such as uniform or trapezoidal ones, may give
better results when few is known about the data. However, for general contour functions, closed forms for the model
parameter estimates may not be obtained, therefore numerical techniques (such as Monte-Carlo integrals) have to be
considered. Besides, in the model considered here, the strengths of the sources are assumed to be deterministic. This
assumption may be dropped; in this case, the source strengths are considered as random variables, and their distributions
are estimated along with the source location parameters via the maximum likelihood. This approach is currently under
development.
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Appendix A. Computation of gradient matrix

This appendix derives the gradient matrix ∇ptðμΘÞ in Eq. (28). First let the coordinate of the array center be
r0 ¼ ðx0; y0; z0Þ, the (unknown) actual microphone coordinates be r0m ¼ ðx0m; y0m; z0mÞ, the assumed microphone coordinates
be rnm ¼ ðxnm; yn

m;0Þ, the source coordinates be rs ¼ ðxs; ys; zsÞ, and rms ¼ jrs�r0mj. The partial derivatives of the measurement
pmt with respect to meta-parameters Θ¼ ðθ1;θ2;θ3; x0; y0; z0; kÞ may be computed as

∂pmt

∂γ
¼ ∂pmt

∂x0m

∂x0m
∂γ

þ∂pmt

∂y0m

∂y0m
∂γ

þ∂pmt

∂z0m

∂z0m
∂γ

; ðA:1Þ

for all γAfθ1;θ2;θ3; x0; y0; z0g, and

∂pmt

∂k
¼
XS
s ¼ 1

jAs

4π
ejkrms : ðA:2Þ

By computing all the partial derivatives in Eq. (A.1) and taking values at the mean value of the meta parameters
μΘ ¼ ð0;0;0;0;0;0;μkÞ, Eqs. (A.1) and (A.2) become

∂pmt

∂θ1
μΘ
� �¼ yn

m

XS
s ¼ 1

W
zs
rnms

;

∂pmt

∂θ2
μΘ
� �¼ xnm

XS
s ¼ 1

W
zs
rnms

;

∂pmt

∂θ3
μΘ
� �¼ �yn

m

XS
s ¼ 1

W
xs�xnm
rnms

þxnm
XS
s ¼ 1

W
ys�yn

m

rnms
;

∂pmt

∂x0
μΘ
� �¼ �

XS
s ¼ 1

W
xs�xnm
rnms

;
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∂pmt

∂y0
μΘ
� �¼ �

XS
s ¼ 1

W
ys�yn

m

rnms
;

∂pmt

∂z0
μΘ
� �¼ �

XS
s ¼ 1

W
zs
rnms

and
∂pmt

∂k
μΘ
� �¼ XS

s ¼ 1

jAs

4π
ejμkr

n
ms ;

in which W ¼ As
4π

jμk
rnms
ejμkr

n
ms � 1

ðrnmsÞ2
e� jμkr

n
ms

h i
and rnms ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxs�xnmÞ2þðys�yn

mÞ2þz2s

q
. Denote ∂pt

∂� ¼ ∂p1t
∂� ;…; ∂pMt

∂�

� �T
, the M � 7 gradient

matrix is obtained

∇pt μΘ
� �¼ ∂pt

∂θ1
μΘ
� �

;
∂pt

∂θ2
μΘ
� �

;…;
∂pt

∂k
μΘ
� �� 	

: ðA:3Þ

Appendix B. Computation of the log-likelihood of the uncertain data

The likelihood function of observed data in the form of contour functions plp ¼ ðpl1;…; plT Þ is

Lðr;AjplpÞ ¼ ∏
T

t ¼ 1

Z
f ðptÞpltðptÞ dpt : ðB:1Þ

By Eq. (42),Z
f ðptÞpltðptÞ dpt ¼ϕ μn

t jGA;σ2ImþΣn
� �

: ðB:2Þ

Therefore, the log-likelihood of the uncertain data is obtained

logLðr;AjplpÞ ¼ �
XT
t ¼ 1

ðμn

t �GAÞHðσ2ImþΣnÞ�1ðμn

t �GAÞ: ðB:3Þ
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