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Résumé

Ce travail porte sur I'analyse théorique et numérique de la dynamique des den-
sités de dislocations. Les dislocations sont des défauts qui se déplacent dans les cris-
taux, lorsque ceux-ci sont soumis a des contraintes extérieures. D'une facon générale,
la dynamique des densités de dislocations est décrite par un systéme d’équations de
transport, ot les champs de vitesse dépendent de maniére non-locale des densités de
dislocations.

Dans une premiére partie, nous nous plagons dans un cadre unidimensionnel. Nous
démontrons pour un systéme 2 x 2 simplifié des résultats d’existence globale et
d’unicité de solution, ainsi qu'une estimation d’erreur entre la solution continue et
son approximation numérique en utilisant un schéma aux différences finies. Puis,
en se basant sur une nouvelle méthode d’estimation de I'entropie du gradient, nous
démontrons un résultat d’existence globale et quelques résultats d’unicité pour des
systémes hyperboliques diagonalisables en dimension 1.

Dans une seconde partie, nous nous intéressons a un cadre plus général de la dyna-
mique des densités de dislocations ol nous étudions un modéle bidimensionnel. Ce
modéle a été introduit par Groma et Balogh [71]. Nous démontrons dans ce cadre
un résultat d’existence globale en mettant en ceuvre 'estimation sur ’entropie du
gradient des solutions. Des simulations numériques de ce modéle sont aussi présen-
tées.

Abstract

This thesis deals with theoretical and numerical analysis of the dynamics of dis-
location densities. Dislocations are the moving defects in the crystals, under the
presence of an exterior stress. More generally, the dynamics of dislocation densities
is described by a system of transport equations where the velocity field depends non
locally on the dislocation densities.

In the first part, we consider a one dimensional framework. We prove, for a simplified
2 x 2 system, some global existence and uniqueness results of solutions as well as
an error estimate between the continous solutions and its numerical approximation,
by using a finite difference scheme. Then, based on a new gradient entropy estimate
method, we prove a global existence and some uniqueness results for some one di-
mensional diagonalizable hyperbolic systems.

In the second part of the thesis, we are intersted in a more general framework of
dislocation densities, where we study a bidimensional model, introduced by Groma
and Balogh [71]. For this model we prove a global existence result via the new gra-
dient entropy estimate of the solutions. Some numerical simulations for this model
are presented as well.
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Introduction générale

Cette these porte sur [’étude mathématique de la dynamique des densités de
dislocations. Cette dynamique est modélisée par des systéemes d’équations de trans-
port non-linéaires et non-locales. Nous nous intéressons a l’analyse de ces systémes
d’équations ainsi qu’a leurs résolutions numeériques.

Cette introduction se compose de trois sections. Dans la premiére section, nous pré-
sentons un type de modéle bidimensionnel qui sera étudié dans ce mémoire. Dans la
seconde section, nous nous intéressons a un sous-modéle unidimensionnel, et nous
exposons les résultats obtenus a I’issu de ce travail. Dans la troisiéme section, nous
reviendrons a I’étude du modéle bidimensionnel et nous présenterons notre résultat.

Les hypothéses utilisées dans les théorémes qui suivent ne sont pas optimales. Nous
avons fait ce choix dans un souci de simplification de la présentation. Nous renvoyons
aux chapitres de la thése correspondants pour des résutats plus généraux.

1 Type de modeéles étudiés dans cette thése

1.1 Motivations physiques

Une dislocation est une ligne de défaut qu’on trouve dans les cristaux réels. Par
exemple, dans la Figure 1, les lignes noires observées sont les dislocations présentes
dans un alliage (Ni3zAl), pris en microscopie électronique, a I'échelle 1um = 1"9m.

r 1. &
NisAl :

dislocations

F1G. 1 — Observation de dislocations au micro électronique
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Ces défauts ont été introduits dans les années trente par G. I. Taylor [128], E.
Orowan [115] et M. Polanyi [119], comme une explication principale a 1’échelle mi-
croscopique des déformations plastiques des matériaux. Sous 'effet de contraintes
extérieures, ces dislocations peuvent se déplacer dans un plan cristallographique bien
défini appelé “plan de glissement”. Le déplacement d’une dislocation est caractérisé
par un vecteur gappelé “vecteur de Burgers” [23].

La quantité de dislocations dans un cristal est représentée par sa densité, définie
par le nombre de lignes de dislocations qui traversent une section unitaire. Nous
nous sommes interéssés, dans cette thése, a I’étude de la dynamique des densités de
dislocations. Notre motivation pour cette étude est de mieux comprendre le com-
portement mécanique issu de la déformation plastique des matériaux, en présence
de forte concentration de dislocations.

Plus précisément, nous avons considéré des modéles particuliers qui décrivent la dy-
namique des densités de dislocations. Dans un premier temps, nous nous sommes
consacrés aux propriétés qualitatives (existence, unicité,...) d'un systéme unidimen-
sionnel simplifié. Puis nous avons considéré le cadre plus général, donné par le modéle
bidimensionnel introduit par I. Groma et P. Balogh [71].

1.2 Présentation d’un modéle bidimensionnel

Dans cette sous-section, nous présentons de maniére simple le modéle de Groma-
Balogh introduit dans [71] et nous donnons les équations relatives a ce modéle, qui
seront étudiées par la suite. Nous renvoyons a la section 3 du chapitre 1 pour une
dérivation détaillée des équations présentées ici.

La dynamique des densités de dislocations reléve d’un probléme tridimensionnel.
Néanmoins dans le cas particulier ou les lignes de dislocations sont des droites pa-
ralléles dans I'espace tridimensionnel, elles peuvent étre vues comme des points dans
un plan transversal. Dans le cadre ot les dislocations se déplacent suivant une seule
direction fixe, donnée par un vecteur de Burgers b = (1, 0), I. Groma et P. Balogh |71]
ont décrit une évolution continue bidimensionnelle des densités de dislocations. Dans
ce modeéle, nous considérons deux types de dislocations dans le plan (z1,xs). Pour
un champ de vitesse donné, les dislocations de type (+) se propagent suivant la
direction du vecteur —l—& et celles de type (—) se propagent suivant la direction —b
(voir Figure 2).

Ce modéle est régi par un systéme d’équations de transport oli le champ de vitesse est
la contrainte de cisaillement dans le cristal. Ce champ de vitesse est résolu a partir de
I’équation de I’élasticité linéaire, qui peut étre écrite comme une quantité non-locale

2



1. Type de modéles étudiés dans cette thése

_ dislocation de type +

T2 T

-5
dislocation de type — — T T

1

FiG. 2 — Modéle 2D de Groma-Balogh.

dépendant des densités de dislocations. Plus précisément, le systéme d’évolution est
donné par :

p+ + - ap+ 2
W(l’l,l@,t) = — (CO * (p <’t) —p (ﬂf)) ($1,$2)) aT(Il,JIQ,t) sur R* x (O,T),
1

ait_(xl,xg,t) = (cox (p*(-,t) = p (-,1)) (21,22)) Z%(xl,@,t) sur R? x (0, 7).

0 1
(1.1)

Les inconnues du systéme (1.1), sont les scalaires p™ et p~ a I'instant ¢ et a la position

x1,%2) qu’on notera pour simplifier p*. Ces derniers correspondent aux déforma-
’ +

tions plastiques du matériau. Leurs dérivées par rapport a xq, 8L représentent les
T
densités de dislocations de type +. La fonction c¢o(z1,x2) est un noyau donné dé-

pendant des coefficients élastiques du matériau. Ce noyau sera défini explicitement
dans les sections suivantes. Ici, la convolution a lieu en espace uniquement, le terme
de convolution ¢y * (p™ — p~) représente la force créée par le champ élastique généré
par les lignes de dislocations.

1.3 Guide de lecture de I'introduction

Dans une premiére partie, nous allons nous intéresser a 1I’étude d’'un modeéle
unidimensionnel simplifié. Plus précisément, nous présentons un systéme (2 x 2)
unidimensionnel qui est un sous-modéle de (1.1) pour lequel nous exposons, dans
un premier temps, un résultat d’existence et d’unicité dans I'espace de Sobolev, et

3
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dans un second temps, un résultat d’existence et d’unicité d’une solution de viscosité
ainsi qu'une estimation d’erreur de type Crandall-Lions entre la solution continue et
la solution discréte. Puis, nous finirons cette étude unidimensionnelle en annongant
un théoréme d’existence globale et quelques résultats d’unicité pour un systéme
hyperbolique diagonalisable en dimension 1.

Dans une seconde partie, nous donnons un résultat d’existence globale dans un cadre
bidimensionnel général.

2 Premiére partie : modéle unidimensionnel

Nous remarquons que la difficulté principale dans le cas unidimensionnel est de
travailler avec des systémes d’équations fortement couplées. Cependant, la présence
du terme non-local ne pose pas de difficultés dans I’étude unidimensionnelle contrai-
rement au cas bidimensionnel.

2.1 Reésultat d’existence et d’unicité globale dans H} (R x
0,7))

Nous nous intéressons maintenant & un sous-modéle unidimensionnel du systéme
(1.1), pour lequel nous allons montrer que le probléme est bien posé.

De maniére plus précise, dans ce sous-modéle, nous supposons que les densités de
dislocations dépendent d’une seule variable x = x; + x2, ol (21, 22) sont les coor-
données d’un point de R? (voir Figure 3) et nous considérons le probléme sur le
domaine 1-périodique en x. Ce cadre particulier permet de ramener le systéme bi-
dimensionnel (1.1) a un systéme unidimensionnel (nous renvoyons a la section 3 du
chapitre 3 pour une modélisation physique).

T2

N L

X1

F1G. 3 -~ Sous-modéle 1D invariant par translation dans la direction (-1,1).




2. Premiére partie : modéle unidimensionnel

Ce sous-modéle 1D est décrit par un systéme d’équations de transport couplées
non-linéaires et non-locales :

%L;(x’t) = — <(p+ —p )z, t) + oz/O (pt — p)(y,t)dy) aa%(x,t) sur R x (0,7),
%(“) = ((P+ —p )(x,1) +a/0 (p* —p‘)(y,t)dy) %(m,t) sur R x (0,7).

(2.2)

Comme indiqué précédemment, les inconnues sont les scalaires p™, p~. Ici la constante

« est donnée et dépend des coefficients élastiques et de la taille du matériau. La pré-
1

sence du terme non-local, a [ (p™ — p7)(y, t)dy, est diie a I'intégration de I'équation

0
d’élasticité sur la boite [0, 1) périodique.

Ce systéme est complété par les conditions initiales suivantes :
pt(z,t =0) = pt(x) = po™" (x) + Loz sur R (2.3)

ot piP°"(z) sont des fonctions 1-périodiques. Nous modélisons une distribution pé-
riodique de dislocations + et — avec une densité totale Ly de chaque espéce par
période spatiale de longueur 1. La périodicité est une facon de déduire ce qui se
passe a l'intérieur du matériau loin de ses bords.

Le premier résultat concernant ce systéme est un résultat d’existence et d’'unicité
dans H} (R x (0,7T)) ou pour tout 2 ouvert de RY, N = 1,2, nous définissons

loc

H () = {f telle que f € L2 (Q) et Vf e L ()}

loc

Théoréme 2.1 (Existence et unicité pour le systéme (2.2)-(2.3), [47, Théo-
réme 1.1))
Pour tous T, Ly > 0, a € R et pour toutes données initiales p§ € H.,
les hypothéses suivantes :
(H1) pf(x+1) = pg(x) + Lo, (fonction 1-périodique + fonction linéaire),

o +
(H2) % > 0, presque partout dans R, (pg croissante),

x

(R) et sous

le systeme (2.2)-(2.3) admet une unique solution p* € H] (R x [0,T)), au sens
des distributions, telle que, pour presque tout t € (0,T), la fonction p=(.,t) : 2 —

pt(x,t) vérifie (H1) et (H2).
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La preuve de ce théoréme est décomposée de la maniére suivante : tout d’abord, nous
2 +.e

régularisons le systéme (2.2) par I'addition d’un terme de viscosité EW, puis nous
x

montrons sur la solution p*¢ du systéme régularisé une estimation a priori uniforme

en € dans L>®((0,7); H. (R)). Plus précisément, estimation clé est une estimation

loc
d’énergie sur les densités de dislocations sur le tore T = R/Z :

2 2

< By,  (24)
L ((0,T);L*(T))

a +,e —,E
g4

Lo ((0,T);L2(T))

2

\ 0. Q. .

ot BO:H%(PO —po) +H%(Po +p0)
L2(T) L2(T)

Cette estimation meéne a un résultat d’existence globale et permet le passage a la
limite quand ¢ tend vers 0 en utilisant un argument de compacité. Finalement, la
démonstration de I'unicité est faite d’'une maniére directe en utilisant une contrac-
tion dans L>((0,7); L2 .(R)).
Nous mentionnons que le systéme (2.2) est lié a d’autres modéles bien connus,
comme les équations de transport avec des champs de vecteurs peu réguliers. Ces
équations ont été étudiées par R. J. DiPerna, P. L. Lions dans [45], ou les auteurs

ont montré lexistence et I'unicité de solution (au sens de solutions renormalisées),
pour des champs de vecteurs L'((0,7); W2 (R)) a divergence L'((0,T); L®(R)).

loc
Puis cette étude a été généralisée par L. Ambrosio 8], en considérant des champs
LY((0,T); BVioe(R)) a divergence bornée. Ici, nous travaillons dans la dimension N =
1 et nous montrons 'existence et I'unicité d’une solution du systéme (2.2)-(2.3) avec
un champ de vecteur (c¢’est-a-dire la vitesse) seulement dans L*°((0,T), H} .(R)).
Dans notre étude, la divergence des champs de vecteurs est non bornée. Mais

nous avons pu aboutir a ce résultat en controlant le gradient de la solution dans
L2((0,T), Hypo(R)).

Il y a aussi plusieurs travaux qui ont été faits dans le cas des systémes strictement
hyperboliques de la forme :

@(x,t)—i-F(u)%(x,t):O u(z,t) e U, x € R, t€(0,7),
u(z,0) = up(x) r € R,

ou l'espace des états U est un sous-ensemble ouvert de RM, et F' une fonction de
classe C' de U dans ’ensemble des matrices carrées d’ordre M. De plus, les auteurs
ont supposé que F(u) posséde M valeurs propres réelles distinctes notées :

6
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a'(u) < d*(u) < ... < a™(u),

On remarque que cette condition sur les valeurs propres n’entre pas dans le cadre
de ce travail méme dans le cas ot o = 0, parce que nous n’avons pas une propriété
de signe sur pt — p~.

Nous citons ici quelques résultats bien connus pour les systémes 2 x 2 strictement
hyperboliques et nous renvoyons a la sous-section 2.3 pour des références concernant
le cadre général (M x M). P. D. Lax [98] a prouvé l'existence et I'unicité des solu-
tions réguliéres croissantes des systémes 2 X 2 strictement hyperboliques. Le résultat
de Lax a été également prouvé par D. Serre [123, vol. II| pour des systémes M x M
hyperboliques riches. D. Serre [122] a étudié le cas des systémes 2 x 2 de Temple ou
il a démontré 1'existence globale d’une solution a variation totale bornée.

Egalement, dans le cas des systémes (2 x 2) strictement hyperboliques R. J. Di-
Perna [43, 44| a montré I'existence de solutions L. La démonstration de DiPerna
est reliée a un argument de compacité par compensation, basée sur la représentation
de la limite faible en termes de mesure de Young, ce qui doit se réduire a une masse
de Dirac en raison de la présence d'une famille nombreuse d’entropies. Ce résultat
est basé sur l'idée de L. Tartar [127].

Quand le systéme est hyperbolique et symétrique, ce qui correspond au cas o = 0
dans notre systéme (2.2), on trouve dans D. Serre [123, Vol I, Th 3.6.1] un résultat
d’existence et d’'unicité locale dans C([0,T); H*(R™)) N C*([0,T); H*~H(RY)), avec
5> % + 1, ce résultat reste local en temps, méme dans la dimension N = 1.

Une autre propriété intéressante a signaler pour ce systéme est le principe de com-
paraison dans le cas a = 0.

Théoréme 2.2 (Principe de comparaison pour (2.2) avec a =0, [47, Théo-
réeme 1.2))

Soient py°, pi € HL (R x [0,T)) deuz solutions du systeme (2.2) avec o = 0. On
suppose que pi(.,t), pi(.,t) vérifient (H1) et (H2), pour presque tout t € (0,T).

Alors,
si pi(-,0) < p3(-,0) sur R, nous avons pi < py presque partout sur R x (0,T).

Ce résultat de comparaison est crucial pour un résultat que 'on annoncera par
la suite, qui est un résultat d’existence et d’unicité de solution Lipschitz au sens
des solutions de viscosité, ainsi que pour une estimation d’erreur entre la solution
continue et une approximation numérique. Ici, ce résultat justifie le fait que nous
avons pu obtenir 'unicité des solutions.
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Remarque 2.3 (Existence et unicité pour 1’équation de Burgers)
Nous remarquons que cette technique peut étre appliquée au cas d’équation de Bur-
gers classique dans I/Vllof(]R x [0,T)) pour tout 1 < p < +00.

En effet, si nous considérons pour une fonction donnée f et une donnée initiale uy,
[’équation suivante :

ou 0
EJF%U(“)) =0 sur Rx(0,7), 26)
u(z,0) = ug(x) z € R,

alors nous avons le Théoréme suivant :

Théoréme 2.4 (Burgers classique, [/7, Théoréme 1.4])
Soient T'> 0, p € [1,400) et f localement Lipschitzienne et convexe. Alors, pour

0
toutes données initiales ug € L®(R), telles que % € LP(R) et vérifient (H2),
T

équation (2.6) admet une unique solution u € W,5P(R x [0,T)) qui satisfait (H2),
pour presque tout t € (0,T).

2.2 Reésultat d’existence et d’unicité d’une solution de visco-
sité et une estimation d’erreur discréte-continue

Dans cette sous-section, nous étudions le systéme (2.2) en utilisant une autre
approche qui est la solution de viscosité. Plus précisément, nous énoncons un résul-
tat d’existence et d’unicité de solutions Lipschitz au sens des solutions de viscosité.
Puis, nous proposons un schéma numérique aux différences-finies de type “Upwin-
d” pour lequel nous montrons une estimation d’erreur de type Crandall-Lions [39|
entre la solution continue et la solution discréte. Enfin, nous présentons quelques
simulations numériques.

2.2.1 Existence et unicité d’une solution de viscosité

+
Etant donné que les densités de dislocations or sont des quantités positives,

x
alors nous pouvons voir le systéme (2.2) comme un systéme d’équation de Hamilton-
op* op*
Jacobi, en remplacant or par o
Ox Ox

systéeme d’équations de Hamilton-Jacobi non-locales suivant :

. Ce point de vue nous rameéne a ’étude du

8



2. Premiére partie : modéle unidimensionnel

( Ip* _ + - ' + - Op*
v _—<(p —p)+a/0(p —p)) s sur R x (0,7,
dp~ _ +_ - N Y
o = (e [e-m) 5] serxo,
| st =0) =50 sur R
(2.7)

oil pg sont définis dans (2.3). Un cadre naturel pour étudier les solutions de ce
systéme est la théorie des solutions de viscosité. Cette notion de solutions de vis-
cosité est assez récente. Elle a été introduite au début des années 1980 par M. G.
Crandall et P. L. Lions [38,39] pour résoudre les équations d’Hamilton-Jacobi du
premier ordre. La théorie s’est ensuite étendue aux équations du second ordre pour
lesquelles elle a connu un développement spectaculaire aprés les travaux de R. Jen-
sen [88| et H. Ishii [81]. Pour une bonne introduction a cette théorie, nous renvoyons
a G. Barles [12,13], M. Bardi, I. Capuzzo-Dolcetta [10| et G. Crandall, H. Ishii, P.
L. Lions [37].

Cette théorie a été formalisée dans le cadre des systémes par H. Ishii, S. Koike [83] et
H. Ishii [82]. Dans la suite nous rappellerons la définition des solutions de viscosité,
proposée par H. Ishii, S. Koike [83]. Cette définition sera utile dans I’annonce de
notre résultat. Tout d’abord, nous devons considérer le probléme de Cauchy, pour
1=1,...,M:

Ot (x,t) + H; <t,u(aj,t), %—u(ac,t)> =0 avec u= (u'); e RM 2z eR, te(0,7T),
x

u'(z,0) = uj(x) z €R,
(2.8)
otpouri=1,...., M ul € C(R) et H;: (0,7) x RM xR — R sont les Hamiltoniens
qui sont supposés continus. On note par

SCS(Rx(0,T)) = {f telle que f est une fonction semi-continue supérieurement sur R x (0,7)},
SCI(Rx(0,T)) = {f telle que f est une fonction semi-continue inférieurement sur R x (0,7")}.

Définition 2.5 (Sous-solution, sur-solution et solution de viscosité pour

(2.8)) 4
Une fonction u = (u'); € [SCS(R x (0,T))]* (resp. u € [SCI(R x (0,7))]M) est

9
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une sous-solution de viscosité (resp. sur-solution) du systéme (2.8), si pour tout
i=1,....,M,
u' (-t =0) <uf (resp. u'(-,t =0) > up),
— pour toute fonction test o € C1(Rx (0,T)) telle que u' — ¢ atteint un mazimum
local (resp. minimum local) au point (xo,ty) € R x (0,7, alors nous avons

) 0
8_22?(950,750) + H(to, u(zo, o), a—i(l’o?to)) <0,

(resp. %(ajo,to) + Hi(to,u(iﬁo,to)a %(ﬂfoﬂfo)) > O)'

Finalement, u est une solution de viscosité du systéme (2.8) si et seulement si u est
une sous et sur-solution de (2.8).

Théoréme 2.6 (Existence et unicité pour le systéme (2.7)), /48, Théoréme
1.1))

Soient T > 0 et Lo, € R. On suppose que pt € Lip(R). Alors le systeme (2.7)
admet une unique solution de viscosité (p™, p~) uniformément Lipschitz en espace
et en temps. Cette solution vérifie la Déﬁnitioni(,?. 5) quand le terme non-local est

dp,
gelé. De plus, si au temps initial, nous avons —= > 0 presque partout dans R, alors
ox

ceci reste vrai pour t € (0,7T).

Nous démontrons ce résultat en se basant sur le fait que le systéme (2.7) vérifie
le principe de comparaison au sens de H. Ishii, S. Koike [83] dans le cas a = 0.
Ceci nous permet d’adapter la démonstration de H. Ishii, S. Koike [83] et d’obtenir
I'existence et 'unicité de solution quand le terme non-local est gelé (voir Lemme
4.4 du Chapitre 3 pour une démonstration détaillée). Ensuite, nous utilisons une
estimation sur la norme L*° du gradient de la solution et nous démontrons par un
théoréme de point fixe, le résultat pour le systéme non-local.

Le cadre des données initiales croissantes a été également considéré dans I’étude de
I’équation d’Euler pour des fluides compressibles en dimension 1. En ce qui concerne
ces études, nous nous référons & G. Q. Chen et D. Wang |31, Th 3.1] pour un résultat
d’existence et d’unicité dans C'(R x [0, 4+00)) basé sur la méthode des caractéris-
tiques. Le résultat de Chen-Wang prouve que 1’équation d’Euler compressible ne crée
pas de chocs, pour des données initiales croissantes et C''(R) (Voir aussi M. Grassin,
D. Serre [68] pour un résultat similaire dans H™). Dans notre cas, on sait que les
solutions de (2.7)-(2.3) sont uniformément Lipschitz en espace et en temps. Méme
si cette question de régularité meilleure que Lipschitz n’est pas abordée dans ce ré-
sultat, nous imaginons que nous pouvons atteindre une régularitée C*(R x [0, +00))
de la solution pour des données initiales C'(R).

10
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Nous signalons que, A. Briani et al. [22] et R. Monneau, P. E. Souganidis [109] ont
prouvé un résultat d’homogénéisation pour le systéme (2.7) lorsque on rajoute un
terme qui oscille fortement en temps dans la vitesse. L.e modéle homogénéisé est
une équation de diffusion non-linéaire. Ce qui montre un aspect “diffusif” dans le
systéme (2.7).

2.2.2 Estimation d’erreur discréte-continue

Nous nous intéressons maintenant a I'approximation numérique de la solution
du systéme (2.7)-(2.3). Etant donné une taille de discrétisation Az, At, on définit
la grille,

== {’LA%‘, 1€ Z}, =r =2 X {O, ...,NTAt},

ou Nr est la partie entiére de T'/At et pour k = {4, —} on note par vf’" = v*(z;,t,)
la valeur de I'approximation numérique de la solution exacte de p* au point (z;,t,)
avec z; = iAx et ¢, = nAt.

Nous allons maintenant introduire le schéma numérique. La difficulté principale
vient du terme non-local qui nécessite la connaissance de la solution que ’on est en
train de calculer. Pour résoudre ce probléme, on fixe la solution v? = (v;"", v;™")

7 ) Ve

sur chaque intervalle de temps [t,,,%,.1) et on applique le schéma monotone suivant,
Vk e {+,-}

v = v (i) = pg (i), (2.9)

ou ﬁ’g est une approximation de ,0’5;

E* (D of™ D=oP™)  si CA[](2i, tn) > 0,

kn+1 _  kn A
v; = v, + At Cp [v](xi, ty) N
E= (D", D v, sinon,

7

(2.10)
C’kA [V](z4,t,) = —k (v;L’" — U::? + LA[U] (tn))

et le terme non-local L2[v](t,) est donné par

Ng—1

LA](t,) = Z Az (vF (w4, tn) — v (24, 10))

ott N, est la partie entiére de 1/Ax. Ici, E* sont les approximations de la norme
euclidienne proposées par S. Osher et J. A. Sethian [116], on peut également utiliser
celles proposées par E. Rouy, A. Tourin [121] :

11
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N |=

ET(P,Q) = (maX(P, 0)2 + min(Q,0)2) ,

N[

E~(P,Q) = (min(P,0)* + max(Q,0)?)

k ok o . .
Les termes Dt v;”", D~v;”" sont des approximations appropriées du gradient de v*"
pris au point z; :

k,n kn
Dk — Vit1 — Y
i Az )
k.n R
vak,n _ Uy — Ui
! Ax

Finalement, on suppose que la condition CFL suivante est vérifiée

1
AL < A 211
Y (2.11)

ou
Ko =2|pg — po |l + 2.

Nous avons alors 'estimation d’erreur suivante :

Théoréme 2.7 (Estimation d’erreur discréte-continue, /48, Théoréme 1.3))
Soit T > 0. On suppose que Ax+ At < 1 et que la condition CFL (2.11) est vérifiée.

Alors, il existe une constante K > 0 dépendante seulement de ||p5 — pg |lem) et

Opk . . .
max || 220 telle que estimation d’erreur entre la solution continue p* du
ke{+,—} T || oo (w)

systeme (2.7)-(2.3) et son approzimation numérique v*, solution du schéma aux
différences-finies (2.10) est donnée par :

max sup |pF —of| < K ((T +VT) (Az + At)? + max sup|pf — v§|>
ke{+,— ke{+-} =

’ Er

sous [’hypothése complémentaire

K <(T+ VT)(Az + At)? + max sup(pk — vé“)) <1.

ke{+,—-} =

12
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Pour montrer ce théoréme, on utilise la méme méthode que pour le cas continu,
c’est-a-dire qu’on considére la solution approximée du systéme (2.7)-(2.3) comme
un point fixe d’un systéme local. Cette preuve est inspirée de la preuve de O. Al-
varez et al. [4] pour montrer une estimation d’erreur de type Crandall-Lions [39]
entre la solution continue et son approximation numérique en temps court pour des
équations d’Hamilton-Jacobi monotones. Ici, nous avons montré le méme genre d’es-
timation d’erreur dans le cadre d’un systéme, en utilisant le fait que nous avons un
principe de comparaison dans le cas a = 0. Puis par point fixe, nous déduisons le
résultat pour le systéme non-local.

Nous nous référons également a E. R. Jakobsen, K. H. Karlsen [86] et E. R. Jakobsen,
K. H. Karlsen, N. H. Risebro [87| qui ont prouvé une estimation d’erreur pour un
systéme faiblement couplé de la forme

ou

E(m,t) + H(t,z,u’, Du') = Gi(t,z,u) sur RY x (0,7T), (2.12)

pour tout ¢ = 1,..., M. Leur estimation d’erreur est en O(At) pour un algorithme
de “splitting” semi-discret qui approche la solution de (2.12). Cependant, ici nous
obtenons une estimation d’erreur en O(v/At + Ax) parce que nous discrétisons aussi
en espace.

2.2.3 Simulations numériques

Dans cette section, nous nous intéressons a I’évolution des densités de dislocations
en dimension 1. Nous présentons quelques simulations numériques pour le sous-
modéle (2.7)-(2.3), discrétisé par le schéma (2.10). Dans cette simulation, nous avons
choisi un exemple de concentration des densités de dislocations, ou les densités de
dislocations sont initiallement périodiques, et égales a zéro dans des sous-intervalles
de Pintervalle [0, 1] (voir Figure 4). Cette condition initiale signifie qu’il existe des
régions sans dislocations et d’autres régions avec une concentration de dislocations.

Intuitivement, les dislocations se dispersent uniformément dans tout le cristal comme
le montre la Figure 6. Finalement, les densités de dislocations deviennent constantes.

0 s 6 70 8 %0 100

dps  Ipy
FIG. 4 — Densité de dislocations 2% = 220 1aig o5 # po-
Ox Ox
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-02 -o.
0 10 2 3 4 50 6 70 8 90 100 0 10 20 3 4 50 6 70 8 90 100

\ p™* dp~
FiGg. 5 — A gauche : densité ——(.,1); a droite : densité —(., 1).
g o o 1) 5 (o 1)
op™ op~
F1G. 6 — Densité de dislocations —(.,3) = —(., 3).
9 (03 = 5 (53)

2.3 Reésultat d’existence globale et quelques résultats d’uni-
cité pour une classe de systémes hyperboliques diagona-
lisables

Dans ce qui précéde, nous avons présenté des résultats concernant un systéme
(2 x 2) unidimensionnel. Dans cette sous-section, nous allons exposer un résultat
plus général pour des systémes (M x M) hyperboliques diagonalisables, pour tout
M € N. Plus précisément, nous présenterons un résultat d’existence globale et dans
un cadre particulier quelques résultats d’unicité.

Remarque 2.8

Ce genre de systemes hyperboliques diagonalisables apparait naturellement dans la
modélisation de la dynamique des densités de dislocations dans le cas de plusieurs
directions de glissement. Nous renvoyons a la section 8 chapitre 4 pour une déri-
vation physique du modéle. Ceci était notre premiére motivation pour étudier ces
systéemes.

Tout d’abord, nous nous intéressons a la solution u(x,t) = (u*(z,t))i=1...a, 01 M
est un nombre entier, des systémes hyperboliques qui sont diagonales, c¢’est-a-dire

14
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o' 4+ a'(u)0,u' =0 sur R x (0,7) etpour i=1,.., M, (2.13)
avec des données initiales :
u'(0, ) = up(z), reR, pouri=1,..., M. (2.14)
Pour des nombres réels o’ < (37, nous considérons la boite
U=1Y[a 37 (2.15)

Nous considérons une fonction donnée a = (a’);=1__a : U — RM | qui satisfait les
régularités suivantes :

( la fonction a € C=(U),

il existe My >0 telle que pour ¢=1,..., M,
(C1) la'(u)] < My pour tout u € U,

il existe M; >0 telle que pour ¢=1,..., M,
| |a(v) — a'(u)] < Mi|v—u| pour tout v,u e U.

Avant d’énoncer le premier résultat de cette section, nous allons présenter l'idée
principale. Cette idée est basée sur une nouvelle estimation sur I’entropie du gradient.
Plus précisément, pour w > 0, nous considérons la fonction entropique suivante :

fw) =wlnw.

Maintenant, pour toute fonction test positive ¢ € C!(R x [0, +00)), nous définissons
I'entropie du gradient suivante, avec w'® := d,u’ :

N () :/Rgo ( 3 f(m’)) da. (2.16)

Il est trés naturel d’introduire une telle quantité N(¢), car dans le cas ¢ = 1 elle n’est
rien d’autre que toute I’entropie du systéme de M particules des densités positives
w'. Alors il est formellement possible de déduire de (2.13), I'égalité suivante :

N o
dd_t<t) + / @ ( Z afjw’wj> dx = R(t) pour t >0, (2.17)
R ij=1,...M

% a %
avec a'; = ——a’, et le reste

»J au i
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R(1) :/R{(at(P) ( > f(wi)> + (0:0) ( > aif(ﬂ”))} dz,

ol nous montrons seulement la dépendance en ¢ dans les intégrales. Nous remar-
quons qu’en particulier ce reste est nul si ¢ = 1.

Pour avoir un signe dans la partie gauche de 1’égalité, nous avons supposé que, pour
tout u € RM, la matrice (a’;(u))ij=1,.,m est positive dans le cone positif, c’est-a-
dire :

pour tout wu € U, nous avons

Nous remarquons que cette estimation sur l’entropie de gradient est le point clé
dans notre résultat. Grace a cette estimation, nous avons pu obtenir ’existence de
solutions continues et croissantes pour le systéme (2.13).

Maintenant, nous considérons des données initiales croissantes en x et bornées dans
cet espace d’entropie, que nous définirons plus tard. Plus précisément, chaque com-

posant u} des données initiales vy = (ug, - ,ué”) est supposé vérifier la propriété
suivante :
7 00
uy € L*(R),
(C3) uf, est croissante, pour i =1,---, M,

O,ul € Llog L(R),

ou Llog L(R) est I'espace de Zygmund suivant :

Llog L(R) = {h € L'(R) telle que / |h|In (1 + |h]) < +oo} .
R

Cet espace est muni de la norme

h h
s =it {305 [ Bl (14 8) <1,
R A A
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ce qui est di & Luxembourg (voir R. A. Adams |2, (13), Page 234|). Cet espace
Llog L(R) découle naturellement de I'entropie (2.16).

Maintenant, nous annongons le premier Théoréme de cette sous-section. Nous signa-
lons que dans le Théoréme suivant, nous modifions la fonction entropique f par une
autre fonction f, pour des raisons techniques qui apparaitront dans la preuve.

Théoréme 2.9 (Existence globale de solutions croissantes, []9, Théoréme

1.1])

Sous les hypothéses (C1), (C2) et (C3). Pour tout T > 0, nous avons :

i) Existence de solution faible :
Il existe une fonction u solution de (2.18)-(2.14) (au sens des distributions), ot

e [L=(R x (0, 7)™ N[C([0,T); Llog LR)M et dyu € [L=((0,T); Llog L(R))M,

telle que pour presque tout t € [0,T) la fonction u(-,t) est croissante en x et vérifie
l’estimation L™ suivante :

”'LI/Z(,t)HLoo(R) S HuéHLoo(R), pour L= 1, RN ,M, (218)

et l'estimation entropique de gradient :

/ Z JAGRUER) dx+// Z W)yt (x, 8) Byl (2, 8) d ds < C,

i=1,...,.M ,=1,.
(2.19)

S xln(x)+1 if x>1/e,
f(x)—{ 0 if 0<z<1/e (2.20)

ol

et C(T, M, My, ||uollree e, [|Oztio|l . 10g iy )-

ii) Continuité de la solution :

La solution u construite dans (i) est C(R x [0,T)). De plus, il existe un module de
continuité w(d, h), tel que pour tout (x,t) € R x (0,T) et pour tout 6,h > 0, nous
avons :

1 1

h,t+9)— ) < Cyw(d,h) avec w(d, h) = )
\u(x_|- ) "‘) u(a:, )’— 2(-‘)(7 ) avec W(, ) 1n(%+1)+1n(%+1)

(2.21)

ot Co(T', My, My, |[u||(pee ), || Ozt (1 10g L) M ) -
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Notre preuve est basée sur cette remarque simple : si les données initiales satisfont
(C3) alors les solutions de (2.13)-(2.14) satisfont aussi (C3) pour tout t. Ce qui
semble nouveau ici, c’est 'inégalité d’entropie sur le gradient. La preuve du Théo-
réme 2.9 est plutot standard. Tout d’abord, nous régularisons les données initiales
et le systéme par ’addition d’un terme de viscosité, nous montrons que ce systéme
régularisé admet une solution classique. Nous prouvons l'estimation (2.18) et l'in-
égalité fondamentale d’entropie de gradient (2.19). Finalement, nous passons a la
limite quand le terme de régularisation disparait, nous obtenons I'existence d'une
solution par un argument de compacité.

Remarque 2.10 (Systémes hyperboliques diagonalisables)
Ce Théoréeme peut étre également appliqué a des systémes plus généraux que le sys-
téeme (2.13). Ces systémes sont des systémes hyperboliques diagonalisables. Nous
renvoyons a la sous-section 1.3 chapitre 4 pour plus d’explications.

Maintenant, nous rappelons quelques résultats bien connus pour le systéme (2.13).
Pour une équation de loi de conservation scalaire, qui correspond dans (2.13) au cas
M =1, a*(u) = h'(u) est la dérivée d’une certaine fonction de flux h, lexistence et
'unicité des solutions BV, ont été établies par O. A. Oleinik [113] en dimension 1 de
'espace. Le célébre papier de S. N. Kruzhkov [93] couvre une classe plus générale de
solutions L°°, dans plusieurs dimensions de I'espace. Pour avoir une autre approche,
basée sur la notion des solutions entropiques processus, voir R. Eymard et al. |52],
ou pour une formulation cinétique voir P. L. Lions et al. [106].

Les résultats connus pour les systémes 2 x 2 strictement hyperboliques, ce qui cor-
respond dans (2.13) au cas M =2 et

a'(ut,u?) < a®(u',u?),

sont les résultats de P. D. Lax [98] et R. J. DiPerna [43,44] cités dans la sous-section
2.1.

Pour des systéemes généraux M x M strictement hyperboliques, ce qui correspond
dans (2.13) au cas

a'(u) < a*(u) < --- < a(u), (2.22)

S. Bianchini et A. Bressan ont prouvé dans [17] I’existence globale et I'unicité d’une
solution BV, si les données initiales sont supposées a variation totale petite. Leur
résultat est une généralisation de résultats de J. Glimm, prouvés initialement dans
le cas des systémes conservatifs, et généralisés ensuite par P. LeFloch et T. P.
Liu [99,100] pour le cas non-conservatif.
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2. Premiére partie : modéle unidimensionnel

Ces résultats sont limités au cas des systémes strictement hyperboliques. Ici, dans le
Théoréme 2.9, nous avons traité le cas des systémes qui sont hyperboliques mais pas
strictement hyperboliques. Dans la remarque suivante, nous montrons un exemple
simple d'un systéme 2 x 2 oil a' et a? se croisent.

Remarque 2.11 (Croisement des valeurs propres)

La condition (2.22) sur les a’ n'entre pas dans le cadre de notre travail (Théoréme
2.9). Voici un exemple simple de systéme 2 X 2 hyperbolique mais pas strictement
hyperbolique pour lequel notre Théoréme s’applique. Nous considérons u = (u', u?)
solution de

Ot + cos(u?)d,ut = 0,
sur R x (0,7). (2.23)
opu* + u'sin(u?)0,u* = 0,

Nous supposons que :
i) ut(—00) =0, u'(+00) =1 et ut > 0,

i) u?(—o0) = =%, u?(+o0) = 5 et O,u* > 0.

Ici at(ut,u?) = cos(u?) et a®(u',u?) = u'sin(u?) se croisent au temps initial (et
ensuite pour tout temps). Cependant, nous pouvons calculer

@t mie = () o) )

sin(u?) u'cos(u?)

ce qui satisfait (C2) (sous les hypothéses (i) et (ii)). De plus, le Théoréme 2.9 donne
Pezistence d’une solution pour (2.23) avec (i) et (ii).

En se basant sur les mémes types d’estimation sur I’entropie de gradient (2.19), nous
allons montrer dans la section suivante un résultat d’existence et d’unicité pour le
systéme bidimensionnel général de la dynamique des densités de dislocations.

Maintenant, nous présentons un résultat d’existence et d’unicité d’une solution
[(Whe(R x [0,T))]*, dans un cas spécial pour simplifier la présentation. Plus préci-
sément, nous supposons :

(C1) d'(u) = Z Ajju? pouri=1,..., M et pour u € U,

Jj=1,...M

(C2) Z Aij&&; >0 pour tout & = (&, ..., &) € [0, +00)M.

i.j=1 M
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Théoréme 2.12 (Existence et unicité d’une solution W pour A = (A;;); j—i=1...m
particuliére, [/9, Théoréme 1.4))

Soit T > 0. Sous Uhypotheése (C1') et pour toutes données initiales ug € [W1ho°(R)|M
croissantes, le systeme (2.13)-(2.14) admet une unique solution u € [W*(R x [0,T))]",
dans les cas suivants :

i) M >2 et Aj; >0, pour tout j > i.
ii) M > 2 et A;; <0, pour tout i # j et (C2'). De plus, pour tout (x,t) € Rx[0,T)
nous avons :

Z Opu'(x,t) < sup Z Ol (v)). (2.24)

VER M

Remarque 2.13 (Le cas M = 2)

Particuliéerement pour M = 2, si (C1") et (C2') vérifiées, nous avons par le Théoréme
2.12 Uezistence et Uunicité d'une solution dans [W'=(R x [0,T))]* pour (2.13)-
(2.14).

Dans ces cas particuliers de la matrice A, nous pouvons montrer que d,u’ pour tout
i=1,...,M,sont bornés sur R x [0, 7). Grace a cette meilleure estimation sur d,u’,
nous déduisons une borne Lipschitz sur le champ de vitesse Au, qui nous permet
d’obtenir 'unicité de la solution.

1 -1
-1 1
sections précédentes 2.1 et 2.2, I'existence et I'unicité d’une solution de viscosité
Lipschitz et un résultat similaire dans H} (R x [0, 7).

loc

Dans un cas particulier ou A = , nous avons montré dans les sous-

Nous signalons qu’ici dans le Théoréme 2.9 et le Théoréme 2.12, nous avons consi-
déré un choix particulier de systémes pour simplifier de la présentation. Ces deux
Théorémes pourraient étre également généralisés pour d’autres systémes, voir sous-
section 1.5 chapitre 4 pour plus de détails.

3 Seconde partie : modéle bidimensionnel

Dans cette section, nous allons mettre en ceuvre cette estimation d’entropie sur
le gradient, présentée dans la sous-section 2.3. En se servant de celle-ci, nous allons
exposer un résultat d’existence pour le modéle bidimensionnel (1.1) de la dynamique
des densités de dislocations, en explicitant le noyau cy.
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3. Seconde partie : modéle bidimensionnel

3.1 Reésultat d’existence globale dans un espace d’entropie

Comme nous 'avons annoncé précédemment, le terme de convolution cq * (p™ —
p~) représente la force créée par le champ élastique généré par les lignes de disloca-
tions. D’un point de vue pratique, aprés avoir résolu I’équation d’élasticité dans un
matériau isotrope (c’est-a-dire ses propriétés sont les mémes dans toutes les direc-
tions), nous pouvons montrer que le champ de vitesse dans les équations co* (p™—p~)
peut étre exprimé comme certaines transformations de Riesz de p* — p~ (on renvoit
a la section 2 du chapitre 5 pour une dérivation détaillée de ce modéle). Ce qui nous
rameéne finalement a étudier le systéme des équations de transport non-linéaire et
non-local suivant :

Op* 212 ( )+ - Op* 2

_(xlvl‘%t) = (RIRQ (P ('7t) -p ('7t>> (.171,1}2)) _(xlvx%t) sur R® x (07T)

at al’l

dp~ 22 (+ - 0p~ 2

5 @uant) = (RiR; (p7(,8) = p7 (1)) (21, 22)) 5 —(21,72,1) sur R® % (0, T)
1

(3.25)

Nous rappelons que les inconnues de ce systéme sont les scalaires pt et p* et que
e

les densités de dislocations de type + sont présentées, ici, par o Les opérateurs
T
Ry (resp. Ry) sont les transformations de Riesz associées a x; (resp. z5) définies

comme :

Définition 3.1 (Transformations de Riesz)

Soient p > 1 et T? = R?/Z?, le carré [0,1) x [0,1) périodique. Si f € LP(T?), nous
définissons R; pour i € {1,2} comme les transformations de Riesz sur T? telles que
leurs coefficients en série de Fourier sont données par :

Z) C(()’o)(Rif) =0.

ii) cp(Rof) = %cm pour k = (k1 ks) € 22\ {(0,0)},

ot ci(f) = f(zy, $2)€72m(k111+k2m2)dx1dxg.
T2

Le systéme (3.25) est complété par les conditions initiales suivantes :

pi(xl, To,t =0) = p(:)t(l'l,f[‘g) = p(jf’per(ml, x9) + Loz, (3.26)
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N + . , . . .
ou py ¥ sont des fonctions 1-périodiques en z; et en xo. Comme dans le cas uni-

dimensionnel, nous avons modeélisé une distribution périodique de dislocations + et
— avec une densité totale Ly de chaque espéce par période spatiale de longueur 1
en r1 et en xo. La périodicité revient a considérer un domaine infini et & éviter les
problémes dus aux conditions aux bords.

Nous remarquons que la difficulté de ce probléme est la présence d'un terme non-
local dans le champ de vitesse. Ce dernier ne nous permet pas d’obtenir un principe
de maximum contrairement au cas unidimensionnel. Ceci entrainera des difficultés
pour définir le produit dans le terme bilinéaire

op*
R2R2 + _ -

1 2(/) p ) o1y
du systéme (3.25), méme avec une estimation sur I'entropie de gradient de type
(2.19). En particulier, nous aurons également des difficultés pour avoir assez de
compacité afin d’assurer le passage a la limite.

Avant d’énoncer le résultat, nous définissons I'espace d’entropie Llog L sur T? et
nous présentons une proposition qui nous permet de bien définir le produit dans le
terme bilinéaire du systéme et ensuite dans I’énoncé du Théoréme principal de cette
sous-section.

Définition 3.2 (L’espace L log L)

Soit T? = R?/Z*. On définit Llog L(T?) comme [’espace de Zygmund (voir C. Ben-
nett et R. Sharpley [16, Page 243]) :

Llog L(T?) = {h € LY(T?) telle que [ |h|In(e+ |h]) < —l—oo} :
T2

Cet espace est muni de la norme de Luzembourg suivante

h h
Ilensscen =t {05 [ Bl (e B) <,
2 A A

Proposition 3.3 (Signification du terme bilinéaire)
Soient T > 0, f et g deur fonctions définies sur T? x (0,T), telles que
fe L' (0,T); HY(T?)) et g € L= ((0,T); Llog L(T?)) alors,

fg € LYT? x (0,7)).

LLa démonstration de cette proposition est donnée dans la sous-section 4.2 chapitre
5.
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3. Seconde partie : modéle bidimensionnel

Théoréme 3.4 (Existence globale pour le systéme (3.25)-(3.26), /25, Théo-
réeme 1.4))

Pour tous T, Ly > 0, et pour toutes données initiales py € L?
conditions suivantes :

(R?) wérifiant les

loc

(A1) pf(xy + 1,29) = pg (21, 20) + Lo, presque partout dans R?, (fonction linéaire
+ fonction périodique en x1),

(A2) pa—L(xl,xg +1) = pg (21, 22), presque partout dans R?, (périodique en xs),
(A‘)’

, (p croissante en 1),

apojE
(A4) H < C, avec T? = R?*/Z?,

O Llog L(T2)
le systeme (3.25)-(5.26) admet des solutions p* € L™ ((0,T); L} (R*)N C ([0, T); LL,.(R?))
au sens des distributions. Ces solutions vérifient (A1), (A2), (A3) et (A4) pour
presque tout t € (0,T). De plus, nous avons :

(P1) RiR3 (p* — p7) € L?((0,T); Hypo(R?)).

Remarque 3.5 (Terme bilinéaire)
Il est clair qu’ici le terme bilinéaire est toujours défini via (P1) et la Proposition

3.3.

Le point clé de la démonstration est I’estimation d’entropie suivante sur le gradient
dans I'espace Llog L(T?) :

opt  9p\\’
LEgneom(Gnen) « [ L (e (5 -50)
8p0 8p§
< ZFo
- /']1‘22 63311 (8331 ’

Grace a cette estimation, on peut avoir un double controle, le premier sur le terme
RIR2 (p™ — p~) dans L2 ((0,T); H'(T?)) en utilisantiquelques propriétés des trans-

(3.27)

formations de Riesz et le deuxiéme sur le terme % dans L>((0,T); Llog L(T?)).
Ce double controle nous permet d’une part, de bien définir le produit

op*

oxry’

a l'aide de la Proposition 3.3 et d’autre part d’avoir assez de compacité dans ce terme
bilinéaire, ce qui va nous conduire & I’existence globale d'une solution par compacité.

RiR; (0" = p7)
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Ici, nous ne pouvons pas appliquer les théories de R. J. DiPerna et P. L. Lions [45] et
L. Ambrosio [8] concernant l'existence et I'unicité d’une solution renormalisée pour
I’équation de transport, pour une simple raison que notre champ de vitesse vérifie

RIR; (p — p~) € L*((0,7); Hj,(R?)),

et nous n’avons aucune autre estimation sur la divergence du champ de vecteurs. Cela
signifie que la divergence n’est pas bornée dans notre étude. Nous avons contourné,
ici, la difficulté en montrant des estimations sur le gradient de solutions. Ce genre
d’estimations n’était pas demandé dans la théorie de DiPerna-Lions.

Evoquons maintenant d’autres modéles posant de problémes de régularités dans le
champ de vecteurs comme dans notre étude. Par contre, dans ces modéles nous
pouvons appliquer la théorie de solutions renormalisées puisqu’ils possédent plus
de régularités dans le champ de vecteur que dans le systéme (3.25). Voici quelques
exemples : le modeéle de Vlasov-Poisson (voir par exemple J. Nieto et al. [111]) et
le modéle de type supraconductivité étudié par N. Masmoudi et al. [107| et par L.
Ambrosio et al. [9]. Ces derniers modéles ont été dérivés de certains modéles de
Vlasov-Poison-Fokker-Planck (voir par exemple T. Goudon et al. [67], et P. Chava-
nis et al. [30] pour avoir une vue d’ensemble des modéles qui leurs sont semblables).
Mentionnons aussi que le modéle (3.25) est lié a ’équation de Vlasov-Navier-Stokes,
voir T. Goudon et al. [65,66].

Nous pouvons aussi remarquer que dans le cas ot nous multiplions le second terme
des deux équations du systéme (3.25) par (—1), nous obtenons un systéme de type
quasi-géostrophique qui est de la forme :

%—i—sz@ =0, sur R? x (0,7)

3

u = (ul, UQ) = (—Rge, ng)

ol 6 est un scalaire. En ce qui concerne ce sytéme, nous nous référons a P. Constan-
tin et al. |34,35| pour certains résultats numériques en 2D. Nous citons également J.
Wu [133, Th 4.1] pour un résultat d’existence et d’unicité local bidimensionnel dans
I'espace d’Holder et & A. Cordoba, D. Cordoba [36], D. Chae, A. Cordoba [29] pour
des résultats de singularité en temps fini en dimension 1. [’équation en dimension
1 revient a remplacer la transformation de Riesz par une transformation de Hilbert.
Dans notre cas, si nous multiplions le systéme (3.25) par —1, on obtiendra une in-
version de signe dans l'estimation de 'entropie du gradient (3.27).
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3. Seconde partie : modéle bidimensionnel

Bréve littérature autour de la dynamique des lignes de dislocations :

Dans ce mémoire, nous avons étudié la dynamique des densités de dislocations. Tl
existe également plusieurs travaux concernant I’étude de la dynamique des lignes de
dislocations. Signalons au passage quelques résultats récents. La dynamique d’une
ligne de dislocation a été modélisée par O. Alvarez et al. dans [7| par une équation
d’Hamilton-Jacobi non-locale, ou les auteurs ont pu montrer 'existence et 'uni-
cité locale d’une solution de viscosité. Concernant cette dynamique, nous renvoyons
également a N. Forcadel [55] pour un résultat similaire avec un terme de cour-
bure moyenne. Sous certaines hypothéses de monotonie sur la vitesse, O. Alvarez et
al. |3], G. Barles, O. Ley [15] et P. Cardaliaguet, C. Marchi [26] ont montré, avec
des méthodes différentes 1’existence et I'unicité globale de solution de viscosité. Nous
renvoyons aussi & G. Barles et al. [14] et N. Forcadel et A. Monteillet [58] pour un
résultat d’existence globale d’une solution faible sous des hypothéses trés générales.
Toujours dans le cadre de la dynamique des lignes de dislocations, on peut trouver
dans O. Alvarez et al. [4,5], A. Ghorbel, R. Monneau [62] et N. Forcadel |56] quelques
résultats numériques, ainsi que des résultats d’homogénéisation dans C. Imbert et
al. [79,80], A. Ghorbel et al. [61] et N. Forcadel et al. [57].

Guide de lecteur de la thése :

Dans le chapitre 1, nous présentons la modélisation physique du modéle bidi-
mensionnel de Groma-Balogh introduit précédemment. Dans le chapitre 2, nous
montrons un résultat d’existence et d’unicité globale dans H'(R x [0,7)) pour un
sous-modéle unidimensionnel simplifié. Ensuite, dans le chapitre 3, nous prouvons
I’existence et 'unicité globale d’une solution de viscosité et une estimation d’er-
reur discréte-continue pour ce sous-modeéle. Dans le chapitre 4, nous traitons, dans
un cadre plus général, des systémes unidimensionnels ot nous prouvons un résul-
tat d’existence et quelques résultats d'unicité. Dans le chapitre 5, nous montrons
I'existence globale de solutions pour le modeéle de Groma-Balogh bidimensionnel.
Nous présentons dans le chapitre 6 quelques simulations numériques pour ce mo-
déle bidimensionnel. Nous finirons par une conclusion et nous énoncerons quelques
perspectives de travail futur.
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Chapitre 1

Modélisation des la dynamique de
densités de dislocations

Nous commencons ce chapitre en donnant un bref historique des travaux concernant
les dislocations, puis nous énoncerons les propriétés classiques des dislocations et
enfin nous présenterons la modélisation du modéle de Groma-Balogh [71].

1 Historique

Comme nous l'avons déja indiqué, les dislocations sont des lignes de défauts

dans les cristaux. La théorie des dislocations a été, a l'origine, développée par V.
Volterra en 1907 [131]. D’un point de vue mécanique, dans les années trente, ces
défauts ont été introduits par G. I. Taylor [128], E. Orowan [115] et M. Polanyi [119],
comme l'explication principale a I’échelle microscopique des déformations plastiques
a I’échelle macroscopique des cristaux. En 1956, les premiéres observations directes
des dislocations en microscopie électronique sont faites par W. Bollman [20] et P.
B. Hirsch, L. Horne, M. S. Whelan [73]. Ces observations ont permis de tester un
certain nombre de prédictions théroriques. On trouve une description de la statique
des dislocations dans les traités classiques, achevés dés la fin des années soixante,
voir F. R. N. Nabarro [110] et J. R. Hirth, L. Lothe |74]. On pourra aussi consulter
R. W. Lardner [97] pour une présentation plus mathématique.
Au milieu des années 80, on observe un développement remarquable des méthodes de
simulations de la dynamique des lignes de dislocations (voir V. Bulatov et al. [41]),
en particulier motivé par ’augmentation de la puissance de calcul des ordinateurs.
Ces simulations ont permis aux mécaniciens de mieux comprendre le comportement
mécanique issu de la déformation plastique des matériaux cristallins.

La quantité de dislocations dans un cristal est caractérisée par sa densité, définie
par le nombre des lignes de dislocations qui traversent une section unitaire. Dans

27



Chapitre 1 : Modélisation

les années cinquante, J. F. Nye [112], E. Koner [94], K. Kondo [89] et B. A. Bilby et
al. [19] ont été les premiers a établir une étude théorique de la densité de dislocations.
Ces études ont offert une meilleure compréhension mécanique des matériaux a une
échelle “mésoscopique”, plus grande que ’échelle de dislocations. Ces travaux ont été
en particulier pertinents dans le cas ol on a une forte concentration de dislocations.
Ensuite, plusieurs tentatives ont été effectuées pour décrire une évolution continue
des densités de dislocations. Nous renvoyons a D. Kuhlmann-Wilsdorf et al. |95], D.
Holt [77]|, D. Walgraef, E. Aifantis [132] et J. Kratochvil et al. [1,92]. Leurs théories
ont été basées sur des hypothéses pouvant étre remises en question, et sur des pa-
rarmetres difficiles & déterminer.

Dans une géométrie particuliére, I. Groma et al. [69,71,72| ont décrit une évolution
bidimensionnelle continue des densités de dislocations (la dynamique) par un modéle
qui couple fortement les équations de 1’élasticité linéaire avec un systéme d’équations
de type transport non-local. Notre étude a été focalisée sur ce modéle.

2 Propriétés des dislocations

Généralement, il existe deux types de dislocations : les “dislocations coins” et les
“dislocations vis”.

Regardons d’abord un mécanisme fictif pour I'introduction d’une dislocation dans un
cristal. On coupe un cristal parfait selon un demi-plan ABC D (voir Figure 1.1). On
translate a droite la partie du haut par un vecteur b reliant deux atomes voisins (voir
Figure 1.1). On rétablit les liaisons atomiques autour de la ligne AD, néanmoins,
la translation induit un défaut dans ’arrangement des atomes autour de la droite
BC. En particulier, les atomes le long de BC', n’ont pas retrouvé leurs liaisons, il
s’agit d’un défaut linéaire appelé une “dislocation coin”. On peut également créer la
dislocation coin en enfoncant un demi-plan atomique vertical comme un coin dans le
cristal parfait. La dislocation coin est alors la frontiére du demi-plan supplémentaire,
la ou la structure cristalline est fortement déformée. Ce type de dislocation a été
imaginé simultanément et indépendamment par G. I. Taylor [128], E. Orowan [115]
et M. Polanyi [119] en 1934.

On peut aussi imaginer que la translation b soit paralléle au bord de la coupure BC'
(voir Figure 1.2). Ce défaut est appelé “dislocation vis”. Une maniére d’imaginer une
dislocation vis est de faire une coupure sur un demi-plan d’un cristal parfait et de
translater le quart d’espace supérieur dans une direction paralléle au bord du demi-
plan de coupure et le demi-espace inférieur dans la direction opposée. La dislocation
vis est alors représentée par le bord du demi-plan de coupure. Cette dislocation a
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3. Modélisation de la dynamique des densités de dislocations

Fia. 1.1 — Dislocation coin

été imaginée par Burgers [23] en 1939.

Fi1G. 1.2 — Dislocation vis

Une dislocation est alors caratérisée par ce vecteur l;, appelé vecteur de “Burgers”,
qui indique la direction du déplacement de la dislocation et dont la norme représente
I'amplitude de la déformation qu’elle engendre.

Comme nous l'avons vu, la ligne de dislocation est perpendiculaire a l;pour la
dislocation coin et paralléle a I;pour la dislocation vis. Nous remarquons que dans
le cas général, la ligne de dislocation forme un angle arbitraire avec le vecteur de
Burgers et nous avons donc une dislocation mixte.

3 Modélisation de la dynamique des densités de dis-
locations

Nous allons maintenant décrire la dynamique des densités de dislocations. Cette
partie est inspirée de I. Groma, P. Balogh [71], mais la présentation de la modélisa-
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plan de glissement

dislocation de type -

Chapitre 1 : Modélisation

tion est faite de maniére un peu différente.

Tout d’abord, on se place dans un cas particulier ou les lignes de dislocations sont
des droites paralléles dans I’espace tridimensionnel se déplacant dans la méme direc-
tion. On suppose également que chaque dislocation se déplace suivant un vecteur de
Burgers b perpendiculaire a la ligne de dislocation (c¢’est-a-dire “dislocation coin”).
Dans cette géométrie particuliéere, les lignes de dislocations peuvent étre vues comme
des points dans le plan transversal (g, 1) ot 71 est le vecteur normal au plan de glis-
sement (voir Figure 1.3).

dislocation de type +

S

V .

Su

L.

b

€2
toes

€1

Fi1G. 1.3 Passage du cas tridimensionnel au cas bidimensionnel

Etant donné que les dislocations glissent dans la méme direction que le vecteur de
Burgers 5, on remarque que pour un champ de vitesse donné, ces points peuvent se
propager uniquement suivant deux vecteurs de Burgers +b. De ce fait, nous avons
deux types de dislocations, celles de type (4) qui se propagent suivant le vecteur +b
et celle de type (—) qui se propagent suivant —b.

Maintenant, on suppose pour simplifier que nous avons N dislocations de type + et
également N dislocations de type —, et on note par 7 la position d’une dislocation
de type £ dans le plan (l;, 7). On introduit pour tout vecteur 7 du plan, la fonction
de densité discréte de type &£, définie par les distributions discrétes suivantes :

N

AGEDSIGEL
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3. Modélisation de la dynamique des densités de dislocations

On remarque que pour ¢ = 1,..., N, nous avons :
d d
SO =) = =V - | L) 67— ) (3.)

d —
De plus, —7* = +(b v) o v est la vitesse de la dislocation. Cette vitesse est pro-

portionnelle & la force de Peach-Koehler résolue s’exercant sur la dislocation. Dans
le cas ou il n’y a pas de contraintes extérieures, cette force est simplement la force

créée par le champ élastique généré par la dislocation elle-méme (voir M. Peach et
J. S. Koehler [118]).

En additionnant (3.1) pour i = 1,..., N, on conclut que

%Qi’d =3V [5 v Hi’d} (3.2)

Les densités de dislocations continues §* peuvent étre considérées comme la régula-
risation des densités discrétes 657, Ici, nous supposons qu’elles vérifient également
la méme équation d’évolution de #*?. Alors, nous avons :

Dge _ 1y [5 vei], (3.3)
dt

Nous allons maintenant calculer la force de Peach-Koeller v. Tout d’abord, on consi-
dére un cristal représenté par ’espace tout entier, soumis a 1’élasticité linéaire et
dont les coefficients d’élasticité sont donnés par A = (A;jx1)ijk=1,23. On suppose que

ces coefficients satisfassent la propriété de symétrie suivante :
Nijir = Njiw = Nijie = Nwaij

et I’hypotése de coercitivité suivante pour m > 0

2
E Nijrigijen > m E Eij»

,7,k=1,2,3 1,5,k=1,2,3

pour toutes matrices constantes ¢ = (g;;) symétriques, c¢’est-a-dire vérifiant

4,J=1,2,3
Eij = sz‘.

On note par u = (uy, us,u3) : R® — R? le déplacement du cristal qu'on choisit “a
moyenne nulle”. De plus on note par x = (x1, 22, x3) les coordonnés d’un point dans
une base orthogonale (l_;, 7, €3). Nous définissons maintenant la déformation totale
du cristal par :

1
e(u) = §(Vu +'Vu), cad g;(u) =

1 8u, 1 an
2

,7 =1,2,3.
axj 8xz)7 ZJ] Y Y
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Cette déformation totale est décomposée de deux parties :

e(u) = e%(u) + &%,

telle que °(u) est la déformation élastique et &P est la déformation plastique du
matériau, donnée par la formule suivante :

e = g, (3.4)

ol ¥ est la matrice de cisaillement définie dans le cas d’une seule direction de
glissement ot les dislocations se déplacent dans le plan {z3 = 0} par

1 /= .
5%:§@®ﬁ+ﬁ®®
Ici, v est la contrainte plastique résolue, elle sera précisée plus tard.

Les contraintes d’élasticité o;; pour ¢,5 = 1,2, 3 sont reliées a la déformation élas-
tique par le loi de Hooke :

o=A:e(u), cad o= Y Aguch(u), (3.5)

kl=1,2,3

et satisfont I’équation d’Euler-Lagrange
div o = 0. (3.6)

Nous considérons une solution particuliére ot u3 = 0. Etant donné que nous sommes
dans une géométrie particuliére ou les dislocations sont des droites paralléles a la
direction ez, et en ayant considéré un probléme invariant par translation dans la
direction de x3, alors notre étude est réduite a un probléme bidimensionnel avec
uy, uz dépendant seulement de (z1,x9). Ainsi nous pouvons exprimer la contrainte
plastique résolue v comme :

y=p"—p, (3.7)

ou les quantités p* et p~ sont des scalaires représentant respectivement les dlSCOIl—
tinuités de déplacement dies aux dislocations glissant dans les directions +b et —b.
Les quantités [; Vp et b Vp~ sont positives et représentent respectivement les
densités de dislocations de vecteurs de Burgers +b et —b.

Nous prenons en considération I'énergie élastique définie par

B = %/RQ(A cef(u)) : ef(u).
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3. Modélisation de la dynamique des densités de dislocations

Nous calculons formellement la variation de 1’énégie élastique associée aux disloca-
tions présentées ici par p*. Nous obtenons que la force de Peach -Koeller est donnée
par (voir O. Alvarez et al. |7, Section 2.6] pour plus de détails) :

v=V,E=—(0:£. (3.8)

En injectant (3.8) dans (3.3) et en prenant en compte les équations (3.6)-(3.5) et
(3.4)-(3.7), on déduit que la dynamique des densités de dislocations est décrite par
le systéme bidimensionnel suivant (voir I. Groma, P. Balogh |71]) :

( dive =0 sur R? x (0,7,
o = A:(e(u) —eP)  sur R? x (0,7), e
e(u) = 2 (Vu+'Vu) surR?x(0,7) (Blasticité)
e? = &' (pT —p7) sur R? x (0,7, (3.9)
0= = E.Vpi sur R? x (0,7,
+ - Transport
% = £b.V [(0:90%] sur R? x (0,7). ( port)

Dans notre étude nous avons traité le cas ol nous intégrons la derniére équation
de ce systéme (équation de transport) dans la direction du champ 5.V, ce qui nous
raméne a ’étude du systéme suivant :

( dive = 0 sur R? x (0,7),
o = A:(e(u) —eP) sur R* x (0,7), e
e(w) = 3 (Vu+'Vu) surR?x (0,7) (Flasticite)
eP = %(pt—p7) sur R? x (0,7), (3.10)
+
% =+(0:M0.Vpr+g surR? x (0,7). } (Transport)
\

oil les inconnues sont p* et le déplacement u = (uy, us). La fonction g donnée, véri-
fiant b.Vg = 0 est supposée nulle pour simplifier.

En utilisant la transformation de Fourier et un calcul explicite de la fonction de
Green, puisque le déplacement u est choisi “4 moyenne nulle”, nous pouvons résoudre
I'équation d’élasticité linéaire et nous pouvons calculer u en fonction de p*t — p~.
Ceci nous permet d’éliminer I’équation d’élasticité en réécrivant le champ de vitesse
o : €% de la maniére suivante :

+

o:e"=—cox(pt—p),
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Chapitre 1 : Modélisation

Nous renvoyons a O. Alvarez et al. |7, Section 2.6] pour plus de détails sur le calcul
de ¢y et sur ses propriétés. Finalement, nous pouvons déduire

op* Y SN ot 2
W:;l:(co*(,o —p7))b-Vp sur R* x (0,7).

Ce systéme est équivalent a celui énoncé dans Uintroduction pour b = (1,0).

Dans le modeéle de Groma-Balogh, les auteurs ont négligé les corrélations entre
dislocation-dislocation et les effets de bords. Il est possible néanmoins de les prendre
en compte, voir I. Groma, F. Csikor et M. Zaiser [72]. Plus précisément, ce modéle
correspond & une généralisation du modeéle de Groma-Balogh [71] et il s’agit d'un
systéme couplé hyperbolique/parabolique. Pour une étude mathématique du mo-
deéle |72], H. Ibrahim a montré dans |78] 'existence et I'unicité d’une solution dans
un cadre géométrique particulier unidimensionnel.

Nous remarquons aussi que le modéle de Groma-Balogh décrit la dynamique des
densités de dislocations dans le cadre d’une seule direction de glissement. Pour une
extension dans le cas de plusieurs directions de glissement, nous renvoyons a S. Yefi-
mov [135, ch. 5.] et S. Yefimov, E. Van der Giessen [136]. Voir aussi chapitre 4 de la
thése pour une étude mathématique ainsi que pour une modélisation physique pour
un modéle unidimensionnel des densités de dislocations avec plusieurs directions de
glissement.

Concernant le cas 3D général, A. El Azab [46], M. Zaiser, T. Hochrainer |75,137,138],
M. Koslowski et al. [91] et R. Monneau [108], se sont récemment intéressés a la modé-
lisation de la dynamique des densités de dislocations dans I’espace tridimensionnel,
mais il reste beaucoup de questions ouvertes pour établir une théorie tridimensionnlle
de la dynamique des densités de dislocations.
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Chapitre 2

Existence et unicité de solution pour
un systéme d’équations de type
Burgers décrivant la dynamique de
densités de dislocations

Ce chapitre est un article & paraitre dans SIAM Journal on Mathematical Analysis.

Dans ce travail nous étudions un systéme unidimensionnel d’équations de type Bur-
gers non-conservatives. Ce systéme provient de la modélisation de la dynamique
des densités de dislocations dans les cristaux. Nous prouvons ’existence globale et
'unicité d’une solution dans la classe des fonctions H} (R x [0,400)) croissantes.
L’approche est faite en ajoutant un terme de viscosité sur le systéme, puis nous
montrons une estimation d’énergie. Cette estimation assure assez de compacité au
passage a la limite quand la viscosité disparait. Un principe de comparaison est mon-

tré pour ce systéme ainsi qu’'une application sur I’équation de Burgers classique.
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Chapitre 2 : Systéme d’équations de type Burgers

Well-posedness theory for a non-conservative Burger-
type system arising in dislocation dynamics

Ahmad. El Hajj

CERMICS, Ecole Nationale des Ponts et Chaussées
6 € 8, avenue Blaise Pascal, Cité Descartes,
Champs sur Marne, 77455 Marne-La-Vallée Cedex 2, FRANCE

Abstract

In this work we study a system of non-conservative Burgers type in one space dimen-
sion, arising in modeling the dynamics of dislocations densities in crystals. Starting from
physically relevant initial data that are of a special form, namely non-decreasing, perio-
dic plus linear functions, we prove the global existence and uniqueness of a solution in
H} (R x [0,+00)) that preserves the nature of the initial data. The approach is made
by adding some viscosity to the system, obtaining energy estimates and passing to the
limit for vanishing viscosity. A comparison principle is shown for this system as well as an
application in the case of classical Burgers equation.

AMS Classification : 35145, 35Q53, 35Q72, 74H20, 74H25.
Keywords : System of Burgers equations, system of nonlinear transport equations, non-
linear hyperbolic system, dynamics of dislocations densities.

1 Introduction

1.1 Physical motivations and presentation of the model

Real crystals comprise certain defects in the organization of their crystalline
structure called dislocations. In a particular case where these defects are parallel
straight lines in the three-dimensional space, they can be viewed as points in a
plan. Under the effect of exterior constraints, dislocations can move in a certain
crystallographic direction called the slip direction. This slip direction is given by a
vector called the “Burger’s vector”. The norm of this vector represents the amplitude
of the generated deformation. (We refer to [74] for further physical explanation).

In this work, we are interested in the study of a 1-D sub-model of a problem

38



1. Introduction

introduced by Groma and Balogh [71], initially proposed in the two-dimensional
case. In fact, this 1-D sub-model was defined by El Hajj, Forcadel [48, Lemme 3.1].
This two-dimensional model is characterized by the fact that dislocations propa-
gate in the plane (zy,22) following two Burger’s vectors 4b with b = (1,0). In this
1-D sub-model we suppose also that dislocations densities depend only on the va-
riable x = x;+4x5, that transform the 2-D into a 1-D model (see El Hajj, Forcadel [48]
for more modeling details).
More precisely this 1-D model is given by the following coupled equations of non-
conservative Burgers type :

+ 1 +
@) == (a0 + 0t =)0 ra [ =m0y D) i D 0.7)
_ 1 _
e = (a0t et =@ ra [ 6t 0a) B DR 0.1),

(1.1)

The unknowns p* and p~ are scalar valued functions, that we denote for simplicity
+

by p*. Their spatial derivatives L, are the dislocations densities of Burger’s vector

Oz
+b = £(1,0). The function a = a(t), representing the field of the imposed exterior

constraint, is supposed to be independent of x, and the constant o depends on the
elastic coefficients and the material size.
We consider the following initial conditions for (1.1) :

pE(x,t =0) = pE(z) = py " (z) + Loz €R, (1.2)

where pg " are 1-periodic functions. We thus modelize a periodic distribution for
the + dislocations, with a spatial period of length 1. Note that each type of £ dis-
locations have a mean density equal to Lg. In fact, the use of the periodic boundary
conditions is a way of regarding what is going on in the interior of the material away
from its boundary.

1.2 A brief review of some related literature

From a mathematical point of view, system (1.1) is related to other similar mo-
dels, such as transport equations based on vector fields with low regularity. Such
equations were for instance studied by Diperna, Lions in [45]|. They proved the
existence and uniqueness of a solution (in the renormalized sense), for vector fields
in L((0, 4-00); W2 (RV)) whose divergence are in L*((0, +00); L>(R™)). This study

loc

was generalized by Ambrosio [8], who considered vector fields in L((0, +00); BV,.(RY))
with bounded divergence. In the present paper, we work in dimension N = 1 and
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prove the existence and uniqueness of solutions of the system (1.1)-(1.2) with a
vector field (i.e. the velocity) only in L*((0, +00), HL (R)).

We also refer to the works of LeFloch and Liu [99,100] in which they considered the
study in the framework of functions of bounded variation for a system of the form :

@(x,t)—l—A(u)%(x,t):O u(z,t) e U, x €R, t€(0,7),

u(z,0) = ug(x) r € R,

where the space of states U is an open subset of R, and A is (p X p) matrix
which of class C* on U. Moreover A(u) have p scalar distinct eigenvalues that we
denote by : Aj(u) < A2(u) < ... < Ay(u). We remark that this condition on the
eigenvalues does not enter in our framework even in the case where o = a = 0,
because we have not sign property on p* — p~. LeFloch and Liu proved that if the
initial condition ug is sufficiently close to a constant state, and if the total variation
TV (up) is assumed to be small enough, then system (1.3) admits a solution in
L>®(R x (0,+00)) N BV(R x (0,400)), in the sense of weak entropy solutions with
respect to admissible function (see LeFloch [99, Definition 3.2|).

When the system is hyperbolic and symmetric, this corresponds to the case @ =
a = 0 in our system (1.1), it is proved in Serre [123, Vol I, Th 3.6.1] a result of
local existence and uniqueness in C([0,T); H*(R™)) n CL([0,T); H*~(RY)), with
5> % + 1, this result being only local in time, even in dimension N = 1.

The assumptions of increasing initial conditions was also considered in the study of
the Euler equation for compressible fluids in dimension one. With regard to these
studies, we refer to Chen and Wang [31, Th 3.1] for an existence and uniqueness
result in C'(R x [0, +00)) based on the method of characteristic. The result of Chen
and Wang shows that the Euler equation of compressible fluids does not create
shocks, for suitable increasing and C'*(R) initial conditions. In our case, we already
knew that solutions of (1.1), are Lipschitz continuous, see El Hajj and Forcadel [48].
Even if this regularity question is not concerned in the present paper, we may expect
some C'(R x [0, +00)) regularity of the solution for C'(R) initial data.

1.3 Main result

The main result of this paper is the existence and uniqueness of global in time
solutions for the system (1.1)-(1.2), modeling the dynamics of dislocations densities.
This result ensures the mathematical well-posedness of the Groma-Balogh model [71]
in the particular case of our interest.

Theorem 1.1 (Existence and uniqueness)
For all T,Ly >0, o € R and p(jf € H! (R) and under the following assumptions :

loc
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(H1) pf(x+1) = pg(x) + Lo, (1-periodic function + linear function)
o +
(H2) % >0, a.e. in R, (pt non-decreasing)
x

(H3) a € L=(0,T)

the system (1.1)-(1.2) admits a unique solution p* € HL (R x [0,T)) such that, for

a.e. t € (0,T), the function p*(.,t) : x — p*(x,t) verifies (H1) and (H2).

The preceding theorem gives a global existence and uniqueness result of the system
(1.1). Tts proof is based on the following steps. Firstly, we regularize the system (1.1),
then we show a uniform a priori estimates in L>°((0,T); H._(R)) for this regularized
system. These estimates lead to a result of existence for long time solution and assure
the passage to the limit by compactness. Finally, the demonstration of uniqueness

is done in a direct way.

Theorem 1.2 (Comparison principle for (1.1) with a = 0)
Let a(-) satisfy (H3) and py", pi € HL (R x [0,T)) be two solutions of the system

(1.1) with o = 0. Moreover, let pi(.,t), py(.,t) verify (H1) and (H2) for a.e.
t € (0,T). Then, if pi(-,0) < p3(-,0) in R, we have pi < py a.e. in R x (0,7).

This comparison result was crucial in a previous work [48|, for the demonstration
of existence and uniqueness of Lipschitz solution to problem (1.1), in the sense of
viscosity solution, for Lipschitz initial conditions. Here, the interest of this result
is a little bit secondary. Indeed, thanks to this comparison principle, we have been
able to obtain indirectly H} (R x [0,7)) estimates. These estimates in their turn
lead to a result of existence in H. (R x [0,7)).

Our work focuses on the study of the dynamics of dislocations densities. In a different
direction, let us quote some recent results on the dynamics of dislocations lines, taken
individually, that are represented by non-local Hamilton-Jacobi equations (see |7,55]
and [3,15] for local and global in time results respectively).

Remark 1.3 (Existence and uniqueness for Burgers equation)

We remark that these technics can be applied to the case of classical Burgers equa-
tions in W,oP(R x [0,T)) for all 1 < p < 4o0.

Indeed, if we consider for a given function f and initial data ug, the following equa-
tion :

ou 0 . ,
EvL%(f(u)) =0 in D'(Rx(0,7)) )
u(z,0) = ug(x) xr € R,

then we have the following theorem :
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Theorem 1.4 Let T > 0, p € [1,+00) and f locally lipschitz and convezr. Then
0
for all initial data ug € W,SP(R), such that % € LP(R) and satisfies (H1). The
x

equation (1.4) admits a solution u € W57

satisfying (H1) a.e. t € (0,T).

(Rx[0,7)), unique in the class of solutions

1.4 Organization of the paper

In section 2, we regularize the function a(-) and the initial conditions and we prove
2 +

that the system (1.1)-(1.2) modified by the term (ea p2
tions (in the “Mild” sense). This will be achieved by Lfsing an application of a fixed
point theorem in the space of functions in C([0,7); H}.(R)) and verifying (H1) for
all t € (0,7). In section 3, we prove that the obtained solutions are regular and
verify (H2) for all ¢ € (0,7), with initial conditions verifying (H2). In section 4,
we prove some uniform a priori estimates on the regularized solution obtained in
section 3. Thanks to these estimates, we also prove the existence of global in time
solutions. In section 5, we give the demonstration of Theorem 1.1 and in section 6
we prove a comparison principle result of the system (1.1) in the case o = 0. Finally,
in section 7 we give an application of the previous results in the case of the classical

Burgers equation.

) admits local in time solu-

2 Existence of solutions for an approximated sys-
tem

In this paragraph, we prove a theorem of existence of solutions, local in time, for
2 +

the system (1.1) modified by the term e

5 after the regularization of the function
x
a(-) and the initial conditions. This approximation brings us back to the study, for

every 0 < € < 1, of the following system :

ap‘h’f 82p+’5_ € +,€ —,& ! +,€ —,€ ap'h& : /

e = (0 0 v [0 ) T i DEx 0.7),
0 T (4 (- ) da / oty ) 225 DR x (0.1))
at 8562 p 0 y? y ax ) )]

(2.5)

where a® = @ * n.,with 7.(-) = In(£), such that n € C2°(R), positive, and [, n = 1.
The function a(-) is an extension in R of the function a(-) by 0.

42



2. Existence of solutions for an approximated system

We also consider the regularized initial conditions of the system (2.5) :
pHe(,0) = py () = py =" (2) + Loz = pg ™" #1 () + Loz, (2.6)
We have the following local in time existence result for the approximated system :

Theorem 2.1 (Short time existence) Assume (H1) and (H3). For all « € R
and pT € H} (R) there exists

loc
+,per
T*(llpo ™" N2 vy, llall 2o (0,7)» Lo, v, ) > 0,

such that the system (2.5)-(2.6) admits a solution p*¢ € C([0,T*); HL .(R)) with
pe (., t) verifying (H1).

For the proof of this theorem (see sub-section 2.3). Before going on, we need to give
some notation and preliminary results that will be used througout the paper.

2.1 Notation

In what follows, we are going to use the following notation :

13

L p=p"—p~F,
9. pEeEPeT — pEe _ Log
3. T = (R/Z) is the [0,1) periodic interval,
4. let f = (f1, f2) be a vector such that f; € H'(T) for i € {1,2}. The norm of f
in (F7(T))” will be defined by || (x) = max(|Lfy x| follincn)-
5. Let f be a function from R x (0,7) to R. we note by f(t) = f(.,t) : x —
f(z,1).
Remark 2.2 (Periodicity) According to (H1)-(H2), it is clear that pf, p==P" and
api,e
Ox

Under the notation of paragraph 2.1, we know that the system (2.5) is equivalent
to :

are 1-periodic in space functions.

bilinear term linear term
api,s,per a2pi,s,per . api,s,pe? A api,s,per A o A )
It —& 22 =+ Ca [p (t)]a—x Fa (t)T + L(]Ca [p (t)] :FL()CL (t) in Tx (0, T),

(2.7)

where C[p(£)](z) = (pf(x,t) +a /0 lps(y,t)dy> ,
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with the periodic initial conditions
pEEP (2,0) = p P (x) in T (2.8)

2.2 Preliminary results

Lemma 2.3 (Properties of the regularized sequence) Under the hypothesis
(H1) and (H3) and for every pf € H. (R), we have

loc

1. The functions p =" € C=(T) and verify the following estimate :
+ e, per +,per
10 =" ey < Cllpg™ " Nl -

2. The function a®(-) € C°(R) N L>*(R) and verifies the following estimate :

ol @y < llallzeso,m)-
3. The sequence a°(-) strongly converges to a(-) in L*(0,T). The sequences p3=""

strongly converge to pg*® in H'(T).
The proof of this lemma is a classical property of the regularizing sequence (7).

Lemma 2.4 (Mild solution) Assume (H3). For every T > 0, if p==P" € C([0,T); H*(T))
are solutions of the following equation :

+ +,e,per ! ! ap:t,e,per
P ) = S0 o [ @as [ 50— (Gl ) ds
0 0

=[5t - ) (LaCalpf () + a2 () as,
/0 ( ox >
(2.9)

where S.(t) = €2 is the heat semi-group, then p™*P" is a solution of the system
(2.7)-(2.8) in the sense of distributions.

For the proof of this lemma, we refer to Pazy [117, Th 5.2. Page 146].

Lemma 2.5 (Fixed point) Let E be a Banach space, B be a continuous bilinear

application from E x E to E and L be a continuous linear application from E to E
such that :

1Bz, y)lle < Mzllelyle foral zyeE,
I1L(@)l[e < plizlle for ol x e E,
where A > 0 and p € (0,1) are given constants. Then, for all xy € E such that

1
——(u—1 2
zollz < 4)\(M )%,

the equation v = xo + B(x,z) + L(x) admits a solution in E.
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2. Existence of solutions for an approximated system

For the proof of this lemma we refer to Cannone |24, Lemma 4.2.14].

In order to show the existence of a solution within the framework of Lemma 2.4, we
apply Lemma 2.5 in the space E = (L>((0,T); H*(T)))?, where 2o, B and L are
defined, for u = (u1, u2), v = (v1,v2) € E, by :

-

t
= e,per _—.e,per - -1
0= SOt Lol [ () where g = (5, T ().

t " (2710)
Bu,v)(t) = I /0 S, (t—s) (Ca[ul(s) —u2(s>%(s)) ds, where I, — ( Y ) |
(2.11)
L(u)(t) = LOZ/Ot S.(t — 8)Culur(s) — ua(s)|ds + I /Ot S-(t—s) (aa(s)%(s))ds.
(2.12)

Lemma 2.6 (Decreasing estimates) If f € LI(T) with 2 < q < 400 and g €
L3(T), then for all t > 0 we have the following estimates :

(i)

1@ (fP)lzoory < CL2 | Fll2mllgll 2,

(i)

0 _1 t
|2 <crhisisiem,
12(1)
(iii)
a _1 1
'aﬂ&wum> < O D a2 o),
12()

where C'= C(e) is a positive constant depending on .

For the proof of this lemma, see Pazy [117, Lemma 1.1.8, Th 6.4.5].

Proposition 2.7 (Bilinear operator) Let Fr = (L°((0,T); H(T)))>. Then for
every T'> 0, a € R, u = (uy,u2) € Fr and v = (vy,vq) € Fr the bilinear operator
B defined in (2.11), is continuous from Fr x Fr to Fr. Moreover, there exists a
positive constant C' = C(«a, €) such that for all u,v € Fr we have :

1
1B(u, v)|ler < CT>ull g [|0]|£r-

Proof of Proposition 2.7
Firstly, we know

45



Chapitre 2 : Systéme d’équations de type Burgers

1B, 0) (D)l ry = ‘

I8 /0 St —s) (Ca[ul(s) - W@)]%@)) ds

H(T)
< /0 S.(t— ) (C’a[ul(s) - W(@%(g) o
Then, since L°(T) — L?(T), we have
| B (w, v) (&) || g1y g/o Se(t —s) (Ca[ul(s) - 'LL2(S>]§—;(S)) e ds
—|—/0 ((%Ss(t —5) (Ca[ul(s) - w(s)]%(s)) . ds.

Using Lemma 2.6 (i) for the first term and Lemma 2.6 (iii) with ¢ = oo for the
second term, we can conclude that :

¢ 1 ov
B(u,v)(t)||m SC’/ Colui(s) — ua(8)]|| ;o —(s ds
1B (u, v) ()] 1y ) ) [Calur(s) = u2(8)] | oo ry 5 5) .
t
< Csup (ult)] s e) 510 (006 ne) | .
0<t<T 0<t<T o (t—s)2
Then for all t € (0,7"), we have :
1
I B(w, v) () < Ct2|ull o,y (2 10l oo 0,00 (1))
(2.13)
1
< CTz ||ul| oo o,ry;m (my)2 [0 oo ((0,1); 11 (1))2-
0

Proposition 2.8 (Linear operator) Let Fr = (L°((0,T); H(T)))? and a(-) sa-
tisfying (H3). Then for all Ly, T > 0 and u = (uy,us) € Fr, the linear operator
L defined in (2.12), is continuous from Fr to Fr. Moreover, there ezists a positive
constant C' = C(a, ¢, ||a||L=(0,r), Lo) such that :

1
IL(u)l[ ey < CT?[ul| g
The proof of Proposition 2.8 is similar of the one used in Proposition 2.7.

Lemma 2.9 For all Lo, T >0 and a(-) satisfying (H3), if

-

¢
X (t) = Loz/ a*(s)ds, t € (0,T),
0
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2. Existence of solutions for an approximated system

then
HX(IE ||(Loo(07T))2 S L0T||CLHL<><>(07T).

The proof of Lemma 2.9 is trivial (from Lemma 2.3 (2)).

Lemma 2.10 (Continuity of the semi-group) For all f € W*2(T) and 0 < 0 <
t, we have the following estimates :
(1)
0 f
[(Sc(t = 0) — Id) fllr2(my < Ot — 9)”@“&@7
(ii)
[(Se(t —0) — Id) f||2(ry < 2[[fllz2(m),

where C'= C(¢) is a positive constant depending on e.

We refer to Pazy [117, Lemma 6.2 Page 151] for the proof of this lemma.

Lemma 2.11 (Time continuity) Assume (H3). If povec = (pg ", 0o 7") € (HY(T))?,
then for all T > 0 and u = (uy,ug) € (L®((0,T); HY(T)))?, the following applica-
tions :
(A1) : t — X (),
(Ag) 3 t - Ss(t)pgﬂ)ec’ where pg,vec = (p3_7€7per’ pa’E’peT)’
(A3) : t = Blu,u)(t),
(A4) : t— L(u)(t),
are (C([0,T); HY(T)))*. Where X,e, B and L are defined in Lemma 2.9, (2.11)
and (2.12) respectively.

Proof of Lemma 2.11

The continuity of (A1) is trivial since @ € L>(0,7). From the fact that the semi-
group S.(+) is continuous from [0,7T) to (H'(T))? we deduce the continuity of (A2).
It remains to prove the continuity of (A3) and (A4). Indeed, the continuity of (A3)
at 0 is a consequence of inequality (2.13). Now, we are going to prove the continuity
of (A3) for all @ € (0,T). For all ¢, such that § < ¢ < min(7, 22), we write t = (1+7)6
and denote 7 = (1 — )0 (where 0 <y < 1) and we write

Blu.a)(0) - Bu)®) = [ (8- 5) = 56— 9) (Culin(s) - wl1)) s

+ 9(5@—3)—5(9—3)) Culun(s) — un()] 2(s) ) ds
/ ( )

+[ st (Calin(s) ~ () 5246) ) s
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I
A
7 Y

= [ st -0y 156 - ) (Culu () ~ o112 )) s

Ip)

A

+ [ Uste—0)- 1050 - 5) (ca fun(s) - u2<3>]%<s>) s

+ tS(t—s) Colun(s) — ua(s)) 2%(s) ) dis.
fise-s( )

We apply Lemma 2.10 (i) and Lemma 2.6 (ii) to find an upper bound to I;. We then
apply Lemma 2.10 (ii) to find an upper bound to I5. After that, we follow the same
steps of the proof of Proposition 2.7 to conclude that :

! sds
(6 —s)2

1B(u, u)(t) = Blu,w) @)l < O = Ol o.ypr1 )))2/07

0
1
2
HCull e 0, Hlmr)))"’/T 0 — )2 ds

t
1
2
+Clul?, . OT)HI(T)))Q/Q T

After the computation of each integral we deduce that :

1B, u)(t) ~ Blu,u)(®)n < c<t—9>(w %—%) [ pp—

+C (0= 7)E + (= 0)3) Jull? e o ryaragoyy
Observing that ¢ — 6 = 6 — 7 = 6 we finally obtain the following inequality :
1
1B, u)(t) = Blu,w)(O)llm < C0,7) ((t = 0)2 + (¢ = 0)) [ull? o ry01(my

hence the continuity of (A3). In the same way we get the continuity in time of (A4).
O
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2. Existence of solutions for an approximated system

2.3 Proof of Theorem 2.1

Proof of Theorem 2.1
We rewrite the system (2.9) in the following vectorial form :

St _ [t 90°
phalot) = SOt Lol [ (i 1, [ = 0) (Culr 1 2(9)) s
0 0

+Loi /0 tSE(t — 5)Cylp(s)]ds + I /0 tSE(t —5) (aa(s)%(s)) ds.

Such that pS,, is the vector (p™<P°", p==P°") and pf ., is the vector (py ", py =F").

i and I are defined in (2.10) and (2.11) respectively.
This altogether leads to the following equation :

Ioiec('7 t) = SE(t)pavec + X(ls (t) + B(ﬂiec? 1015166) (t) + L(IO’lEIGC) (t)7 (214)

where B is the bilinear application and L is the linear application defined in (2.11)
and (2.12) respectively and X, is defined in Lemma 2.9. Moreover, according to
Lemmas 2.9 and 2.3 we know that :

||S(t)p6,vec + X!ls (t) ||(L‘X’((O,T);Hl('ﬂ‘)))2 S ||p8,vec||H1(T) + LOTHCLEHLOO(R)

< Colpoveellmr(ry + LoT ||al| Lo o,7)-

In order to apply Lemma 2.5, we want, for a well chosen time 7', that the following
inequality holds :

1
ACT?
where (' is the largest constant between the two constants computed in Propositions
2.8 and 2.7. For :

(CT? —1)?, and CT= <1,  (2.15)

CollPdeell mrery + LoT ||all oo o,y <

1 1 1
T%)2 vee Nl 7,0 ,Lo,e) =min | 1, —, ,
( ) (”Po, HHl(T) H ”L (0,7)> 0 ) ( 20 16C(CO||p86cHH1(T) ¥ LO”CL’LOO(O,T))>

(2.16)

we can easily verify that T* satisfies the inequality (2.15). We apply Lemma 2.5 over

the space Fp« = (L>®((0,7%); HY(T)))?, to prove the existence of a solution for the

system (2.14) in Frps.

Then, according to Lemma 2.11, we deduce that the obtained solution is (C([0, 7*); H'(T)))*.
This proves, by Lemma 2.4, the existence of a solution in the sense of distributions

for the system (2.5)-(2.6) in C([0,7*); H.,(R)) that verifies (H1). O

loc
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3 Properties of the solution to the approximated
system

In this section we show that, the solutions of system (2.5)-(2.6) obtained in the

previous section, are regular and verify (H2), provided with initial conditions verify
(H2).

Lemma 3.1 (Regularity of the solution) Assume (H1), (H3) and p5 € H} (R),
if p£° € C([0,T); HL (R)) are solutions of the system (2.5)-(2.6), then p™° €
C>(R x [0,7)).

Proof of Lemma 3.1
If we denote the second term of the system (2.7) by

a +,e,per a +,e,per
Ealr ) = 7o) (2o L) w el o) (2 4 1)

we know that f: ,[p°] € L*(Tx(0,T)). Moreover, we know that the initial conditions
pLePT e C°°(T), which allows us to apply the L? regularity of the heat equation
over the system (2.7)-(2.8) (see Lions-Magenes [105, Th.8.2]). Then we deduce by
induction that the solution is C*°(T x [0,7)). O

Lemma 3.2 (Monotonicity of the solution in space) Assume (H1), (H2),
(H3) and pg € HL.(R), if p™° € C*(R x [0,T)) are solutions of the system (2.5)-

(2.6), then p==(.,t) verifies (H2) for all t € (0,T).

Proof of Lemma 3.2

ap:i: apiaé‘
First, we remark that if 8_0 > 0, then —>— > 0. Indeed, we have
x i
Opy° _ Opp ™ Dpy ™"
ox ox 7+ Lo ox o ) e

8 +
= (%) x 7. > 0, because 7 is positive.

We apply the maximum principle over the derived system of (2.5)-(2.6) :

89i’6 a20:|:,s ae:ﬁ:,e . . )

e + (Culp* ()] + a°(t)) o + (0T — 079 =0 in T x (0,7),
ap:l:,e

+.e — 0

0, 0) = 2
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system
+.e
where 0%° = (see Gilbarg-Trudinger [63, Th.8.1])). Since p*¢ € C*®(R x
T
[0,7)), we deduce that 65° > 0 belongs to T x (0, 7). O

Corollary 3.3 (Short time existence of non-decreasing regular solutions)
For alla € R and p5 € H} (R), under the assumptions (H1), (H2) and (H3), there
er1sts

T*(llo5 " | zrvm)s llal| oo 0.y, Loy vy €) > 0,

such that the system (2.5)-(2.6) admits a solution p=° € C*®°(R x [0,T*)) with
pe(.,t) verifying (H1) and (H2).

The proof of Corollary 3.3 is a consequence of Theorem 2.1 and Lemmas 3.1 and
3.2 (with T'=T%).

Remark 3.4 Here, we remark that the case of non-decreasing solutions corresponds
to a non-shock case in Burgers equation. On the other hand, the decreasing solutions
represent the shock case.

4 A priori estimates and long time existence for the
approximated system

In this paragraph, we are going to show some e-uniform estimates on the solutions
of the system (2.5)-(2.6). These estimates will be used in section 4 for the passage
to the limit as € tends to zero.

Lemma 4.1 (L? estimates over the space derivatives of the solutions) As-
sume (H1), (H2), (H3) and pg € H. (R), if pt= € C®°(R x [0,T)) is a solution of

loc

the system (2.5)-(2.6) for all T > 0, then

aer,s 2
H ox

ap—= ||

ox

S OB07
L ((0,T);L*(T))

4

Lo ((0,T);L2(T))

H 3/)0
L2(T)
Proof of Lemma 4.1
If we denote p° = p° — p™° and k° = p™° + p7° then, according to (H1), it is clear
s and o

. ox ox
> 0.

x
If we take into consideration the equations of the system (2.5), we can conclude that
p° and k° verify the following system :

ox

L2(T)

+
with By = (Hapﬂ

that p°,

are l-periodic functions. Moreover, by Lemma 3.2, we know
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A A ' e ) Ok

% S ——<p +a/0pdx+a(t) oy D D'(R x (0,7)),
% i % — (3 + /1 €d "‘ E(t) ape . D/(R X (O T))
5 oz -+« i prdx + a 5 B ,T)).

(4.17)

We derive the first equation of the system (4.17) with respect to z, then we multiply
a £
the result by 8'0

and finally we integrate in space. For all t € (0,7T), we then obtain :

2

B _/1(apa)2aka_/1 Eapaane
L2(T) N 0 81’ 8$ 0 P al’ 8:1:2

15 . 1a2keapa
_<a/0 p —i—a(t))/o 927 D7

Now, we proceed in the same way as for the previous equation, but we multiply the
1>

82p8
Ox? *)

+ e

2

second equation of the system (4.17) by o For every t € (0,7"), we obtain :
x

B _/1(0,06)2%6_/1 Ok 0%
L2(T) B o Or’ Ox Ox Ox?

1 . . 182psaks
—(a/0p+a(t)) e

Adding the two previous equations, thanks to the periodicity of p* and 5
x
that :

81{:5 0?ke

0x? (t)

o e

, we infer
_/(ap)aka_/lg _0p° Ok*
Ox " Ox 0 Oz P s Bz
! YO [0p° Ok*
— e (¢ -
(a/0p+a())/08:v(8:v8x>

1 e
< _/ <8p 2 5, Ok <0
0 61‘ ax

We integrate in time and we use the fact that p*° € C°°(R x [0,7)) and Lemma

8k€
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system
2.3. We obtain in particular
S 2 € _ a -+ + — 2
sup P (t) + sup (1) H po + HM :
te(o.1) || O L2(T) te(0,T) Ox L2( L2(T) Ox L2(T)
That leads to the desired result. a

Lemma 4.2 (L*? estimates of the solutions ) Assume (H1), (H2), (H3) and
pg € HL .(R), if p¥° € C®(R x [0,T)) are solutions of the system (2.5)-(2.6) for

loc

every T' > 0, then

||p ’6"LN((O,T);L2(0,1))+HP_’€HLN((O,T);L2(0,1)) <C (Mo + (Bo + ||a||%°°(O,T))) 64LO(1+Q2)T7

where By is defined in Lemma 4.1, and My = (Hpé{”ig(m) + HpaHiQ(OJ))

Proof of Lemma 4.2
We will use the same procedure of the proof of Lemma 4.1. We multiply the first
equation of the system (4.17) by p® then we integrate in space. For every ¢t € (0,7,

we obtain :
1d ) o P Y L0k Lo ! k<
sl Olerte |30 == [0 (o [ +aw) [5G,

Similarly, we multiply the second equation of the system (4.17) by k¢ and we inte-
grate in space. For every ¢t € (0,7, we obtain :

2 1 1 1
% ( / ) / =
=— [ p—k—(a | p"+a(t k®—.
L2(T) /o Ox 0 ®) 0 ox

Now, we add the two previous equations and get :

1d
2 dt

Ok*
5 ()

— &= ()17 0.0 ¢

SO, + IR O < - / 1 (W% + %M@A)
o) (e [50)
[

| )

0
. 1 ['o
(P)ax—§ — 5.
1
0
) (

"
(
(o[l [
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Recall that p® is periodic and k° is non-decreasing, we see that

1.d 2 d 2 < /1 )/1a(kgpa)
(=" )72y + = |IE° ()] 72 <—la [ p°+a(t :
G O, + IO rraw) |

ox

But we know from (H1) that p® and (k® — 2Lgx) are 1-periodic functions, which
implies that :

1 € € 1 € _ 2 1 € ! © !
/ 0(k*p°) :/ O((k* — 2Lox)p°) +2Lo/ d(zp°) :2L0/ Lop +2L0/ .
o Oz 0 oz o Ox o Ox 0

We use Lemmas 4.1, 2.3, and the fact that (ab < £(a®+b?) and (a+b)* < 2(a®+b?)),
to deduce that :

d op°
A O30+ 10 By < 420 (I 10Ol ey + lall e i) (H L

+ !PE(f)llm(T))

2
L2 (T))

L2(T)

op°
< 4Ly (HGH%OO(O,T) +(+ O‘2)”/)6(75)”%2@) + Hax(t)

<4Lg (CBO + IIaH%oo(O,T))
+4Lo(1 + ) (1) acny + IOl )

Using the previous estimate and the fact that p™¢ € C*°(R x [0,T)), we finally
obtain :

£ £ 012
lp H%OO((O,T);LQ(T)) + ||k H%OO((O,T)LZ(O,I)) < C(Mo+ By + H@H%OO(O,T)) gtholtter)T,

This leads to the desired result. O

Lemma 4.3 (L? estimate on the time derivatives of the solutions) As-
sume (H1), (H2), (H3) and pg € H} (R), if p*° € C®(R x [0,T)) is a so-
lution of the system (2.5)-(2.6) for every T > 0, then there exists a constant
C (T, Lo, o, ||al| = (0,7), Mo, BO) independent of € such that :

<C.

L2(Tx(0,T))

ap:t,e
ot
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Proof of Lemma 4.3
For the proof of Lemma 4.3, it is sufficient to show that the second term of the
system (2.5)

+ 1 api,s
aa,a[p%t)]—q:(ae(wmua / p%h;) i
0 T

is bounded in L>((0,T); L*(T)) uniformly in e. Indeed,

€ e ! 15 8pi78
<a(~)+p —l—oz/opdx) %
api,s

< O (Il mcesiomy + lalimom) |2

S ’

112 oo Lo o.mys20my) Lo ((0,T)L2(T))

Lo=((0,T);L2(T)) '

We use the Lemmas 4.1, 4.2 and the Sobolev injections to deduce that there exists
a constant C (T, Lo, o, ||al| (0,1, Mo, Bo) such that

<C.

H 0 alf ]HLOO((O,T);B(’]T))

To end up, we multiply the first and the second equations of the system (2.5) by

opte Op* . . .
5% o respectively and we integrate in space. We deduce that for every t €

(0,7) we have :
2 :t \E
/ f:l: a )
We integrate in time and we use the fact that p*¢ € C(R x [0,7T)) for all T > 0, we

get :
if—:
£ € E
2 / /fasa +2

We apply Holder’s inequality and the fact that ¢ < 1 and ab < 3(a®+b?), to obtain
that :

2

Hap:ts
L2 2dt

apzl:,a
%5

2 api,s

ox

apoi,e
ox

+_

8 +.e
K |5,

ot

L2(Tx(0,T)) L2(T) '

Haoi,E 2 H [ ]H ‘api,a Hapo [k
= af,a P 2 1 0
ot L2(Tx(0,T)) PO ot L2(Tx(0,T)) 2 v e
O api7€ 2 a‘ 2
= 2 H af,a[FE]HiQ(Tx(OT)) 0 H ao
’ t L2(Tx(0,T)) T lz2(T)

N——
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that leads to

125 <o (Ml Moy + ||
iy a®,x 2
ot L2(Tx(0,T)) LATxT)) O L2(T)
dpo™ ?
<o |T|rE P +H <,
S G e I E
where C' (T, Ly, a, Ha||L°°(O,T)7 Mo, B(]) O

Remark 4.4 (The sense of the initial conditions) According to Lemma 4.3,
we have p==P" € C([0,T), L*(T)) uniformly in . This will give a sense to the limit
of the initial conditions.

Theorem 4.5 (Long time existence) Assume (H1), (H2) and (H3), for all
Lo, T >0, « € R and pf € H. (R), the system (2.5)-(2.6) admits the solutions
pe € C°(Rx[0,T)), with p=¢(., t) verifying (H1) and (H2). Moreover, there ezists
a constant C' (T, Lo, o, ||al| o 0,1, Mo, Bo) independent of €, with By and My defined

i Lemmas 4.1 and 4.2 respectively, such that :

8p:|:,s
ot

8p:i:,e
| oo o zzemn + | —5—
Lo ((0,T);L2(T)) o

+ e, per

<C, (4.18)

L2(Tx(0,T))

Ite

4

Lo>((0,T);L2(T))

+.e,per

where p = p™¢ — Low.

Proof of Theorem 4.5

We are going to prove that local time solutions obtained by Corollary 3.3 can be
extended to global time solutions for the same system.

We argue by contradiction : Assume that there exists a maximum time 7)., such
that, we have the existence of solutions of the system (2.5)-(2.6) in the function
space C®(R x [0, Taz))-

For every § > 0, we consider the system (2.5) with the initial conditions

+, ;
pé,ﬂia;p = pia(x7Tmaac - 5)
We apply for the second time the same technic of Corollary 3.3 to deduce that there

exists a time

+ e, per

; (||pi’€7per||H1(T)7 ”aHL‘”(O,T)v L07 aag) > 07 where p&,ma:p - pziiaz - L0$,

é,mazx d,max

such that the system (2.5)-(2.6) admits a solution defined until the time

TO - (Tmaw - 6) + ngmax'
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5. Existence and uniqueness of the solution of (1.1)-(1.2)

Moreover, according to Lemmas 4.1 and 4.2, we know that pgf;fl’(ffr are d-uniformly

bounded in H'(T). We use (2.16) to deduce that there exists a constant
0(5, Tmaxy «, ||a||L°°(0,T)7 LO) > 07

> C > 0 which implies

independent of ¢ such that Ty, .. > C > 0, then (lsir% T3 max
that Ty > T}, and so a contradiction.

The estimation (4.18) is a consequence of Lemmas 4.1, 4.2 and 4.3. a

5 Existence and uniqueness of the solution of (1.1)-
(1.2)

In this paragraph, we are going to prove that the system (1.1)-(1.2) admits a
unique solution p* (in the distribution sense) which is the limit as ¢ — 0 of p*°
given by Theorem 4.5. In order to do that, we pass to the limit when ¢ tends to 0
in the system (2.7)-(2.8), and we use (4.18) in order to assure the compactness. The
proof of the uniqueness uses direct arguments.

Proof of Theorem 1.1
We first prove the existence and then establish the uniqueness.
Step 1 (Existence) :

Let p™¢ be the solution of the system (2.5) given by Theorem 4.5. According to
(4.18) we know that p™=Pe" are e-uniformly bounded in H'(T x (0,7)), then we
can extract a sub-sequence that converges weakly in H*(T x (0,7')). Knowing that
HY(T x (0,7)) is compact in L*(T x (0, 7)), this sub-sequence strongly converges in
L*(T % (0,T)). If we denote by p™P°" the limit of this sub-sequence, we have to prove
that ptPe" + Loz is a solution of the system (1.1)-(1.2) in the sense of distribution.
Indeed, by Lemma 2.3, the term F (Lga®) of the equation (2.7) converges strongly
to (FLoa) in L*(0,T).
The linear term
p:t,s,per
LoCy,p° “(t)=—
7 (Lol )
of the equation (2.7), weakly converges in L'(T x (0,7)) and the reason is, in the
) =+,¢,per
one hand that 8_p are e-uniformly bounded in L*(T x (0,7')) that gives us
x
the weak convergence in L?(T x (0,7)) and on the other hand, that a° strongly
converges in L?(0,T). Then, the linear term converges in the sense of distributions
(i.e. in D'(T x (0,7))). It remains to prove that the bilinear term

ap +,e,per

CCY [pe] 81‘
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of the equation (2.7), also converges in the sense of distributions. We have :

1. The sequence C,[p°] is compact in L*(T x (0,7)).
+,e,per

2. The functions % are e-uniformly bounded in L*(T x (0, 7)),
T

that gives us a strong convergence in L?(T x (0,T)) times a weak convergence in
L*(T x (0,T)) and hence a weak convergence of the product in L!(T x (0,7")). This
leads, as a consequence, to the convergence in the distribution sense. This, altoge-
ther, shows that p5P°" + Loz is a solution in the sense of distribution of the system
(1.1)-(1.2) and p*Pe" verifies estimate (4.18).

It remains to prove that the initial condition is satisfied by the limit function p*»er.

) +e ) +,e
gp and oe , we see that

In fact, according to the estimate (4.18) on pH&Per
ot ox

poePer is e-uniformly bounded in HY(T x (0,7T)).
From the fact that the injection of H(T x (0,7")) in C([0,T); L*(T)) is continuous

and compact by classical arguments, we see that, for all v € L?(T), the application
1

v:U+— / U(0)v is a continuous linear form for U € C([0,T); L*(T)) and hence

y(pEerer) i y(pEPer) as € — 0, because up to a subsequence p==P" converges
strongly in C([0,T); L*(T)). This altogether proves that the solution verifies the
initial conditions (1.2).

Step 2 (Uniqueness) :

Let pi and pi be two solutions of the system (1.1), such that pi(-,0) = pF(-,0) = pt
and p(-,t) verify (H1), (H2) and estimate (4.18) for i = 1,2, t € (0,7).

If we denote p; = p — p;, ki = pi + p; for i = 1,2, then it is clear that (p; — p2)
and (k; — k) are 1-periodic functions in space and p;, k; verify the following system
fori=1,2:

pi o ! ok; . ,
BT ——(pi—l—oz/o pidx—i—a(t)) 5y D D'(R x (0,7)),
(5.19)
Ok; ! 8/% . ’
5 (pi + a/o pidx + a(t)) 5y D D'(R x (0,7)).

We subs-tract the two systems to obtain that :
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A(p; — ! ok ! Ok Ok, — k
—(pl p2) = — (p1 + Oé/ pldx) a—xl + (pg -+ Oé/ pzdl') —2 — a(t)—( ! 2),
0

ot 0 Ox Ox
Ok — ko) ' dp / ' Ops d(p1 — pa)
T = (p1 + a/o prdx e +(p2+« i padx e a(t) e
The previous system is equivalent to :
([ O(p1 —p2) ! Oky ! d(k1 — k2)
T = - (p1—p2)+a/0 (pl—pg)d.I %— P2+Ol/0 pgdﬂ? T
O(ky — ko)
oLl
(k1 — ko) ' I ' d(p1 — p2)
BT =—{(pn—p2) + 04/0 (pr = pe)dz | - = { p2 + 04/0 padx o
d(p1 — p2)
\ a(t) e

We multiply the first equation of this system by (p; — p2) and we integrate in space
to obtain, for almost every ¢, that :

il = = [ (0= Gt) = ([in=m) [ (00-m5)
_/01 ((pl — o) (p2+a/01p2> W)

—aft) /01 <(p1 - ,02)%).

Similarly, we multiply the second equation by (k; — ko) and we integrate in space to
get for almost every time ¢ :

%%W]ﬁ — ko)) omy = — /01 ((Pl — po)(ky — kz)%) W (/01 (o p2)> /01 . kz)%
_/01 <(kzl—kg) <p2+a/01p2> (’J?(pla_;m))

ot [ (10— 22,
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We add the two previous equations to obtain, for almost every time ¢ :

%% (II(m = p2) Ol 2y + Il (k1 — kQ)(t)”%"’(T))

(o) o ([om) | (r-n2)
([ () (B (s )

- /01 ((ﬂl — pa) (k1 — kz)W) —a(t) /01 (% ((pr — p2)(k1 — k2)))-

From the fact that p;, i = 1,2 and (k; — k2) are 1-periodic functions in space, the
previous equation becomes :

11 12
7\ 7\
7 N

:_/01 ((pl—mf%) —a(/ol(m—m)) /01 <(P1—P2)%)

13 14

A\

o ([ [ (0 -02) = [ (-t - k22D,

And since % > 0 for i = 1,2, we know that :
x

hitl =- /01 ((m - 02)2%) - %/01 ((k;1 - kz)% (1 — p2)2))
= /01 ((Pl - Pz)Q%) + % /01 ((Pl - P2)2—6<k18; kz))

=5 [ (=2t <

Moreover, from (4.18), we have for almost every ¢ :

Ok

I < lalll(or = p2) )2 11 = p2) Bl || ()

L*(T)

< Cll(pr = p2) O 22
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Similarly, from (4.18), we have, for almost every ¢, that :

dp1

Is < lall(p1 = p2) (B)llzacn) | (kr = ko) ()| 2oy || 5 (1)

L2(T)

<C <H(P1 — p2)(t)H2L2('H‘) + || (k1 — k2>(t)|’%2(T))
Then

& (101 = YO ey + 11— k) (Oary) < € (101 = p2) (1) ey + 10ks — k) Dl ) -

Now, we integrate in time and we use the fact that p;, k; € C([0,T), L} .(R)),
p1(-,0) = pa(+,0) and ki(+,0) = ka(-,0) to obtain that :

sup [[(p1 — p2) ()72 + sup (k= k2) ()] 72(r) < 0.
te(0,T) te(0,T)

This achieves the proof of uniqueness. O

Remark 5.1 In Theorem 1.1, we have proved a result of existence and uniqueness in
H. (Rx[0,T)) depending on some uniform estimates in this space. These estimates
give a sufficient compactness in order to ensure the passage to the limit as € tends
to 0 in the bilinear term. However, the space I/Vlicl (R x [0,T)) does not give enough
compactness. On the other hand, the space of functions L7 (R x [0,T)) having their
derivatives in L=((0,T); (L' log L'),,.. (R)) requires the minimal properties to ensure
the passage to the limit in the bilinear term. The result of existence in this space will

be the core of a paper in preparation.

6 Further properties : comparison principle with
case o =0

In this section, we are going to prove a comparison principle result of the system
(1.1) in the case a = 0 (i.e. the Theorem 1.2). In order to do this, first we prove in
the following subsection the same result for the approximate system (2.5). Then, we
give the proof of Theorem 1.2.

6.1 Comparison principle for the regularized system with
case a =0

Lemma 6.1 (Comparison principle) Let a(-) satisfies (H3) and py°, py° €
C>®(R x [0,T)) be two solutions of the system (2.5) with o = 0. Moreover, let
pE(L 1), p(,t) verify (H1) and (H2) for all t € [0,T). Then, if p°(-,0) <
p35(-,0) in R, we have pi= < pi° on R x [0,T).

61



Chapitre 2 : Systéme d’équations de type Burgers

Proof of Lemma 6.1

We know that pi° and p3° verify the following systems :

8t 82pte e e o Op

IO (b e 0) T DR X (0.T)),
8P7’5 82p7’5 € - € ap77€ i

D SO (- () DB i DR % (0,7))
ap+,s 82p+7€ R . R 8p+’€ .

2 TP (ot gt (1) P2 i DR X (0,7))
3p7’€ (92/)7’5 € —,€ € ap775 :

5 e = (T, (t) 5= DR % (0,7)),

respectively.

~t.e

If we denote w¥< by p3° — pi*°, where,

FE = gESe ™, and FEF = Eee ™ with 7> 0,

we can easily check that w®¢ are solutions of the following system :

8w+,e 82w+,s B aﬁ"ra& ~ o B aw—i-,s
VT e = e (s — e P (e et () 2
ow—  Q*wF _ L 0py ~ ~, _ ow™*
TR +yw = e (whF —we) a—z +e (P — 5y f + el (1) :
(6.20)
We are interested in the min (w**(z,t)). Our result follows if we can

(kvzvt)e{+7_}XTX(07T)
prove that this minimum is positive. However, this minimum is attained at a point

(ko, o, t0) € {+,—} x T x [0,T] (because w** et w™< are C°(T x (0,7))).

Two cases may occur :

1. Case to = 0. We have

min

(kxt)€{+ *}XTX(O T)(wk,€($7t)) = ka,e(x(), to) = (pgov‘?(IO, O) _ plfo,E(x07 0)) e_,yto Z 07

and we are done.
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2. Case to € (0,T]. We have : (kg, zo, tp) is @ minimum point, then :

82wk0,€

W(xo,to) Z 0, (621)
a ko,e
U(;—t($0,t0) S 0, (622)
Owko=
—ax (.’Bo, to) =0. (623)

We combine (6.21), (6.22), (6.23) and we take into consideration that w®* verifies

3

the system (6.20), we obtain that :

8~k0,5
ywkoE (zg, tg) > eMosign(wE(zg, to) — w20, to)) (W (20, to) — w (20, o)) '((;2
x
~ko,e
> Vot (zg, to) — w e (2, t 2 >0.
Z € |w (%, 0) w (Io, 0)| or =
Then 57° < 53 in R x (0,T), which gives pi° < p3° O

We now give the proof of Theorem 1.2 :

6.2 Proof of Theorem 1.2
Let
pi(x,0) = pio(x) = pr () + Loz and  pj(x,0) = pio(z) = pof”" (x) + Loa.

If we denote
+.e _ _*,per +.e _ _*,per
P1,0 (z) = Pio * n-(z) + Lor and P20 (z) = P20 ¥ n-(x) + Loz,
where 7, is a regularization sequence, we can easily check that pfbe < pibg.
Moreover, according to the uniqueness of the solution, we know that there exist
pic, pat e O(R x [0,T)), verifying (H2) for all t € (0,T), that are solutions of
the system (2.5), such that

pi=1limpy s, py =limpy*,
+, +, +, +,
pr " (2,0) = Pl,oa(x) and  p;"(z,0) = P2,06(x)-
We apply Lemma 6.1 to obtain that pi° < p3*°. We pass to the limit as ¢ — 0 to
deduce that pf < pF a.e. in R x (0,7). O

Remark 6.2 Thanks to this comparison result, we proved in a previous paper [48]
the erxistence and the uniqueness of a solution (in the viscosity sense). Here, this
comparison result is an indirect explanation of our estimates obtained in Lemmas
4.1, 4.2 and 4.3 that have ensured our principal Theorem 1.1.
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7 Application in the case of classical Burgers equa-
tion

In this paragraph we are going to prove that this technic can be also applied to
the classical Burgers equation, even in the frame of functions in W,2*(R x (0, T)) for
all 1 < p < 400, constituting the proof of Theorem 1.4 :

Proof of Theorem 1.4

First, we remark that the existence of solution to the regularized problem con br
done thanks to the continuous injection WH?(R) in L>=(R).

Now, for the proof of this theorem, it suffices to show an estimation over the space
derivatives of the solution (i.e. a result similar to that of Lemma 4.1).

First of all, we put ourselves in the hypothesis of Lemma 4.1. We derive the equation

o\’
(1.4) with respect to z, then we multiply it by ((9_u) and finally we integrate
x

over R, since u verifies (H2), we obtain that :

L Oy =~ [ rorme (2 - [ e (2)”
=[50 L (5)
(o (5)) -a-0 [ rwgt (5) <o

because f is convex, u verifies (H2) and p > 1. To terminate the demonstration, we
follow the same steps of the proof of Theorem 1.1. We remark that here we do not
need the L? bound over the solution and also the compactness in the passage to the
limit, because the equation (1.4) is in the conservative form which was not the case
of our study. O
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Chapitre 3

Convergence d’un schéma pour un
systéme couplé non-local modélisant
la dynamique de densités de
dislocations

Ce chapitre est une version rallongée d’un travail en collaboration avec N. Forcadel,
il s’agit d’un article & paraitre dans Mathematics of Computation.

Dans ce papier, nous étudions un systéme couplé non-local qui intervient dans la
théorie de la dynamique des densités de dislocations. Dans le cadre des solutions
viscosité, nous prouvons un résultat d’existence et d'unicité en temps long pour la
solution du modéle. Nous proposons également un schéma numérique et nous mon-
trons une estimation d’erreur de type Crandall-Lions entre la solution continue et
son approximation numeérique. A notre connaissance, il s’agit de la premieére estima-
tion de type Crandall-Lions pour un systéme d’Hamilton-Jacobi. Nous présentons
également quelques simulations numériques.
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convergent scheme for a non-local coupled system
modelling dislocations densities dynamics

A. El Hajj, N. Forcadel

CERMICS, Ecole Nationale des Ponts et Chaussées
6 € 8, avenue Blaise Pascal, Cité Descartes,
Champs sur Marne, 77455 Marne-La-Vallée Cedex 2, FRANCE

Abstract

In this paper, we study a non-local coupled system that arises in the theory of dislocations
densities dynamics. Within the framework of viscosity solutions, we prove a long time exis-
tence and uniqueness result for the solution of this model. We also propose a convergent
numerical scheme and we prove a Crandall-Lions type error estimate between the conti-
nuous solution and the numerical one. As far as we know, this is the first error estimate of
Crandall-Lions type for Hamilton-Jacobi systems. We also provide some numerical simu-
lations.

AMS Classification : 35Q72, 49125, 35F25, 35L40, 65M06, 65M12, 65M15, 74H20,
74H25.

Keywords : Hamilton Jacobi equations, viscosity solutions, dislocations densities dyna-
mics, numerical scheme, error estimate, system.

1 Introduction

1.1 Presentation and physical motivations

A dislocation is a crystal defect which corresponds to a discontinuity in the
crystalline structure organisation. This concept has been introduced by Polanyi,
Taylor and Orowan in 1934 as the main explanation at the microscopic scale of
plastic deformation. A dislocation creates around it a perturbation that can be
seen as an elastic field. Under an exterior strain, a dislocation moves according to
its Burgers vector which caracterize the intensity and the direction of the defect
displacement (see Hirth and Lothe [74] for an introduction to dislocations).
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Here, we are interested in dislocations densities dynamics. More precisely, we
consider edge dislocations, i.e the Burgers vectors and dislocations are in the same
plane. These dislocations are moving with the Burgers vectors +b (see figure 3.1).
This model has been introduced by Groma, Balogh as a coupled system, namely a
transport problem where the velocity is given by the elasticity equations in the 2-D
case (see [71]).

dislocation of type + <a------------}------ Tb+ n
T2 |
LT
-b
=L = dislocation of type —

F1G. 3.1 — The cross-section of the dislocations lines.

If the 2-D domain is 1-periodic in x; and x5, and if the dislocations densities
depend only on the variable x = x1 + x5 (where (x1,22) are the coordinates of a
point in R?), when b= (1,0), the 2-D model of |71] reduces to the system of coupled
1-D non local Hamilton-Jacobi equations (see Section 3)

== (pe =0+ [ oelat) = p(@) do+ L)) 1Dp2
on R x(0,7)

(

(1.1)

0= (p = [ elect) = -t do+ 160)) Dy
on R x(0,7)

\

where p.,p_ are the unknown scalars such that (p, — p_) represents the plastic
deformation, their space derivatives Dpy = % are the dislocations densities and
L(t) represents the exterior shear stress field. From a physical viewpoint, Dpy >
0, however, here we do not make this assumption to remain on a more general

framework. The initial conditions for the system (1.1) are defined as follows :
pi(z,0) = p(x) = P)(x) + Loz on R (1.2)

where P are periodic of period 1 and Lipschitz continuous. In particular, p(}r -2
is a 1-periodic function. Lg is a given constant which is the total densities of type
+, i.e. we suppose that initially, we have the same total density of type 4+ and —.
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1.2 Main Results

The first goal of our paper is to prove the existence and uniqueness for the
solution of the non-local system (1.1)-(1.2). A natural framework for our study is
the viscosity solution theory. We refer to Barles [12|, Bardi, Capuzzo-dolcetta 10|
and Crandall, Ishii, Lions [37] for a good introduction to this theory in the scalar
case. We also refer to Ishii, Koike [83] and Ishii [82] for the vectorial case and to
Engler, Lenhart [50], Ishii, Koike [84], Lenhart [101], Lenhart, Belbas [102], Lenhart,
Yamada [103] and Yamada [134] for some applications.

We have the following existence and uniqueness result for the non local system :

Theorem 1.1 (Existence and uniqueness for the non-local problem) For all
T >0, for all Ly € R, suppose that p%. € Lip(R) satisfy (1.2) and L € WhH> (RT).
Then, the system (1.1)-(1.2) admits a unique viscosity solution p = (p4,p—). Mo-
reover, this solution is uniformly Lipschitz continuous in space and time.

Remark 1.2 If at initial time, we have DpY. > 0, then this remains true for t > 0,
i.e., Dpy(x,t) > 0 for all (z,t) € R x [0,T]. This allows to treat the physical case
where Dpy > 0.

The main difficulty comes from the fact that the comparison principle does not
hold because of the non-local term. In order to overcome this problem, we classically
use a fixed point method by freezing the non-local term. In a first time, we give an
existence and uniqueness result for the local problem (this is a simple adaptation
of |83]). Then, we use Lipschitz estimates on the solution to prove the short time
existence and uniqueness for the non-local system. In the third step, we obtained
the result for all time by iterating the process.

Here, we are interested in the dislocations densities dynamics. Some others mo-
dels have been proposed to describe the dynamics of dislocations lines. We recall
some recent results. A non-local Hamilton-Jacobi equation have been proposed by
Alvarez, Hoch, Le Bouar and Monneau [7] [6] for modelling dislocation dynamics.
They also proved a short time existence and uniqueness result for this model. We
also refer to Alvarez, Cardaliaguet, Monneau [3| and Barles, Ley [15] for a long time
result under certain monotony assumptions and to Forcadel [55] for a short time
result for dislocations dynamics with a mean curvature term.

The second result is a numerical analysis of the non-local system (1.1). We pro-
pose a numerical scheme for our non-local system. Then, we give an error estimate
between the continuous solution and the numerical one.

We want to approximate the solution of (1.1)-(1.2). Given a mesh size Az, At,
we define

== {ZAJZ, 1€ Z} =y =2 X {0, e (At)NT}

68



1. Introduction

where Ny is the integer part of T'/At. We refer generically to the lattice by A in
the sequel. The discrete running point is (x;,t,) with z; = i(Ax), t, = n(At).
We assume that Az + At < 1. The approximation of the solution p; at the node
(zi,t,) is written indifferently as vg(z;,t,) or vp; according to whether we view it
as a function defined on the lattice or as a sequence.

Now, we will introduce the numerical scheme. The main difficulty is due to the
non-local term, which requires the availability of the solution we are intending to
approximate. To solves this problem, we fix the solution v = (v} ;0" ;) at each

time step on the interval [¢,,¢,.1] and we apply the following monotone scheme,

U? = (U-Ot,-,wvo_’i) = ﬁo(xz) = (ﬁg—vﬁg)7 (13)

where pY.(x;) is an approximation of p% (z;); and Vk € {+, —}

ET (DYop,, D7op,) if CRv)(z4,t,) > 0
n+l _ ' n A ) ki ki k iy tn) —
Upi = Upit AtCy [v] (i, tn) { E- (D+U£L’i7 valrgz’i) if not (1.4)
where
CkA [v)(zi,tn) = —k (UZLrZ —v,+ aA[v] (tn))
and the non-local term a®[v](t,) is given by
Ny—1
a*)(tn) = Y Az (vy (@i ty) — v_(5,£,)) + L(t,) (1.5)
i=0

where N, is the integer part of 1/Az. E* are the approximation of the Euclidean
norm proposed by Osher and Sethian [116] :

[N

ET(P,Q) = (max(P,0)* + min(Q, 0)%)?, (1.6)

E~(P,Q) = (min(P,0)? + max(Q, 0)%)

and D*vp;, D7uj, are the discrete gradient for all n € {0,.., Nz}, i € Z and
ked{+,—}:
Uk iv1 — Uk

DTyl = 2 1.7
ki A.CC ’ ( )
n n
—n Vki = Uki—1
Doy, =
ki AZ‘ .

Finally, we assume the following uniform CFL condition (see the beginning of
Section 5.2 for more details)

1
< — .
At < 2L2A3§ (1.8)

69



Chapitre 3 : Convergence du schéma

where
Lo =2M +2

with M = ||P) — P°| 1o (r).-
We then have the following error estimate :

Theorem 1.3 (Discrete-continuous error estimate) Let T' > 0. Assume that
Az + At <1, L € WH(R x [0,T)) and that the CFL condition (1.8) holds. Then
there exists a constant K > 0 depending only on || P — P°||e(r), || L|lwi.=r and
maxXye(+ -} || D}l L) such that the error estimate between the continuous solution
p of the system (1.1)-(1.2) and the discrete solution v of the finite difference scheme

(1.3)-(1.4) is given by

max sup |px — vx| < K ((T +VT) (Az+ At + max sup|p) — v2|>
kE{-‘r—,—} =1 k’E{-i—,—} =

provided K ((T +VT)(Az + At)z + max sup(pl — 1}2)> <1

ke{+,—} =

Remark 1.4 In the condition K | (T + VT)(Ax + At)z + kr?ax}sup(pg - vg)) <
e{+-} =
1, we can replace the right hand side by any positive constant.

In fact in the proof of this theorem, we mimic the continuous problem by consi-
dering the approximate solution of (1.1) as a fixed point of a local system. We are
inspired by |5] to prove a Crandall-Lions rate of convergence |40|, between the conti-
nuous solution of (1.1) and the numerical one. As far as we know, this is the first
error estimate of Crandall-Lions type for Hamilton-Jacobi systems. We also refer to
Jakobsen, Karlsen [86] and Jakobsen, Karlsen, Risebro [87] where they proved an
error estimate for a weakly coupled system of the form

(up)e + Hi(t, z,u;, Du;) = Gi(t,z,u) in RN x (0,7) (1.9)

for i = 1,..., M. Their error estimate is in O(At) for a semi-discrete splitting algo-
rithm that they propose to approach the solution of (1.9). However, we obtain an
error estimate in O(v/At + Az) because we also discretize in space.

In the dynamics of dislocations lines case, the model have also been numerically
studied by Alvarez, Carlini, Monneau and Rouy [4,5]. In their paper, they proposed
a numerical scheme for the non-local Hamilton-Jacobi equation and they proved a
Crandall-Lions type rate of convergence.

Let us now explain how the paper is organised. In Section 2, we fix some notations.
We present the formal derivation of the model in Section 3. Then, in Section 4,
we study the continuous problem. First in Subsection 4.1, we give an existence and
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uniqueness result for a local system. Then, in Subsection 4.2, we prove Theorem
1.1 by using a fixed point method. In Section 5, we prove a Crandall-Lions type
error estimate for the local problem and then we prove Theorem 1.3 on the non-
local problem. Some numerical examples are displayed in Section 6 where we show
some tests illustrating our error estimate and then an evolution approximation of
dislocation densities.

2 Notation

For simplicity of presentation, we fix some notations :

1. Order relation : for r = (ry, 1), s = (s1, s2) € R? we say that r < s if
re < s for k€ {1,2}.

2. Addition vector-scalar : for r = (r1, r3) € R?, X\ € R, we denote by r + ) the
vector (r; + A, ma+ A).

3. P-periodic plus Ly-linear function : we say that p is P—periodic plus Lo—linear
if there exists a vectorial periodic in space function P? = (P?, P”) of period
P and a constant L such that

p(z,t) = PP(z,t) + Loz = (P (z,t) + Loz, P’(x,t) + Lox).

3 Modelling

We denote by X the vector X = (z1,25). We consider a crystal with per-
iodic deformation, namely the case where the total displacement of the crystal
U= (U,U;) : Rx Rt — R? can be decomposed in a 1-periodic displacement
u = (u1,uz2) and a linear displacement A(¢#)'X with A(¢) a given 2 x 2 matrix which
represents the shear stress

_( Aul(t) Ap(t)
Alt) = ( A () Asa(t) ) :

The displacement U is then given by
UX,t) =u(X,t)+ A@t)'X

and we define the total strain by

S(U) = %(VU LIV = % (Vu+ 'V + A(t) + A1)
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Ju;
where the coefficients of Vu are (Vu);; = 8—1;, i,j €{1,2}.
J

This total strain is decomposed in the form
e(U)=¢e(U) + €,

where €°(U) is the elastic deformation and P the plastic deformation which is
connected to the densities of dislocations by

e’ =% (py — p-), (3.10)

where py represent the edge dislocation of type 4, such that I;.Vpi > 0 is the
density of dislocation of type 4, b = (b1, by) is the Burgers vector and

1/~ = = =
== <b®bL+bL®b> (3.11)

where bt is a vector orthogonal to b and (5@ l}) = bibjL.
ij

The stress is then given by
o=A:e°(U), (3.12)
i.e. the coefficients of the matrix o are :
oij= Y Ayuep(U) i,je{1,2}
kle{1,2}

with A = (Az’jkl)ijkl, i, 7,k, 1 = 1,2, Ajjiy are the elastic constant coefficients of the
material, satisfying for m > 0 :

2
E Nijrigijen > m E Eij (3.13)
ijkl=1,2 ij=1,2

for all symmetric matrix € = (¢;;), i.e. such that ¢;; = ¢j;.

(]
The functions p+ and wu are then solutions of the coupled system (see Groma,
Balogh [71], [70] and Groma [69]) :

(dive =0 in R2 x (0 T),
o =A:(e(U)—eP) in R? x (0 T),
e(U) =3 (Vu+'Vu+ A(t)+'At)) inR*x (0 T), 514
@ =D (py—p) R x (0 7), O
L (p1): = %(0: 0. Vpo in R2 x (0 7T),
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i.e. in the coordinates

( g
Z% —0 in R2 x (0 T),
7=1,2
Oij = Z Nijri (e (U) — ) in R? x (0 T),
k,le{1,2}
e =&y (p+ — p-) in R? x (0 7),
(p+)t =+ | > oyl | bV in R? x (0 T),
L 1,5€{1,2}

where the unknowns of the system are py and the displacement u = (uy,us) and
with €° defined by (3.11). The sign + comes from =+ in +b.

To simplify, we consider the homogeneous case. The coefficients A;j;; are such
that

o =2uc(U) + Atr(e“(U))1q4, (3.16)

where > 0 and A+ p > 0 (consequence of (3.13)) are the Lamé coefficients and I,
the identity matrix. Then, the following lemma holds :

Lemma 3.1 (Equivalence between 2-D and 1-D models) If we assume that
the Burger vector is b = (1,0), and that the densities of dislocations and u only
depend on one variable x = x1 + x5 (as shown in Figure 3.2), the 2-D problem
(5.14), with A defined by (3.16) is equivalent to the 1-D problem

(p+)e =—C1 ((m —p-)+Co /Ol(m —p-)+ L(t)> Dp, inRx (0 T)

0 =C (=904 Co (=) 420)) Do inRx(0 D
(3.17)

A2 A -
where L(t) = —%(Algof) + Agl(t)), Cl = (Aigl)f; and CQ = Ot -

Proof of lemma 3.1
We can rewrite the first equation of (3.14) and (3.16) as

div (2ue(U) + Atr(e(U)) 1) = div (2ue? + Mr(eP)1,) .
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X2

15

F1G. 3.2 — 1D sub-model for invariance by translation in the direction (-1,1)

This implies by (3.10)

A(p+ — p-)
(9362
pAu+ (A4 @)V (div u) = p
Ip+ — p-)
8371
Using the fact that x = x; + x4, yields
Oy 0% (ur + up) d(p+ — p-)
Ox? Ox? ox
21 + A+ w) =1
0%ug 9% (uy + ug) d(p+ — p-)
0x? Ox? ox

Now, by adding the two above equations, we obtain

Plur+u) (3(p+ - P)) '

ox? N+ 2 ox

Integrating the above equation yields, since u is 1-periodic :

8(1“@; u) _ _# <(p+ —p-) - /Ol(m - p—)) - (3.18)

A+ 2

Using the fact that

(02%) = o = 2ue )i = (PG o)+ Ault) — s - ) )

and (3.18) yields

(5:c9) = —L2F 1 ((ﬂ+—p)+ﬁ/ol(p+—p)+L(t))

A+ 2u A
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A+2p)
(A +p)
system (3.14) can be rewritten as (3.17). As the constant C;, Cy are positive, to
simplify the notations, we can put them to 1 in the following without lost of gene-
rality on the system (1.1). O

where L(t) = — (A1a(t) + A1 (t)). We then deduce, if b = (1,0), that the

4 The continuous problem

To prove the existence and uniqueness result for the non-local problem, we use a
fixed point method. In order to do that we freeze the non-local term and we study
the following local problem

(p)e == (p+ = p-+a(t) [Dps| on Rx(0,T),
(p*)t:(p+_p*+a’(t>>|Dp*| on RX (07T)7 (4 19)
pi(,0) = p on R, '
p—(0)=p2 on R.

The assumptions are the following :

(H1) a € WHe(RT),

(H2) p° = (p%, p°) is 1—periodic plus Lo—linear, i.e., p%(z) = PY(x) + Loz where

P{ are periodic of period 1 and L, is a constant.
(H3) P € Lip(R).

4.1 The local problem

In this subsection, we will show some existence and uniqueness results for the
local Hamilton-Jacobi system (4.19) within the framework of viscosity solution. We
denote by USC(R x (0,T)) (resp. LSC(R x (0,7))) the set of locally bounded upper
(resp. lower) semi-continuous functions. For k& € {+,—}, we define the following
Hamiltonian

Hi(t, p.p) = k(p+ — p— +a(t))|pl-

We recall the definition of viscosity solution for Problem (4.19), proposed by Ishii,
Koike [83].

Definition 4.1 (Subsolutions, supersolutions, solutions) : A function p €
USC(Rx]0,TY) is a viscosity subsolution of (4.19), if
(-t =0) < po
— for all k € {+, =} and for any test-function ¢ € C1(Rx]0,T|) such that py— ¢
reaches a local mazimum at a point (xg,ty) € Rx]0, T, we have

¢e(z0,to) + Hi(to, p(wo,t0), Do(x0,10)) < 0
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In a similar way, a function p € LSC(Rx]0,T) is a viscosity supersolution of (4.19)
if
p(-t=0) = po
— for allk € {+, =} and for any test-function ¢ € CY(Rx]0,T|) such that py— ¢
reaches a local minimmum at a point (xg,ty) € Rx]0,T[, we have

¢e(zo,to) + Hi(to, p(wo,t0), Do(x0,10)) > 0

Finally, p is a viscosity solution of (4.19) if and only if p is sub- and supersolution

of (4.19).

The key point is that our system is quasi monotone in the sense of Ishii, Koike [83,
(A.1)], (see Lemma 4.2 below) and so we can extend their results to our system
in unbounded domain and with unbounded initial condition using the well-known
arguments of the scalar case.

Lemma 4.2 (Quasi-monotony of the Hamiltonian)
The Hamiltonian H is quasi-monotone, i.e., for all vectors r and s such that

r; —s; = max (ry —si) >0

j = 55 ker}( k= Sk) =
then

1 1
H;(t,r,p) — H;(t,s,p) > 0. (4.20)
Proof of Lemma 4.2 :
Let r and s be two vectors such that r; — s; = kn{lax}(rk — s;) > 0. We have
e{+.—-

H;(t,r,p) — Hj(t,s,p) = j(re —r—+a(t))lpl = j(ss — s— +a(t))lp|
= Jjlpl((rs —s4) — (r- —5-))
= |plsign((ry —si) = (r- = s ))((re = s4) = (r- —s-))
= Ipll(ry = s4) = (r- = s_)[ > 0.
This ends the proof. 0

Proposition 4.3 (Comparison principle)
Let p € USC(2x]0,T|) and v € LSC(Q2x]0,T]) be respectively sub and supersolu-
tions of (1.1). We assume that there exists C' > 0 such that

po(z) — Ct < p,v < po(x) + Ct. (4.21)

Then if p(-,0) < wv(-,0) in R then p < wv in Rx]0,T].
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Proof of Proposition 4.3

Let us denote by M., = max sup (pr —vg). It is sufficient to prove that this maxi-
Rx[0,T]
mum is non positive. Let us suppose by contradiction the positivity of Mg,,. We

duplicate the variables by considering, for all €, 3, n and « positive

R e

o 2 2

w(xayat7 S, k) - pk(l’,t) - Uk(yv 8)

We note that ¢(x,y,t,s, k) is USC in (R x [0, T'[)?, because of the term %—l—%

We can think that the maximum of ¢ noted M(e, 3, a,n) = sup ¥(z,y,t, s, k), is
z,y,t,s,k
similar with My,,.

This idea is justify by the following lemma

Lemma 4.4 : Let (7,7,1t,35,k) be a mazimum of ¥. If we define M' = flling) My, where
M, = sup (p(x,t) —v(y,s)) Then the following properties hold

lz—y|<h

li—s|<h
1. lim o|Z| = lim || = 0
a—0 a—0

2. limsup M(e,3,a,m) = M’

(e,8,a,m)—0
3. limsup ug(Z,t) — vi(y,8) = M’
(5,5704777)—@
4. 52— 0 and 555 — 0 when (¢, 8,a,m) = 0

5. t,5 are positive if €, 3, o and n are sufficiently small.

The proof is postponed.
We take ¢, 3, a and 1 small enough such that £ > 0 and 5 > 0 (see Lemma 4.4).
Using the fact that p and v are sublinear, we deduce that

liminf ¢(x,y,t,s) = —00

|z],|y|— o0

and so the function v reaches a maximum at a point (z,7,1,5, k). We then deduce
that the function

() = pr(w,t) = |va(9,8) + =2 R e G
reaches a maximum at (7,t). By using the test-function
e =g =58P U 2, =12
t) = vy
(1) = ue(3.9) + I+ L (el + o)
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and the fact that p is a subsolution of (4.19), we deduce

(E;} 5) + 7 ﬁ 7 + H;, (t,u(az,f), (z ; v + zax) <0. (4.22)
In the same way, we have
<t; 5) + H;, (S,U(y, 5), @ - 2ay> > 0. (4.23)

By subtracting (4.23) to (4.22), we deduce

s+ e (10t 0. T2 202 i (5.00.9), T2 - 20g) <0

(4.24)
By using Lemma 4.4, we have, up to extract a subsequence
limz =2, limy=y,
B—0 B—0
limt¢=lims = .
B—0 B—0
Sending 3 to 0 in (4.24), we deduce
_n__ + Hi (1, p(Z,7), (z-9) +2az | — Hj | 7,0(g,7), (z-9) —2ag | <0.
(T —7)2 K € k € -
] ) (4.25)
with k£ = limk.

B—0
Moreover, we have

Pi(E,7) = Vi@, 7) = p(E,7) — v(g,7) > 0.

(7 —9)
9

By adding and by subtracting the term Hj (T,p(f:,T), — 2a37) in the in-

equality (4.25) and by using Lemma 4.2, we deduce that

ﬁ + Hj, (T,p(:E,T), ( ; 9 + 20@) — H; (T,p(fﬁﬂ-)’ (z ; y) 20@) <0
and so
ﬁ +k(p"(2,7) = p (F,7) +a(7)) ( (x%@) 20| — ‘@ 2aj > <0,

Using the fact that k((p* (Z,7)—p~ (2, 7)+a(7)) is bounded (see (4.21)), and sending
a — 0, we obtain using Lemma 4.4

n
— <0
(T—71)2 "7
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this contradiction ends the proof of the proposition. a
Proof of lemma 4.4

Thanks to the positivity of M,,,, we have

M(e, B,a,n) >0

up>

for n and « small enough. We then deduce

<K+ 32+ e —g) -

< K,
for ¢ < 1, where we have used (4.21) for the second line. Multiplying the previous
inequality by «, yields

lin% alz| = liII(lJ aly| = 0. (4.26)
In the same way, we have

iz —gl* | |t—sP

Tty <k (4.27)
and so
lim | — y)* = élir(l) [t —5]*=0. (4.28)
We recall that M, = sup (p(z,t) —v(y,s)). Let (2", y" " s") be such that
-,
el 1) = (gl ) > My —

with |2? — y”?| < h and [t? — s?| < h. We then have
n yn n n

My == ==z o (Janl* + lyal?)

h h|2 |th . Sh|2
< h th o h JhY |xn Yn ) n

n’’n n

—a (|l + lyal?)

<M(e, B, a;m)
Sp(i’, f) - U(gv 5),
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We send 3 — 0 and then @ — 0 and we obtain

M, L_n_ < lim inf lim inf p(Z, t) (y,3)
- — = — 1m 1nf 11m in T — v S
h n % 28 = Ta—0 30 P T, Y,

<limsup lim sup p(z, t) — v(7, 5).

a—0 B—0

Passing to the limit in A, yields

1
M — = <lim '(r]lflirﬁni(r]lfp(i’,f) — (7, 3)

n a—

<limsup lim sup p(Z,t) — v(7, 5).
a—0 B—0

We then take hH(l) and get
e—

1
M' — = <liminf lim inf lim glf p(z,t) —v(y, s)

n e—0 a—0 B—

<lim sup lim sup lim sup p(Z,t) — v(7, 5)
e—0 a—0 £5—0

<lim sup lim sup sup  plx,t) —o(y, s)

e—0 a—0
lz—y|<Ke
[t—s|<KVB
<lim sSup ,0(1', t) - U(y7 S)
h—0
|lz—yl<h
[t—s|<h
<M.

We then deduce that

lim inf lim inf lim 'élf p(Z,t) — v(g, §) = limsup lim sup lim sup p(z,t) — v(y, §) = M.

e—0 a—0 B— e—0 a—0 B—0
In the same way, we get
!

lim inf lim inf lim inf M (¢, 8, a, ) = lim sup lim sup limsup M (e, 5, a, ) = M

e—0 a—0 £—0 e—0 a—0 B—0

and we deduce that

F— 02 |F— 32
lim sup lim sup lim sup (\x Yl + kil ) =0
e=0 a—0 B0 2e 20
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Finally, let us suppose, for example, that ¢ = 0, then, because of uy < vy, we
have
up(2,0) — vp(y,5) < up(Z,0) — vg(2,0) + vg(2,0) — (¥, 5)

< (7, 0) — v (7, 3).

However M’ > 0 and when ¢, 3, a and 7 are sufficiently small, we get a contra-
diction. When s = 0, a similar proof could be given which ends the proof of the
Lemma 4.4. O

We now prove existence for the problem (4.19). We use the Perron’s method for
systems proved by Ishii and Koike in [83|. We then have the following theorem

Theorem 4.5 (Existence for the local problem)
Assume (H1)-(H2)-(H3), then there exists a unique viscosity solution p of problem
(4.19). Moreover, the solution satisfies

px0(x) = (M + [lal[z<) Bot < p=(x,1) < pro(@) + (M + lafl ) Bot,  (4.29)

where M = ||Py o — P_ |1 and By = || Dpo|| e~

Proof of Theorem 4.5

By Perron’s method, it suffices to construct viscosity sub and supersolution of (4.19).
We claim that p = po+(M+||al| <) Bot and p = pg— (M +||a|| L= ) Bot are respectively
super and subsolution. Indeed, formally

—k (o — p_ +a(t)) |Dpy| <[P — P2+ a(t)| | Dprol
< (1P = P2z + llallz=) [[Dpoll =
<(M + |lal[r=)Bo = (px)e-

The proof for the subsolution is exactly the same and we skip it. To achieve the
proof, it suffices to use the comparison principle to obtain the uniqueness. O

Proposition 4.6 (Regularity of the solution)
The solution p of (4.19) is Lipschitz continuous in space and time. More precisely,
p satisfies :

[Dpslr= < By (4.30)

and
[ (o )il < (LoT + M + [[a]| o) Bo, (4.31)

where L, is the Lipschitz constant of a, By = ||Dpol|r~ and M = ||p+0— p—ollLe-
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Proof of Proposition 4.6
We set p"(z,t) = ps(x + h,t). Since Problem (4.19) is invariant in space, p" and
"+ |l p+0() = p+o(- + h)||~ are still solutions . Using comparison principle, yields

oz = Pl <llpzo() = prol- +h) |
<Byh.

So, p is Lipschitz continuous in space.

For the estimate in time, we consider v(z,t) = p(z,t + h). It is easy to check
that v is a supersolution of

{ (v4)r = = (v —v_+a(t) [Doy| = LaBoh

(v_)e = (vy — v_ +a(t)) |Dv_| — Lo Boh. (4.32)

Indeed, formally

(ve)e(@,t) =(px)e(z,t + h)
(bt + B) = p(w,t+ R) + alt + ) [ Dpele, t + 1)
(vy(zyt) —v_(x,t) + a(t)) |Dvg(z, t)| + k(a(t) — a(t + h)||Dvy|
> —k(vi(x,t) —v_(z,t) + a(t)) | Dug(x,t)| — LohBo.
Moreover, p = p — L,Boht — (M + ||a|| ) Boh is a solution of the same equation

and satisfies v(-,0) > p(-,0) (see Theorem 4.5). So, by comparison principle for
(4.32), we deduce that

p(x,t) — p(x,t +h) < (Lot + M + ||al| ) Boh < (L T + M + ||a|| =) Boh.

Using the same arguments with p(x,t — h), we deduce that p is Lipshitz continuous
in time. O

Proposition 4.7 (Caracterization of the solution)
The solution p is (1, Lo)—periodic plus linear, i.e.

p_ Pf"‘L(}'L‘ ’

where the linear part Lq is the same of the one of py and the period of P} is 1.

Proof of Poposition 4.7
We set P! = p, — Loz. It suffices to show that P{ are periodic of period 1. The
vector function P’ satisfies

(P0), = — (P! — P +a(t)) |DP? + Lo|
(P2), = (P{ — P2 +a(t)) [IDPL + Ly|
PA(.,0) = P?

82



4. The continuous problem

We then set v(x,t) = P?(x+1,t). By the periodicity of P, we obtain that v satisfies

the same problem as P” and so, by uniqueness, v = P?. This achieves the proof of

the proposition. O
Finally, we proved the following theorem :

Theorem 4.8 (The local problem) Let T > 0. Assume (H1)-(H2)-(H3). We set
M = ||P) — P°||L=®) and By = krI{].aX}HngHLOO(R). Then, the following holds :
e{+,-

(i) Comparison principle. Let p € USC(Rx(0,T)) andv € LSC(Rx(0,T)) be
respectively sub and super-solution of (1.1)-(1.2). We assume that there ezists
a constant C' > 0 such that (4.21) holds. If p(-,0) < v(-,0) in R then p <wv in
R x [0,T].

(i1) Existence. There ezists a unique viscosity solution p of problem (4.19) satis-
fying (4.29). Moreover, the solution is 1—periodic plus Lo—linear.

(i1i) Regularity. The solution p of (4.19) is Lipschitz continuous in space and time
and satisfies

max ||D o < By,
kel —) 1D pie|| o ®x(0,7)) < Bo

max

o < Bo(M + o _
k€{+77}|’(pk)t||L ®x(0,7)) < Bl llall zoe 0,1))

(iv) Estimate on the solution. The solution p satisfies
lp+ = PNl @xory < 105 = P2ll=)-

Proof of Theorem 4.8

The comparison principle is just an extension of the one of Ishii, Koike |83, Th
4.7] for quasi-monotone Hamiltonians. For the existence, it suffices to use Perron’s
method by remarking that p & (M + ||a|| L= (0,r)) Bot are resp. super and sub-solution
of (4.19). The fact that p is 1—periodic plus Ly—linear comes from the fact that
p(x +1,t) + Ly is also solution of (iv).

The Lipschitz estimate in space comes from the fact that Problem (4.19) is
invariant by space translation. To obtain the Lipschitz estimate in time, it is sufficient
to bound the velocity using (4.29).

We now prove (iv). We set

my(t) = sup pi(z,t) and m_(t) = inf p_(z,t).
z€(0,1) z€(0,1)

It is easy to chech that m, (resp. m_) is subsolution (resp. supersolution) of u; = 0
which implies the upper bound of (iv). The lower bound is proved similarly. This
ends the proof of the theorem. O
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4.2 The non-local problem

Before to prove Theorem 1.1, we need the following lemma :

Lemma 4.9 (Stability of the solution with respect to the velocity) Let
T > 0. We consider for i = 1,2 two different equations

(ph)e = —k (p'. — p" + a;(t)) |Dpi| for ke {+, -}
{ pi(+,0) = p? ’ for ke {+ —} (4.33)

where the coefficients a; satisfy (H1) and the initial conditions p° = (p., p° ) satisfy
(H2)-(H3). Then, we have

Jmax 1ok = pillz=@xom) < BoT laz — arll =),

where p' for i = 1,2 are the solutions of (4.33) given by Theorem /.8.

Proof of Lemma 4.9
We set K = ||az — a1]|z(0,r). We remark that p? is a sub-solution of

(pr)e +k (py — p— +ax(t)) |Dpr| — KBy = 0.

Moreover p! + K Byt is solution of the same problem. By comparison principle, we
then deduce

2 _ 1
max — oo < KByT.
ke{ﬁ_}“Pk Prell Lo (0,1)) < 0

This is the estimate we want. a
We have the following lemma whose proof is trivial :

Lemma 4.10 (Stability of the velocity a) Let p', p? be 1-periodic plus Lo-linear.
1
We set a[p'](t) = / P’ (x,t) — p_(x,t)dx + L(t). Then the following holds
0

21 1 - <2 2 1 - )
||G[P] G[P]HL 0,7) > ké?ff} ||Pk pkHL (Rx(0,7))

We now prove Theorem 1.1.

Proof of Theorem 1.1
We define the set :

o+ = p-llLe < M
p is 1—periodic plus Lyo—linear
Ur=<p= Pr ) e (L), s.t.| max || Dpyllp=~ < Bo ,
p* k6{+1_}
max |[(pr)ellzee < Bo(2M + || Ll Lo (o,1))
ke{+,—}
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where Ly is defined in (H2), By = kl’?aX}HDIOgHLw(R) and M = ||P{ — P°| 1e(w)
e{+-

For p € Ur, we set
1

o) = [ o) = p (@ dw + L(t). (434)
0
We see that for any p € Uy, a[p] satisfies (H1) with ||a[p]|| L0,y < M + ||L|| Lo (0,1)-
For p € Ur, we then define v = G(p) = (G+(p), G_(p)) as the unique viscosity
solution for £ = 1,2 (see Theorem 4.8) of

{ (vg) = —k (v —v_ +alp|(t)) |[Dvg] on (0,T) xR,
k(0) =y on R.

We will show that G : Uy — Uy is a strict contraction for 7" small enough. First, we
will prove that G is well defined. By Theorem 4.8, we know that v is 1— periodic
plus Lg—linear. Moreover, we have

(4.35)

D s <B
kg{lax H Uk||L (Rx(0,7)) 0,

(A | (va)el| Lo ®x (0,7)) SBo(M + ||al|Leo,r)) < Bo(2M + || L|| o< (0,1))
and
vy —v_|| e @mx (o)) < M

and so v € Ur.
It thus remains to show that G is a contraction. For v' = G(p’), according to
Lemma 4.9 and Lemma 4.10, we have

[v* = v |m@xory = sup[|vp = vl < BoTllalp®] — alp']|[z<or)
{ke{+,—}}

1
<2BoT|p" = p*|| L @xory < 5llo" = PPl oo @x(0.))

forT'<T* = 15 And so G is a contraction on U which is a closed set. So, there
0

1
exists a unique viscosity solution of (1.1)-(1.2) in Ur on (0,7%*) where T* = 1B, By

iterating this process, one can construct a solution for all 7" > 0. Indeed, T depends
only on By which does not change with time. a

Proposition 4.11 (Estimate for the non-local solution) Let T' > 0. The solu-
tion p of (1.1)-(1.2) satisfies

o+ = p-llLe@x(0m)) < M
where M = || P — P|| oo (w).-

The proof is the same of the one of the local case, see Theorem 4.8 (iv).

85



Chapitre 3 : Convergence du schéma

5 Numerical scheme

5.1 Approximation of the local system

In this subsection, we propose a finite difference scheme for the local system
(4.19). Given a discrete velocity a®, we consider the discrete solution v that ap-
proximates the solution of (4.19), given by the following explicit scheme for all

ke{+, -}
O (x:), (5.36)

5
n : A,Loc '
UIZ—:l _ Uk;l + At <CA LOC['U](Z' > { g Uk 'R UZL’Z:; ii nO(]:t ['U](x“tn) Z 0

0o _
Vi =

(5.37)
where p°(z;) are defined in (1.3), E* are the approximation of the Euclidean norm
proposed by Osher and Sethian [116] defined in (1.6) (we also can use the one
proposed by Rouy, Tourin [121]), Dt v}, D~ v} are the discrete gradient defined in
(1.7) and

O] (4, tn) = —k(wy (5, 1) — w_ (23, t,) + a® () (5.38)
where a® is an approximation of a satisfying
a®(ty,) = a(t,). (5.39)

In particular, the functions E* are Lipschitz continuous with respect to the discrete
gradients, i.e.

|EX(P,Q) — EX(P, Q)| < (P~ P[+]Q - Q']). (5.40)
They are consistent with the Euclidean norm
E=(P,P) = |P| (5.41)
and enjoy suitable monotonicity with respect to each variable
%20, gggo, 2%20, ZT<O (5.42)
Denoting by S* the operator on the right-hand side of (5.37), we can rewrite the
scheme more compactly as

Vs = pr(),  opth =St
Finally, we also assume that the mesh satisfies the following CFL condition (cf
Remark 5.2)

< — .
At < g Lle (5.43)

where
L1 = ”aHLOO(O,T) + M + 2.
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Theorem 5.1 (Crandall-Lions rate of convergence) Let T' < 1. Assume that
Az + At < 1. Assume that a € WH(R x [0,T)) and that the CFL condition (5.43)
holds. Then there ezists a constant K > 0 depending only on || P) —P°|| 1), ||lallwi.=om)
and maxyeq+,—y [|DpY||Lor) such that the error estimate between the continuous so-
lution p of the system (4.19) and the discrete solution v of the finite difference
scheme (5.36)-(5.37) is given by

kr?ax}sup o (i, ) — 0| < KNVT (Az + At)Y? + (nax sup I (;) — v} |
) e{+,— = )

provided K (Az + At)2 + kn{1ax}sup(p2(x,~) —v ) < 1.
S +)_ =

52

Remark 5.2 (Monotony of the scheme) Under the assumptions of Theorem
5.1, we have

0 =0l <[ = o (i ta) |+ lpo (i tn) — p— (@i tn)| + |- (i, 8n) — 0" ]
<2+ M

where we have used Theorem 4.8 (iv) for the second term. We then deduce that the
discrete velocity is uniformly bounded :

CoM W) < |lallz~or) + M +2 = L.

Then, one can show that the scheme is monotone in the following sense : let v and
w be two discrete functions such that v} < w} ; then

S*(w™) () < S*(w™)(x;), for k€ {+,—}.

For the proof of Theorem 5.1, we need the following lemma :

Lemma 5.3 If v} is the numerical solution of (5.36)-(5.37), then

—Kt, — p° < p%(z) — v(xi, tn) < Kty + pt (5.44)
where K = 2(||P$ — P9||Loo(R) + ||a|| Lo 0,r)) MaXpe 4 -3 ||Dp2||Lco(R) and
p’ = max sup|pp(z;) — vy, > 0. (5.45)

ke{+,—-} =

Proof of Lemma 5.3
To prove this, we set wy(z;,t,) = p%(z;) — Kt, — u° and we show that for K large
enough w is a discrete sub-solution. Indeed, we have

wify! — (5%,
= — KAL — ACEE 0] (g, 1,) B3OS W Nwet)) (DY) (), D™ 8 (1))
ALoc X _
= — At (K F (0 we) = o (1) + @ () BV (D 8 (@), Dl (1))

<= 8¢ (K =217 - Plli=go + lallz=am) max [DA]i~co
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where C2"°[w](z4,t,) is defined in (5.38) and sgn(f) is the sign of f.
So, for every K > 2(||PY — P2| o) + [lall oo (o,r)) maxre (s, -y [| DpR || ooy, w s
a discrete sub-solution. Moreover
w (@) = plwi) — p® < vl ().
Using the monotony of the scheme, we deduce w}' < v} and so
P (z;) — vl < Kty + po.

The lower bound is proved similarly. a

We now give the proof of Theorem 5.1
Proof of Theorem 5.1
The proof is an adaptation for systems of the one of Crandall Lions [40], revisited
by Alvarez et al. |[4]. The proof splits into three steps. We denote throughout by K
various constant depending only on [|[PY — P°||pec(r), maxge(s+ —y || Dphllre®) and

||a||W1,oo(0,T).
We first assume that
) = of (5.46)
and we set
0= max sup |pd(x;) — vl,] = 0. (5.47)

k€{+7_ =

We set a few notations. We put

= max su Titn) — Ug,)-
p= Dax, ETp(pk( ) = UK4)

Forevery 0 <a <1, 0 <e<1and o >0, we set

Mo = sup W (0, t, x4, by, k),
RX[0,T]xEr x{+,—}

with

B |z — a4 B [t —t,]? B
2e 2e

VS (mt, i b, k) = pre(a,t) — vp(y, t,) ’2_

ot —a|z]* — alz;

We shall drop the super and subscripts on W when no ambiguity arises as concerning
the value of the parameter.

Since p° is Lipschitz continuous and 7' < 1, we have by (4.29)

pa ()] < K(1+ [a]). (5.48)
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5. Numerical scheme

Moreover by Lemma 5.3 we have

oz (i, t)| <lvx(zi,tn) — p3(2:)] + [0 (4)]
<Kt, + K(1+ |x;])
<KL+ |zi))-

We then deduce that ¥ achieves its maximum at some point that we denote by
(x*, t* af, th k).
Step 1 : Estimates for the maximum point of ¥

The maximum point of ¥ enjoys the following estimates

alz*| + alz| < K, (5.49)
and
¥ — x| < Ke, [t"—t;| < (K +20)e. (5.50)
Indeed, by inequality W(x*, t*, «f, 5, k*) > ¥(0,0,0,0,k*) > 0, we obtain

alz*|? + alzi]? <pre (1) — v (2F,18) < K(1 4 |2*] + |2F])

K? « a
<K+ — + —|x*]? + = |z
< +a+2|x\+2\xll

This implies (5.49), since a < 1.
The first bound of (5.50) follows from the Lipschitz in space regularity of p (see
Theorem 4.8 (7i7)), from the inequality W (z*, t*, zf, ¢ k*) > U(x}, t*, 2}, ), k*)
and from (5.49). Indeed, this implies

* * ’2

2% — ]

%% Spk’*(x*?t*) — Pk (:U;ka t*) - a’a:*‘Q + Oé‘.’ll'flz

<Klo" = zi| + afe” = z7[([27] + [27]) < Kla" — 7],

The second bound of (5.50) is obtained in the same way, using the inequality
U™ t* af, th k) > U(z*, ¢,z ), k*) and Theorem 4.8 (ii7).

Step 2 : A better estimate for the maximum point of ¥
Inequality (5.49) can be strengthened to

alr*|? + alzi]? < K. (5.51)

Indeed, using the Lipschitz regularity of p, the inequality W (z*, t*, xf, t k*) >
v(0,0,0,0,k*) and equations (4.29), (5.44) and (5.50), yields
alz*|? + alai P <pp (2, t°) — v (2], ) + pla}, 0) — p(a7, 0)

<K(|lz* -z +t)+ Kt + 1i° < K.
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Step 3 :

Upper bound of ;

We have the bound pu < Kv/T (Ax + At)% + u0if Az + At < 5.

First, we claim that for o large enough, we have either t* = 0 or ¢} = 0.
Suppose the contrary. Then the function (z,t) — U(x,t, 2}, ¢}, k*) achieves its

maximum at a point of R x (0,7]. Using the fact that p is a sub-solution of
the continuous problem, we obtain the inequality

o+p; < —k(ps — p- +a(t”))|p; + 202" (5.52)

* * * ok
tt—ty, T —x;

with py = —=, pi = —
Since tf > 0, we also have W(z* t*, af t k*) > U(z*, t* x;, t7 — At, k*). This
implies

O (-, B — At) > (-, 1 — Ab) + v (], 1) — (2], E5)

17°n 177N
for o(x;,t,) = —|$*;f"|2 - |t*;z"|2 — alz;|?. Using the fact that the scheme is
monotone and commutes with the addition of constants, yields
Uk (‘rr7 t:;)

=S" (v (-, 1, = A1) (7)
>z, 6 — At) + v (xF, 18) — p(xf, )

27 °n 177N 1r’n

+ At <ckA*’L°C[v](x;‘, t;)) E" (DT p(xt,t: — At), D™ p(x},t5 — At))

17N 1r'n

i 'n

where [* = sgn (ckA*’LOC[v](x* t*)) We set

o] = = )@ 1), clpl = K (pr (a7, 17) — p- (2", %) + alt?)).

We then obtain the super-solution inequality :

) — (o tr — At .
SO('T’L? n) Z(]ﬁxm n ) > —C[U]El (DJr(p(x* tr — At)’Digo(l'* tr— At))

1 'n 17°n
Straightforward computations of the discrete derivative of ¢ yield

At . A A
bt o= —lB (- 55 - aeei + 05 + 5~ alerf - a0))

Subtracting the above inequality to (5.52), we deduce

At x A A
o §2—€ — c[p]lpt + 20x*| + c[v] E <p;§ - 2—: — a2z + Az),p; + 2—: — of2z] — Ax))

At X *
<28 (clp] ~ elo]) I3 + @Kl
. A A .
Fllell[ 7 (52— 52 - a2t + ) g+ 5 at2af - A0)) — B k)
At A
§2—6 — (c[p] = c[v]) [py] + Ka|z™| + K?x + 20K |z} | + 20K Az
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5. Numerical scheme

where we have used, for the second line, the fact that

clp] < M +2Bo(M + |lal[ o) T < K
with M = ||PY — P°||1=~®) and By = kr?fx | DYl (r) (see Theorem 4.8).
Now, since pp(x*,t*) — vp (2], 87) = ker?fx}(pk(:c A7) — (2, 1)) > 0, by

Lemma 4.2, we obtain
—(clp] = c)lpz| = = K" (p1 (2", 1) — p— (2", ") + a(t")) [p;]
+ k" (04 (2 Z‘ ty) —v-(x7, 1) +a(t?)) |py|
+k* (a®(t) — a(t")) v}
<|a®(t) = at)] |p;] < K|t;, = *]|p}]

where we have used (5.39). This implies

At A
o <+ Kt = tilIp] + Kala'| + K22 4 20K |2t| + 2aK Ax
£ 9
Az + At
<K2ETA L g2 4 ke
9
Putting

A At
of = U*<AI+At,€,Oé) — K%—FK(alm—kg),

we therefore conclude that we must have t* = 0 or ¢} = 0 provided o > o*.

Whenever t* = 0, we deduce from Lemma 5.3 and from (5.50) that
M= =V (20,27, t5, k%) < pe (@) — vp= (2], 15)

) 17N

<ppe (") — ppo (@) + Kt + 1i°
<K (ja” — 23] 4+ 1) + 0 < K(1+ 0)e + i

Similarly, whenever t* = 0, we deduce from the Lipschitz regularity of p and
from (5.50) that

ME =W (a2, t*, 27,0, k%) < pp= (27, 17) — v (2, 0)
<K (lz* —zi| +t) + " < K(1 +0)e + p.
To sum up, we have shown that
M < K(1+o0)e+pu’ < Ke+p°
provided o* = K% + K(a'/? +¢) < 0 < 1.We then deduce that, for every
(x;,t,) and for every k, we have

Az + At
Pr(itn) — vg(@4, 1) — (K—

+ K(a? + 6)) T — 2alz)* < M*
5
<Ke+ /.
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Sending a@ — 0, taking the supremum over (z;,t,), the maximum over k£ and
choosing € = Tl/2 (Az + At)"?, we conclude that

max su Tiyty) —Uy,;) =
remoy 2 P(sz( ) k) u

SK(Bz+ A0V + max sup(pp(w:) = i),
) (5.53)

provided that Az, At are small enough 7" < 1, 1o < 1 and (5.46) is assumed.
In the general case, we consider p = p + p!' with p' = krr{lax}sup(vgi — 0 (x:)).
e{+-} = ’

We remark that p is solution of (4.19) and satisfies p°(z;) > v?. Then (5.53) is true
with p in place of p, i.e.

mas Sup(pu(r, ) b4 <o) < K (A0 + M)V VT4 max sup(e) '),
ke{+,-} = ke{+,—-} = ’

which still implies (5.53) with kn{lax}sup |pi () — vp 4. O
e{+-} = ’

The lower bound for the error estimate is obtained by exchanging p and v. As
the proof is similar to the above, we omit it.

5.2 Approximation of the non-local system

To solve numerically the non-local system (1.1)-(1.2), we use the finite difference
scheme (1.3)-(1.4)-(1.5). We also assume the CFL condition (1.8). In particular,
using Proposition 4.11, we deduce that the CFL condition (5.43) is satisfied uni-
formly for all a defined by (1.5) because

lalpl|l o) < M + || L|| oo o7

and so L < Ls.

Let T > 0 which will be chosen later. To prove our convergence result, we mimic
the continuous case and we rewrite the scheme (1.3)-(1.4)-(1.5) as a fixed point.
Before proving Theorem 1.3 we need to introduce some notations and lemmata.
Defining X3 = R{®-N1} and X222 = (R2)2<{0-N1} | the set of discrete functions

defined on {0, ..., Ny} and on the mesh Zr respectlvely, we denote by G2 : X512 —

X7
X;’A the operator that gives the discrete solution v of the local Problem (5.37) for

i . LA .
a given velocity a® € X775 e

(G2(a®), G2 (a) = G (a®) = v.
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5. Numerical scheme

In particular, the scheme (1.3)-(1.4)-(1.5) can be rewritten as a fixed point of
G2 (a?[]), i.e.
v=G(a])
with a®[-] defined in (1.5). We set, for all T < T :
sup | Dfwy| < By,
UA = {we x| sup |Dfwe| <2By(2M + || Lz or) +4),
Er
sup |lwy —w_| < M + 2
Er

and

Vi = {aA € Xp%: sup [a®] < M+ || L]~ + 2 }

‘ {0,...,Np At}

where M = || P — P%||[(r). One can easily check that
{(ppeUr} c U

and

{(a)® | llallz=omr) < M + |Lllp=@r) } C Vi
where (f)2 is the restriction to =7 of the continuous function f. We have the follo-
wing Lemma :

Lemma 5.4 Assume that (1.8) holds. Then for all T < T, the following inclusion
holds

(i) a®[UF] C Vi,

(ii) GR(VF) C UL,

Proof of Lemma 5.4
The proof of (i) is just a simple computation. We prove (7).

Let a® € VA and v = G*(a®). We set w(x;,t,) = v(zi11,tn) — AxBy. Then w is
still solution of the discrete scheme (5.37) and satisfies w® < v°. Using the monotony
of the scheme yields

Vi (Tig1,tn) — vi(@is tn)
Ax

< By.
Using Theorem 4.8, we deduce
lop —v_| < M +2. (5.54)

For the estimate in time, we have, using (5.54),
i

| S2Bo|CR o] i )|

<2By(M +2+ sup |a®))

<2Bo(2M + || L|| oo (o,7) +4)-
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So GA(VA) C U#£. This ends the proof of the lemma. O

We now have to prove some consistency and stability results for the velocity a®
and for the operator G2.

Lemma 5.5 (Consistency for the discrete velocity a®[]) There is a constant
K = 2By + M such that, for every mesh A, for every 0 < T < T and for p € Ur,
we have

sup | (alp])® = a®[(p)?]] < KAz
{0,...,NTAt}
where (p)*
in (4.34).

Proof of Lemma 5.5
We set p(z,t) = pi(z,t) — p_(z,t). The following holds :

is the restriction to Zp of the continuous function p and al] is defined

aldltn) = (06| = | [ dtet)de = 3 Asplasit)
Nyg—1 (i+1)Ax
< Z /A plx, ty)de — Axp(x;, t,)

1
+ / plx,t,)dx
N.Azx
Np—1
<Aw YT sup | te) = plat)| + MAT
i—o LAz, (i+1)Az]

<Az(2B, + M).

We have the following lemma which proof is just a simple computation

Lemma 5.6 (Stability property of the velocity a®[]) For every mesh A, for
every 0 < T < T and every vy, vy € UR, the following holds

sup  [a®[vg] — a®fon]| <2 max sup vy — vy.
{0,....,Np At} ke{+.-} =r

Lemma 5.7 (Stability property of the operator G) There is a constant K =
2By so that, for every mesh A satisfying the uniform CFL condition (1.8), for all
0<T<T and all a, a2 € VR

max_sup |Gy (ay) — Gi(ar)| < KT sup |ay —afl.
ke{+,—} =7 {0,...,Np At}
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Proof of Lemma 5.7
We set v; = G* (af*). Using the fact that

CIESQW(CI) — C2Esgn(02) < |Cl — CQ‘ maX(EJr? Ei)
yields
U’SZI — vy + kAL (U§+ _+ap(t )) Eoonvs, +_Ug’*+a?(t"))(D+v2 , D73)

<Atlay (tn) — at(t )|maX(E+(D+Uz,D 3), E7 (D" vy, D™0y))
<2ByAt sup |af —ad).

Moreover @1 (x4, t,) = v1(24,t,) + 2By  sup  |a® — a|t, is solution of the same
{0,....Nyr At}
discrete equation. Since the scheme is monotone, one deduces that

max sup|GA(a2) G2(ad)| < 2B, T sup |ag — af|.
ke{+,—-} = {0,...,Np At}

This achieves the proof. O
We now prove Theorem 1.3.

Proof of Theorem 1.3
We use the main idea of Alvarez et al. [4].
We first assume that 7" > T and we set, for every [ > 1:

QP = AxZ x {AtNy, ..., AtN 1}

T
where N; is the integer part of AL As in the continuous case, on each interval
(IT, (I + 1)T), we can iterate the process (since T' depends only on B, which does
not change with time) and construct, using a fix point method (denoting by G and
G?), p and v respectively solution of (1.1)-(1.2) and (1.3)-(1.4)-(1.5). We then have

the inequality

max _sup |pr — vg| < n?ax}sup|le( alp]) —GkA’l(aA[vm

ket =} ga +-} @a
<kg{lgx}supyakl (alp]) — Gy ((alp)™))]
QA
+ kér{lfx}sup |sz ((alp])®) — G,ﬁl (a®[))],

where the function G* ((alp))®) = (G2, ((alp))®), G2, ((a[p])?)) (resp. Gi(alp]))

is simply the discrete solution of (5.36) (resp. the continuous solution of (1.1)) with
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the velocity alp] and initial condition v™ (resp. p(-, N/Dt)). >From Theorem 5.1,
we then deduce

max Ssup ‘Gk,l(a[p]) — G2, ((a[p])A))’ <KVTAx+ max sup |pp — v
ke{t—} @a ’ ke{+,—} Azzx N At

<IKVTAz + kr?ax}sup Ipp —vp|. (5.55)
E1tH—r =
For the second term, we use Lemmata 5.5, 5.6 and 5.7 to obtain

max sup |G ((alpl)*) = Gy (o)

ke{+,—} pa

<KT  sup|(alp)® — (o]

{N|At,...,Ni41 At}

<KT  swp ([(alp)® = a* [(0)2] |+ a* [(0)*] = a*[v]])

{NiAt,..,Niy1at)

<KT (AI + max sup lpr — vk|> :

e{+,-} QA

This implies, for TAz < 1 and KT < 1,

IK = o 0 1
B o=l < TV TBa + e sw =) T
We now take [ > 1 such that
IT<T<(+1)T
Then the following holds :
B ol =l <y VTR + (e sl =) g7

<KTVAr+ K <kn{1ax}sup|p2 —vg\) it T >T.
E1t—r =

where we have used the fact that T depends only on By.
Notice that, in the case where T' < T, from Theorem 5.1, (5.55) is replaced by

max sup|Gi(alp]) - G ((alp)*)| < KVT Az + max sup |} — il

ke{+,~} =,
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and so we obtain

max sup |px — vx| < KVTAz + K (kn{lax}sup|p2—vg|), if T<T.
et — e1t—r =

ke{+,—} =p

)

This ends the proof of the theorem. O

6 Numerical results

In this Section, we present some numerical simulations of the 1-D Groma-Balogh
problem (1.1)-(1.2) discretized by the numerical scheme (1.3)-(1.4)-(1.5).

6.1 Numerical error estimate

Here, we show a numerical test in order to confirm our error estimate for local
system. Let us fix L(t) = 0 even if it is not physicaly relevant, let us choose the
following initial conditions : p9 (z) = —|z — 1/2| 4+ 1/2, and p° (z) = —[2z — 1| + 1
on [0, 1] (and extend it by periodicity on R).

log(L“~error

14 15 16 17 18 19 2
log(N,)

F1G. 3.3 — log(L> — error) of |un, — un,—1| versus log(N,) at T'= 1

Figure (3.3) show the behaviour of the L>-error versus the discretization para-
meter Ax. The regression slope is close to 0.7 and the ideal regression is % Hence,
the behaviour of this errors confirms that our error seems optimal.

6.2 Dislocation density dynamics

In this paragraph, we are interested by the evolution of dislocations densities for
the 1-D Groma-Balogh model (1.1)-(1.2) under the uniformly applied shear stress
L(t) = 3t.
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In this simulations, we choose an example of concentrated dislocations densities,
i.e. where dislocations densities are initially periodic, and equal to zero on some
sub-intervals of [0, 1] (see Figure 3.4).

This initial condition means that there exists some regions without dislocations,
and others with concentrated dislocations.

Intuitively, dislocations are intended to be uniformly distributed in the whole
crystal as shown in (Figure 3.6) where finally a uniform distribution in all the crystal
is observed, i.e. the density of dislocations becomes a constant.

We remark that when L(t) is non-stationary, our system behaves as a diffusion
equation (see [22]| for further details). But evidently when L(t) = 0, with the same
initial condition, the system does not evolve.

F1G. 3.4 — dislocations density (Dp%(.) = Dp° (.))

Fic. 3.5  On the left : density (Dpi(.,3)); on the right : dislocations density
(Dp-(-+3))
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F1G. 3.6 — dislocations density (Dp,(.,3) = Dp_(.,3))
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Chapitre 4

Existence globale de solutions
continues pour un systéme
hyperbolique diagonalisable avec des
données initiales grandes et
monotones

Ce chapitre est un travail en collaboration avec R. Monneau.

Dans ce travail, nous nous intéressons a I'étude des systémes hyperboliques diago-
nalisables en dimension 1. En se basant sur une nouvelle estimation sur 1’entropie
du gradient des solutions, nous prouvons l’existence globale d’une solution conti-
nue, pour des données initiales grandes et croissantes. De plus, nous montrons dans
un cas particulier quelques résultats d’unicité. Nous remarquons également que ces
résultats couvrent le cas des systémes qui sont hyperboliques mais pas strictement
hyperboliques. Physiquement, ce genre de systémes hyperboliques diagonalisables
apparait naturellement dans la modélisation de la dynamique des densités de dislo-
cations.
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Global continuous solutions to diagonalizable hyper-
bolic systems with large and monotone data

A. El Hajj *',R. Monneau*
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Abstract
In this paper, we study diagonalizable hyperbolic systems in one space dimension. Based on
a new gradient entropy estimate, we prove the global existence of a continuous solution, for
large and nondecreasing initial data. Moreover, we show in particular cases some uniqueness
results. We also remark that these results cover the case of systems which are hyperbolic but
not strictly hyperbolic. Physically, this kind of diagonalizable hyperbolic systems appears
naturally in the modelling of the dynamics of dislocation densities.

AMS Classification : 350145, 35Q35, 35Q72, 7T4H25.
Key words : Global existence, system of Burgers equations, system of nonlinear trans-
port equations, nonlinear hyperbolic system, dynamics of dislocation densities.

1 Introduction and main result

1.1 Setting of the problem

In this paper we are interested in continuous solutions to hyperbolic systems in
dimension one. Our work will focus on solution u(t, z) = (u'(t, x))i=1,. v, where M
is an integer, of hyperbolic systems which are diagonal, i.e.

o' +a'(w)d,u' =0 on (0,7) xR andfor i=1,..,M, (P)
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1. Introduction and main result

with the initial data :
u'(0,7) = uh(z), reR fori=1,..., M. (ID)
For real numbers o < 3, let us consider the box
U =T, o, 5. (1.1

We consider a given function a = (a');—
regularity assumption :

a2 U — RM which satisfies the following

.....

( the function a € C*°(U),

there exists My > 0 such that for i=1,..., M,
(H1) la’(u)] < My for all u e U,

there exists M; > 0 such that for +=1,..., M,
| |a*(v) —a'(u)] < Myjv—wu| forall v,uel.

We assume, for all u € RM, that the matrix

(afj(u))i,jzl ,,,,, M, Where afj = +Qi7

ouw’

is non-negative in the positive cone, namely

forall w e U, we have

H2 A
(H2) Z &i&ja';(u) >0 for every &= (&1,...,8m) € [0, +00)M.
i,5=1,....M
In (ID), each component uj of the initial data ug = (ug, -+, ud) is assumed satisfy

the following property :

ul € L*(R)

(H3) uf is nondecreasing, | fori=1,--- M,

dyuly € Llog L(R),
where Llog L(R) is the following Zygmund space :

Llog L(R) = {f € L'(R) such that /R]f|ln(1+ If]) < —i—oo}.
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This space is equipped by the following norm :

1|2 10g L(R) Zin{)\ >0: /mln <1—|—m> < 1},
LA )\

This norm is due to Luxemburg (see Adams |2, (13), Page 234]).

Our purpose is to show the existence of a continuous solution, such that wu(t,")
satisfies (H3) for all time.

1.2 Main result

It is well-known that for the classical Burgers equation, the solution stays continuous
when the initial data is Lipschitz-continuous and non-decreasing. We want somehow
to generalize this result to the case of diagonal hyperbolic systems.

Theorem 1.1 (Global existence of a nondecreasing solution)
Assume (H1), (H2) and (H3). Then, for all T > 0, we have :

i) Existence of a weak solution :
There exists a function u solution of (P)-(ID) (in the distributional sense), where

w e [L2((0,T) x R)M N [C([0, T); Llog LIR)M and dyu € [L=((0,T); Llog L(R))]M,

such that for a.et € [0,T) the function u(t,-) is nondecreasing in x and satisfies the
following L estimate :

||uz(t,)||Loo(R) S ||u6||L°°(R)7 fOT’i: 1,...,M, (12)

and the gradient entropy estimate :

/ Z f (0.0 (t, x)) do + t/ Z afj(u)azui(s,x)(?zuj(s,x) dr ds < C4,
. o Jr ;57

(1.3)

cln(z)++  if x>1]e,

ro={; Tzl (1.4)

and Cy (T, M, My, ||[uol|(ree myjm, || Oetio |11 10g LrypM )-
ii) Continuity of the solution :

The solution u constructed in (i) belongs to C([0,T) x R) and there exists a modulus
of continuity w(d, h), such that for all (t,x) € (0,T) x R and all 6,h > 0, we have :
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1. Introduction and main result

|u(t + 9,2z + h) —u(t,x)| < Cy w(d,h) with w(d,h) =

where Co(T', My, My, ||wol|(ro mya, | Oxtiol| (1 10g L) M )-

Remark 1.2
Here, we can easily extend the solution u of (P)-(ID), given by Theorem 1.1, on the
time interval [0, +00).

Our method is based on the following simple remark : if the initial data satisfies
(H3) then the solution satisfies (H3) for all . What seems new is the gradient en-
tropy inequality. The prove of Theorem 1.1 is rather standard. First we regularize
the initial data and the system with the addition of a viscosity term, then we show
that this regularized system admits a classical solution for short time. We prove the
bounds (1.2) and the fundamental gradient entropy inequality (1.3) which allow to
get a solution for all time. Finally, these a priori estimates ensure enough compact-
ness to pass to the limit when the regularization varnishes and to get the existence
of a solution.

Remark 1.3
To guarantee the Llog L bound on the gradient of the solutions. We assumed in (H2)
a sign on the left hand side of gradient entropy inequality (1.3).

In the case of 2 x 2 strictly hyperbolic systems, which corresponds in (P) to the
case of a'(u',u?) < a®(u',u?). Lax [98] proved the existence of smooth solution of
(P)-(ID). This result was also proven by Serre [123, Vol II] in the case of M x M
rich hyperbolic systems (see also Subsection 1.4 for more related references). Their
result is limited to the case of strictly hyperbolic systems, here in Theorem 1.1, we
treated the case of systems which are hyperbolic but not strictly hyperbolic. See the
following Remark for a quite detailed example.

Remark 1.4 (Crossing eigenvalues)

Condition (1.9) on the eigenvalues is required in our framework (Theorem 1.1).
Here is a simple example of a 2 x 2 hyperbolic but not strictly hyperbolic system. We
consider solution u = (u',u?) of

ot + cos(u?)d,ut =0,
on (0,7) x R. (1.6)
Opu® + u'sin(u?)0,u* = 0,
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Assume :
i) u'(—o00) =0, u'(+00) = 1 and d,u' >0,

i) u*(—00) = =%, u?(+00) = % and dyu* > 0.
Here the eigenvalues My (u',u?) = cos(u?) and Xy(ut,u®) = u'sin(u?) cross each
other at the initial time (and indeed for any time). Nevertheless for a'(u',u?) =

cos(u?) and a*(u',u?) = u'sin(u?®), we can compute

: 0 —sin(u?)
% 1 ,2\) —
(e (u', u))ij=12 ( sin(u?) ulcos(u?) )’
which satisfies (H2) (under assumptions (i) and (ii)). Therefor Theorem 1.1 gives
the existence of a solution to (1.6) with (i) and (ii).

Based on the same type of gradient entropy inequality (1.3), it was proved in Can-
none et al. [25] the existence of a solution in the distributional sense for a two-
dimensional system of two transport equations, where the velocity vector field is

non-local.

The uniqueness of the solution is strongly related to the existence of regular (Lip-
schitz) solutions (see Theorem 7.7). Let us remark that equation (P)-(ID) does not
create shocks because the solution (given in Theorem 1.1) is continuous. In this si-
tuation, it seems very natural to expect the uniqueness of the solution. Indeed the
notion of entropy solution (in particular designed to deal with the discontinuities
of weak solutions) does not seem so helpful in this context. Nevertheless the uni-
queness of the solution is an open problem in general (even for such a simple system).

We ask the following Open question :
Is there uniqueness of the solution given in Theorem 1.17

Now we give the following existence and uniqueness result in [IW1°([0,T) x R)]M,
in a special case to simplify the presentation. More precisely we assume

(H1) a'(u) = Z Ajju? for i =1,..., M and for all u € U,
M

=1,
(H2') Z Aij&&; >0 for every &= (&5,...,&y) €0, +00)M.
i =1, M

Theorem 1.5 (Existence and uniqueness of W> solution for a particular
A = (Aij)ij=i=1,..M)
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1. Introduction and main result

Assume (H1'). For T > 0 and all nondecreasing initial data ug € [WH*(R)|M, the
system (P)-(ID) admits a unique solution u € [W>([0,T) x R)]", in the following
cases :

i) M >2 and A;; >0, for all j > 1.
ii) M > 2 and A;; <0, for all i # j and (H2'). And then for all (t,z) € [0,T) x R
we have

Z Opu'(t,z) < sup. Z Opu (). (1.7)

Remark 1.6 (Case of M = 2)
In particular for M = 2, if (H1"), (H2') and (H3) satisfied then we have, by Theorem
1.5 the ezistence and uniqueness of a solution in [W>([0,T) x R)]* of (P)-(ID).

In these particular cases of the matrix A, we can prove that d,u’ fori =1,..., M,
are bounded on [0, 7) x R. Thanks to this better estimates on 9,u’, and then on the
velocity vector field Au, we prove here the uniqueness of the solution.

1 -1
-1 1
the existence and uniqueness of a Lipschitz viscosity solution, and in A. El Hajj [47],
the existence and uniqueness of a strong solution in W ?([0,7) x R).

In the case of the matrix A = ( ), it was proved in El Hajj, Forcadel [48],

1.3 Application to diagonalizable systems

Let us first consider a smooth function u = (u!,. .., u™)

non-conservative hyperbolic system :

, solution of the following

Owu(t,x) + F(u)O,u(t,z) =0, u(t,z)eU, x € R, t € (0,T),
(1.8)
u(z,0) = ug(x) z € R,

where the space of states U is now an open subset of RM and for each u, F'(u) is a
M x M-matrix and the map F is of class C'(U). We assume that F(u) has M real
eigenvalues A;(u), ..., A\y(u), and we suppose that we can select bases of right and
left eigenvectors r;(u), I;(u) normalized so that

|7"i| =1 and lz ;= 5ij
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Remark 1.7 (Riemann invariant)
Recall that locally a necessary and sufficient condition to write

li(u) = Vupi(u),

is the Frobenius condition l; A\ dl; = 0. In that case the function p;(u) is solution of
the following equation

(pi(u))e + Xi(u)(pi(u)), = 0.

We recall that then p;(u) is called a i-Riemann invariant (see Sevennec [124] and
Serre [123, Vol 11])). If this is true for any i, we say that the system (1.8) is diago-
nalizable.

Our theory is naturally applicable to this more general class of systems.

1.4 A brief review of some related literature

Now we recall some well known results for system (1.8).

For a scalar conservation law, this corresponds in (1.8) to the case M = 1 and
F(u) = W(u) is the derivative of some flux function h, the global existence and
uniqueness of BV solution established by Oleinik [113] in one space dimension. The
famous paper of Kruzhkov [93]| covers the more general class of L> solutions, in
several space dimension. For another alternative approach based on the notion of
entropy process solutions, see Eymard et al. [52], see also the kinetic formulation P.
L. Lions et al. [106].

We now recall some well-known results for a class of 2 x 2 strictly hyperbolic systems
n one space dimension. Here i.e F'(u) has two real, distinct eigenvalues

)\1 (U) < )\2 (u) .

Lax 98] proved the existence and uniqueness of nondecreasing and smooth solutions
of the 2 x 2 strictly hyperbolic systems. Also in case of 2 x 2 strictly hyperbolic sys-
tems DiPerna [43, 44| showed the global existence of a L* solution. The proof of
DiPerna relies on a compensated compactness argument, based on the representa-
tion of the weak limit in terms of Young measures, which must reduce to a Dirac
mass due to the presence of a large family of entropies. This results is based on the
idea of Tartar [127]. D. Serre [122] has studied the case of (2 x 2) Temple systems
for which one has global existence for data with bounded variation.

For general M x M strictly hyperbolic systems; i. e. where F'(u) has M real, distinct
eigenvalues
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A(u) < -+ < Ay(u), (1.9)

Bianchini and Bressan proved in [17] a striking global existence and uniqueness re-
sult of BV solutions to system (1.8), assuming that the initial data has small total
variation. Their existence result is a generalization of Glimm result [64], proved in
the conservation case; i.e. F'(u) = Dh(u) is the Jacobin of some flux function A and
generalized by LeFloch and Liu [99,100] in the non-conservative case.

We can also mention that, our system (P) is related to other similar models, such
as scalar transport equations based on vector fields with low regularity. Such equa-
tions were for instance studied by Diperna and Lions in [45]. They have proved the
existence (and uniqueness) of a solution (in the renormalized sense), for given vector
fields in L'((0, +00); W2 (RY)) whose divergence is in L'((0, +00); L°(RN)). This
study was generalized by Ambrosio 8], who considered vector fields in L!((0, +00); BV (RY))
with bounded divergence. In the present paper, we work in dimension N = 1 and
prove the existence (and some uniqueness results) of solutions of the system (P)-
(ID) with a velocity vector field a‘(u), i = 1,..., M. Here, in Theorem 1.1, the
divergence of our vector field is only in L*°((0,400), Llog L(R)). In this case we
proved the existence result thanks to the gradient entropy estimate (1.3), which
gives a better estimate on the solution. However, in Theorem 1.5, the divergence
of our vector field is bounded, which allows us to get a uniqueness result for the
non-linear system (P).

We also refer to Ishii, Koike [83] and Ishii [82], who showed existence and uniqueness
of viscosity solutions for Hamilton-Jacobi systems of the form :

o' + Hy(u, Du') =0 with u= (u'); € RM, for z e RY, ¢t € (0,7),
(1.10)
u'(z,0) = uf(x) z € R,

where the Hamiltonian H; is quasi-monotone in u (see Ishii, Koike [83, Th.4.7]). This
does not cover our study since our Hamiltonian is not necessarily quasi-monotone.

For hyperbolic and symmetric systems, Garding has proved in [59] a local existence
and uniqueness result in C([0,T); H*(RY)) N C*([0,T); H*'(RY)), with s > & +1
(see also Serre [123, Vol I, Th 3.6.1]), this result being only local in time, even in
dimension N = 1.

1.5 Miscellaneous extensions to explore in a futur work

1. In Theorem 1.1 we have considered the study of a particular system only to
simplify the presentation. This result could be generalized to the following system
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o' + a'(u, z,t)0,u’ = h'(u,z,t) on (0,7)xR andfor i=1,...M, (P
with suitable conditions on a* and A’.

2. If we consider the case where the system (P) is strictly hyperbolic. Based in the
result of Bianchini, Bressan [17], we could also prove the uniqueness of the solution,
whose existence is given by Theorem 1.1.

3. We could also extend Theorem 1.5 to system (P’), where we replace (i) and (ii)
by the following condition

i) For M > 2, a(u,z,t) >0 for j > and for all (u,z,t) € U x R x [0,T).
ii") For M > 2,

a';(u,,t) <0 forall (u,z,t) €U xR x[0,+00), forall i# j

and we assume that for any v; € RM, z; € R, the matrix

bij (t) = afj (Ui; Z;, t)

satisfies for all ¢ > 0

(H2") > by(0)&& >0 forall €= (&,.... &) € [0,+00)™.

i.j=1,0,M

4. We could also prove the uniqueness result in case of W* solution among weak

solution. (and in particular any weak solution is a viscosity solution in the sense of
Crandall-Lions [38,39]).

5. We could propose a numerical scheme and try to prove its convergence.

6. Applications to other equations : Euler, p-systems.

1.6 Organization of the paper

This paper is organized as follows : in the Section 2, we approximate the system
(P) and the initial conditions. Then we prove a local in time existence for this
approximated system. In Section 3, we prove the global in time existence for the
approximated system. In the Section 4, we prove that the obtained solutions are
regular and non-decreasing in z for all t € (0,7"). In Section 5, we prove the gradient
entropy inequality and some other e-uniform a priori estimates. In Section 6, we
prove the main result (Theorem 1.1) passing to the limit as e goes to 0 and using
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some compactness properties inherited from our entropy gradient inequality and
the a priori estimates. In Section 7 we prove some uniqueness results in particular
cases (Theorem 1.5). An application to the dynamics of dislocation densities given
in Section 8. Finally, in the Appendix, we recall the proof of uniqueness of Lipschitz
solution to system (P).

2 Local existence of an approximated system
The system (P) can be written as :
Oyu ~+ a(u) o dyu = 0, (2.11)

where u := (u')1,_ar, a(u) = (a'(u))1,... pr and UoV is the “component by component
product” of the two vectors U,V € RM. This is the vector in R™ whose coordinates
are given by (Uo V), :=UV; :

Ui Vi UiVh
Uz Vi UaVa
. Sl . = | .
UM VM UM VM
92
Now, we consider the system (2.11), modified by the term £0,,u, where 0., = 22’
X

and for smoothed data. This modification brings us to study, for all 0 < e < 1, the
following system :

Ou® — €0,,u° = —a(u®) © Jpu’, (P.)

with the smooth initial data :

u(x,0) = ug(z), with uf(z) = up * n-(z), (ID.)

where 7. is a mollifier verify, n.(-) = (%), such that n € C2°(R) is a non-negative

e
function and [, n = 1.

Remark 2.1
By classical properties of the mollifier (n.). and the fact that ui € [L>°(R)]™, then
u§ € [C(R)M N [Wm=(R)M for all m € N.

The global existence of smooth solution of the system (F.) is standard. Here, we
prove this results only to ensure the reader.
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The following theorem is a local existence result (in the "Mild" sense) of the re-
gularized system (P.)-(ID.). This result is achieved in a super-critical space. Here
particularly we chose the space of functions [C([0,T); X (R))]", where

X(R) = {u € L*(R) such that d,u € L}(R)}. (2.12)

This space is a Banach space supplemented with the following norm

lullx@®) = llull L) + |0xull s w).-
Here the espace LP(R) with p = 8 will simplify later in Lemma 4.1 the Bootstrap
argument to get smooth solution.

In this Section, we will prove the following

Theorem 2.2 (Local existence result)
For all initial data u§ € [X(R)|M there exists

T* = T*(My, ) > 0,
such that the system (P.)-(ID.) admits solutions u® € [C([0,T*); X (R))]™.

In order to do the proof of Theorem 2.2 in Subsection 2.2 we need to recall in the
following Subsection some known results.

2.1 Useful results

Lemma 2.3 (Mild solution)
Let T > 0, and v € [C([0,T); X(R)] be a solution of the following integral
problem with u®(t) = u°(t,-) :

u(t) = S-(t)ug — /0 Se(t — s) (a(u®(s)) © Opu(s)) ds, (IN,)

where S.(t) = Sy(et) such that Sy(t) = e'® is the heat semi-group. Then u® is a
solution of the system (P.)-(ID.) in the sense of distributions.

For the proof of this lemma, we refer to Pazy [117, Th 5.2. Page 146].

Lemma 2.4 (Picard Fized Point Theorem, see [85])
Let E be a Banach space, let B : E x EE — E be a continuous map such that :

1B(z,y)lle <nllylle foral w.yeckE,

where 1 1s a positive given constant. Then, for every xg € E, if
0<n<l,

the equation v = xo + B(x,z) admits a solution in E.
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In order to show the local existence of a solution for (IN.), we will apply Lemma
2.4 in the space E = [L>((0,T); X (R))]".

Lemma 2.5 (Time continuity)
Let T > 0. If u® € [L=((0,T); WYP(R)]M, 1 < p < +00, are solutions of integral
problem (IN.), then v € [C([0,T): WP(R))]™ .

For the proof of Lemma 2.3, see A. Pazy [117, 7.3, Page 212].

Lemma 2.6 (Semi-group estimates)
Let 1 < p < q < +oo. Then for all f € LP(R) and for all t > 0, we have the
following estimates :

i) [1Se(t) fllzoe) < Ct257 2| fl1ow),
i) ||8;,;Sg(t)f||Lp(R) < Ct_%HfHLP(R),

where C'= C(e) is a positive constant depending on e.

For the proof of this Lemma, see Pazy |117, Lemma 1.1.8, Th 6.4.5|.

2.2 Proof of Theorem 2.2

Our goal is to show local existence of a solution of (P.) using the Picard fixed
point Theorem. To be done according Lemma 2.3 it is enough to prove the local
existence for the following equation :

us(t) = S(t)ug — /0 S:(t — s) (a(u®(s)) © Ozu(s)) ds, .15)

= S.(t)u§ + B(u®,u®)(t),

with B(u,v)(t) = —/0 S:(t —s) (a(u)(s) © dyv(s)) ds.

If we estimate B(u,v), we will obtain, for all u,v € [L>®((0,T); X(R))], where
X (R) defined in (2.12), the following :

(Lo (R)]M 7

/0 S:(t —s) (a(u(s)) © dv(s)) ds,

1B, 0) () oy :‘
(2.14)
_I_

(L8 (R)1M ,

/0 0.:5:(t — s) (a(u(s)) ¢ Ov(s)) ds,
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where for a function f = (f1,..., f™) € [X(R)]™, we note here

Il = sup ||l + sup [0S [l sw)-
1 M 3 M

i=1,...,

Using Lemma 2.6 (i) with p = 8, ¢ = oo for the first term and Lemma 2.6 (ii) with
p = 8 for the second term, we obtain that :

1
7 la(u(s))0xv(s)ll g2y ds,

1Bl € [ o

t
1
+C/ = ||a(u(s))0,v(s)]| ;s ds.
) () l|a(u(s))0xv ()l sy

We use the Hélder inequality, and get, for all 0 <7 <1 :

| B(u, v)(t) [l x@ypm < CT2 ||5a:U||[Loo((o,T);LS(R))]M )
(2.15)

1
< CT> ||U||[L°°((O,T);X(]R))}M )
where C(My, ). Moreover, we know by classical properties of heat semi-group (see
A. Pazy [117]) :
1S () ug |z 0,y @y < 1wl x @y (2.16)

Now, taking

1 1
T%)2 =min [ —, 1 2.17
(T™)2 = min (20, ), (2.17)
we can easily verify that
C(T%): < 1.

By applying the Picard Fixed Point Theorem (Lemma 2.4) with E = [L>((0,T*); X (R))]™,
this proves the existence of a solution u € [L>((0,7*); X (R))]™ for (2.13).

Then, according to Lemma 2.5, we deduce that the solution is indeed in [C/([0, T*); X (R))]M.

This proves, by Lemma 2.3, the existence of a solution in [C([0, T*); X (R))]*, which
satisfies the system (P.)-(ID.) in the sense of distributions. O
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3 Global existence of the solutions of the approxi-
mated system

In this Section, we will prove the global existence of solution for the system
(P.)-(ID.). Before going into the proof, we need the following lemma.

Lemma 3.1 (L*° bound)
Let T > 0. If u® € [C([0,T); X(R))]M is a solution of system (P.)-(ID.) with initial
data u§ € X(R), then

[l oo (o.yxry < gl g0 gy

The proof of this Lemma is a direct application of the Maximum Principle Theorem
for parabolic equations (see Gilbarg-Trudinger [63, Th.3.1]).

Remark 3.2
Thanks to the previous Lemma, we notice that we can take the box U defined in (1.1)
as the following

U =G4 [~ llug" | ey, llug” | oo )]
For fized ¢, this definition guarantee that My do not change in the course of time.

The result of this Section is the following.

Theorem 3.3 (Global existence)

Let T >0 and 0 < € < 1. For initial data u§ € [X(R)|™ satisfying (H1) and (H2).
Then the system (P.)-(ID.), admits a solution u® € [C([0,T); X (R))]M, with u®(t,-)
satisfying (H1) and (H2) for allt € (0,T). Moreover, for allt € (0,T), we have the
following inequalities :

Hus’i(t,-)HLoo(R) S Hug’iHLoo(R), f()Ti = 1,...,M, (318)

Proof of Theorem 3.3 :
We are going to prove that local in time solutions obtained by Theorem 2.2 can be
extended to global solutions for the same system.

We argue by contradiction : assume that there exists a maximum time 7,,, such
that, we have the existence of solutions of the system (F.)-(ID,) in the function
space [C([0, Trnaz); X (R))]M.

For every small enough § > 0, we consider the system (P.) with the initial condition

uS (2) = 5 (Thge — 6, ).
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From Theorem 2.2 to deduce that there exists a time 7* (M, ¢), independent of §
(see Remark 3.2), such that the system (P.) with initial data u5° has a solution 4=
on the time interval [0,7*). Then for
TO = (Tmax - 5) + T*a
we extend u° on the time interval [0, Tp) as follows,
B u(t,x), for t €0, T — 9],
s (t,x) = 5
u’(t,x), for t € [Thae — 0,Tp)

and we can check that @° is a solution of (P.)-(ID.) on the time interval [0, 7). But
from Lemma (3.1) we know that the time 7™ is independent of § (see Remark 3.2),
which implies that Ty > T}, and so a contradiction.

The inequalities (3.18) is a consequence of Lemma 3.1. O

4 Properties of the solutions of the approximated
system

In this section, we are going to prove that the solution of (F.)-(ID,) obtained
by Theorem 2.2 is smooth and monotone.

Lemma 4.1 (Smoothness of the solution)
Let T > 0. For all initial data ui € [X(R)|M, where O,uf € [W™P(R)|M for all
meN, 1<p< +o0.

If u€ is a solution of the system (P.)-(ID.), such that u¢ € [C([0,T); X(R))]™ and
dpuf € [L((0,T); LXRNM, then uf € [C=([0,T) x R)] and satisfies,

ut e [WmP((0,T) x RIM, forall1 < p< 400 and m € N\ {0}, (4.19)

Proof of Lemma 4.1

Step 1 (Initialization of the Bootstrap) :

For the sake of simplicity, we will set

Flu®] = —a(u®) © d,u’.
From the fact that u¢ € [C([0,T); X(R))]™ and d,us € [L=((0,T); L*(R))M, we

deduce that d,us, F[uf] € [LY((0,T) x R)]™ N [LE((0,T) x R)]™, which proves by
interpolation that
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dpuf, Fluf] € [LP((0,T) x R)M forall1 < p<S8. (4.20)

Because u® is a solution of (P.), we see that

Ou® — €0y u” = Flu], (4.21)

Opzt® — €04z u° = O F[uf]. (4.22)

Applaying the classical regularity theory of heat equations on (4.21), we deduce
that :

dut and 8,uf € [LP((0,T) x R, forall 1 <p<S8. (4.23)
For more details, see Ladyzenskaja |96, Theorem 9.1]. But we know that
0. Fluf] = —a(u®) ¢ 0pu® — Da(u®)0,u® o 0yu° (4.24)

We notice that thanks to this better regularity on u® ((4.20) and (4.23), and by the
Holder inequality we can easily prove that

0, F[uf] € [LP((0,T) x R)M forall 1 < p < 4.

Now, we apply again the classical regularity theory of heat equations on (4.22), to
deduce that :

O’ and  Opgpuf € [LP((0,T) x R)M, forall 1 < p < 4. (4.25)
We know that
O F[uf] = —a(u®) ¢ Opu® — Da(u®)0pu® o dyu° (4.26)
Thanks this previous regularity on u®, we obtain by the Hélder inequality that
O F[uf] € [LP((0,T) x R)™ foralll<p<4.
Which gives that
d,uf, Flus) € [W((0,T) x R)]™ forall 1 < p <4,

and by the Sobolev embedding that d,u¢ € [LP((0,T) x R)]™ for all 1 < p < co.
Step 2 (Recurrence) :

Now, we use the same steps, we can prove by recurrence that for all m € N if|
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dyus € [L=((0,T) x R)]M,
(Hn)
Apus, Fluf] e [Wm™P((0,T) x R)]Y forall 1 <p <4,

then
(Hm) = (HmH)-

Indeed, as in (4.23) we can deduce here that

duf and  duf € [W™P((0,T) x R)]Y, forall 1 < p <4, (4.27)
and From (4.24), because d,us € [L=((0,T) x R)]™, we can obtain here that

O, Fuf] € [W™P((0,T) x R)|™ forall1l<p<4.
Which proves that, as in (4.25) that

Ot and  Dpppus € [W™P((0,T) x R)M, forall 1 < p < 4, (4.28)

and From (4.26), we deduce that

O F[uf] € [W™P((0,T) x R)]Y forall1<p<4,
and then

d,uf, Fluf) € [WH2((0,T) x R)]Y  forall 1 < p <4,
Which proves by the Sobolev embedding the results. O

Lemma 4.2 (Classical Maximum Principle)
Let T > 0. For all initial data u§ € [X(R)]M, where O,us € [W™P(R)M for all
meN, 1 <p< 400, and satisfying (H3).

If u® is a solution of the system (P.)-(ID.), such that u¢ € [C([0,T); X(R))]™ and
Opus € [L>°((0,T); LY(R)M, then we have fori =1,..., M, O,u® > 0 on (0,T)xR.

Proof of Lemma 4.2
We first derive with respect to = the system (P.)-(ID.), and get for w® = (w"),—;
Oy uf

1111

Ow® — 0, w° + a(u®) © dyw® + Da(u)w® o w® = 0.

Since u® € [C>([0,T) x R)]M we see, for i = 1,..., M, that w™' is smooth and
satisfies w®'(0,2) = Oyug’ > 0. From the classical maximum principle we deduce
that w=* > 0 on [0,T) x R. O
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Remark 4.3 (L' uniform estimate on J,u°)
Because 0,us" >0, fori=1,..., M, we deduce from Lemma 3.1 that :

1026 || oo o,y 22 @y < 2 11Ul oo o,y sy < 2005 oo - (4.29)

Corollary 4.4 (global existence of nondecreasing smooth solutions)

Let T' > 0. The solution given in Theorem 2.2 can be chosen such that u® =
(us)i=1...mr smooth, satisfies (4.19) and for each i = 1,..., M, 9,u>" > 0 on
(0, 7) x R.

The proof of Corollary 4.4 is a consequence of Theorem 2.2 and Lemmata 4.1, 4.2
and Remark 4.3.

5 e-Uniform a priori estimates

In this Section, we show some e-uniform estimates on the solutions of the system
(P.)-(ID.). These estimates will be used in Section 6 for the passage to the limit as
¢ tends to zero.

Lemma 5.1 (L™ bound on «* and L' bound on 9,u°)

Let T >0, 0 < e <1 and function ug € [LOO(R)]M satisfying (H3). Then the solu-
tion of the system (P.)-(ID.) given in Theorem 3.3 with initial data u = ug * 1,
satisfies the following e-uniform estimates :

(E1) HuaH[LOO((O,T)XR)]M < HUUH[LOO(R)}Ma

<E2) Hafl'U’EH[LOO(((),T),Ll(R))]]W S 2 ||UOH[L00(R)]]W 9

Proof of Lemma 5.1 :

First, we remark that if J,up > 0, then O,uf = (O,up) * n-(x) > 0 (because 7
is positive). The fact that uy € [L®(R)]" and d,uy > 0, we obtain that d,u, €
@)™

By classical properties of the mollifier (1.). we know that if uy € [L°(R)]™ and
dyug € [LYR)]YM we have u§ € [X(R)]™ and d,u5 € [W™P(R)]M for all m € N,
1 <p< +oo.

Now, we use Lemma 3.1 and Remark 4.3, we deduce by the classical properties of
the mollifier (E'1) and (E2).
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Before going into the proof of the gradient entropy inequality defined in (5.30), we
announce the main idea of this new gradient entropy estimate. Now, let us set for
w > 0 the entropy function

fw) =wlnw.

For any non-negative test function ¢ € C1(R x [0, +00)), let us define the following
“gradient entropy” with w® := d,u’ :

- fo( 5 1)

i=1,....M

It is very natural to introduce such quantity N(¢) which in the case ¢ = 1, appears
to be nothing else than the total entropy of the system of M type of particles of
non-negative densities w’. Then it is formally possible to deduce from (P) the equa-
lity in the following new gradient entropy inequality for all t > 0

Cil—];](t) —1—/90( Z afjwiwj> dr < R(t) for ¢t>0, (5.30)
R

ij=1,., M
with the rest

o= 2,1 5 10))

where we only show the dependence on ¢ in the integrals. We remark in particular
that this rest is formally equal to zero if ¢ = 1.

To guarantee the existence of continuous solutions, we assumed in (H2) a sign on
the left hand side of inequality (5.30).

For we return this previous calculate more rigorous, we prove actually the following
gradient entropy inequality

Proposition 5.2 (Gradient entropy inequality)

Let T > 0,0 <& <1 and function uy € [L®°(R)]" satisfying (H3). We consider the
solution u® of the system (P.)-(ID.) given in Theorem 3.3 with initial data uf =
ug * 1e,. Then, there exists a constant C(T, M, My, [[uo||ipee @y, [|Oxto||1L 10g L)
such that

//Z Nww < O, with N(t /Zf

2,7=1,.. =1,...,.M

(5.31)
where w® = (W");—1y = Ou® and f is defined in (1.4).
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For the proof of Proposition 5.2 we need the following Lemma :

Lemma 5.3 (Llog L Estimate)
Let (n.). be a non-negative mollifier, f is the function defined in (1.4) and h € L*(R)
1 a non-negative function. Then

i) /Rf(h) < +o0 if and only if h € Llog L(R).

ii) If h € Llog L(R) the function h. = hxn. € Llog L(R) satisfies

|h— hel|L10g L(R) — O as &—0.

The proof of (i) is trivial, for the proof of (ii) see R. A. Adams [2, Th 8.20] for the
proof of this Lemma.

Proof of Proposition 5.2 :

Remark first that the quantity N (¢) is well-defined because w® € [L((0,T); L*(R))]*'n

[L°((0,T): L3(R))]™ (by Theorem 2.2 and Corollary 4.4) and we have the general
inequality _71 < wlogw < w? for all w > 0.

From Theorem 4.4 we know that w®® and smooth non-negative function. Now, we
derive N(t) with respect to ¢, this is well-defined because for i = 1,..., M, we have

/ < el|w™ |l (o my and for all m € N, wi € Wn((0,T) x R) (sce
ws,iz

o=

(4.19)).

Finally, we get that,

d
2N = "wS ) O ’
N () /Ri;Mf(w (0™
_ / S P, (—a (w4 0,0,
Rz*l ..... M
J1 JQ
:/ Z ai(u5>ws,if//(w5,i)axwe,i —8/ Z (ast,i)2 f//(ws,i)
Ri—1,...Mm Ri—1,..Mm
But, it is easy to check that
by [ In(z)+1 if x>1le, vy L it >1/e,
f<x)_{0 if 0<z<1l/e, and  f'(z) = 0 if 0<z<l1/e.
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This proves that J, < 0. To control J;, we rewrite it under the following form

where

(z) = x—% if x>1/e,
FE=9 0 if 0<z<1/e

i=1,....M
——[ Y ),
R j=1,...M
J11 J12
N 7 % Y
/ Z ,stz / Z g(ws,i) - ws,i)7
7] 17 7 7] 17 ?

From (H2), we know that Ji; < 0. We use the fact that |g(z) — 2| < 1 forallz >0
and (H1), to deduce that

VAN

[ Tial < SM2 My ([0 | o 0.1y 1 1™

S §M2M1||UO||[L00(R)]M

where we have use Lemma 5.1 (E2) in the last line. Finally, we deduce that, there
exists a positive constant C(||uol|(pe @y, M1, M) independent of € such that

d

dtN(> < Ju+Ji2+Jo

< J11 +C.

Integrating in time we get by Lemma 5.3, there exists a another positive constant
C(T, M, My, ||ug||ipoemy™, |0zt || (£ 10g L(m)) independent of € such that

// Z Jw > w™ < CT + N(0) < C.

i,7=1,..
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Lemma 5.4 (W~!! estimate on the time derivatives of the solutions)

Let T >0, 0 < e <1 and function ug € [LOO(R)]M satisfying (H3). Then the solu-
tion of the system (P.)-(ID.) given in Theorem 3.3 with initial data uf = ug * 1,
satisfies the following e-uniform estimates :

10 2o,y w-ra @y < C (1 + H“0||[2L°°<R)1M> :
where W11 (R) is the dual of the space W (R).

Proof of Lemma 5.4 :
The idea to bound d,u° is simply to use the available bounds on the right hand side
of the equation (F.).
We will give a proof by duality. We multiply the equation (P.) by ¢ € [L2((0,T), W>(R))™
and integrate on (0,7") x R, which gives

A b

A

7

/ ¢ Ot = 8/ ¢ 2 ut — / ¢ a(u®) o du.
(0,T)xR (0,T)xR (0,T)xR

We integrate by parts the term I;, and obtain that for 0 < e <1 :

hl= / 0200ut" | < Tl10:0l 20 1y, 100y 1008 p20,), 11 o
(0,T)xR (532)
3
< 212 (|| (2 (0,7, o iy N W0l o0 (g
here, we have used the inequality
1
||awu€||[LQ([O,T);Ll(R))]M < 2T ||U0||[L<>o(R)]Ma (5.33)

which follows from estimate (4.29) for bounded and nondecreasing function . Si-
milarly, for the term Iy, we have :

12| < Mollulljzoo o,y xmy 101122 (0,7, o0 oy 1920 20,9, 10 gy
(5.34)
< 2T2M0||U0||[Loo @M 12l iz2 o), wr ooy

Finally, collecting (5.32) and (5.34), we get that there exists a constant C' = C(7T', M)
independent of 0 < ¢ < 1 such that :

‘ / et (R L o Y P —"

which gives the announced result where we use that L*((0,7"), W~"1(R)) is the dual
of L*((0,T), Wh>(R)) (see Cazenave and Haraux [28, Th 1.4.19, Page 17]). O
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Corollary 5.5 (e-Uniform estimates)

Let T > 0,0 < ¢ < 1 and function ug € [L®°(R)]™ satisfying (H1) and (H?2).
Then the solution of the system (P.)-(ID.) given in Theorem 3.3 with initial data
Uy = Ug * 1), satisfies the following e-uniform estimates :

||5wU€||[Loo((o,T);LlogL(R))]M + HUEH[LOO((O,T)XR)]M + ||atuEH[LQ((O,T);W—Ll(]R))]M <C
where C' = C(T, M, Mo, My [[uol| ooy s 19210l 1105 £y )-

We can easily prove this Corollary collecting Lemmata 5.1, 5.4 and 5.3 and Propo-
sition 5.2.

6 Passage to the limit and the proof of Theorem 1.1

In this section, we prove that the system (P)-(ID) admits solutions u in the
distributional sense. They are the limits of u® given by Theorem 3.3 when ¢ — 0.
To do this, we will justify the passage to the limit as € tends to 0 in the system
(P.)-(ID.) by using some compactness tools that are presented in a first Subsection.

6.1 Preliminary results

First, for all I open interval of R, we denote by

Llog L(I) == {f € L'(I) such that /I|f\ln(1—i— |f]) < +oo}.

Lemma 6.1 (Compact embedding)
Let I an open and bounded interval of R. If we denote by

Whtloel(1y = {u € LY(I) such that O,u € Llog L(I)}.
Then the following injection :
Wl,LlogL(]) — 0(1)7

18 compact.

For the proof of this Lemma see R. A. Adams |2, Th 8.32].

Lemma 6.2 (Simon’s Lemma)
Let X, B, Y be three Banach spaces, such that
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X — B with compact embedding and B — Y with continuous embedding.

Let T > 0. If (u®). is a sequence such that,

[l oo (0,m93) + W[ Lo 0.738) + 1060 | a0 )y < €

where ¢ > 1 and C' is a constant independent of €, then (uf). is relatively compact

in C((0,T); B).

For the proof, see J. Simon [125, Corollary 4, Page 85].

In order to show the existence of solution system (P) in Subsection 6.2, we will apply
this lemma to each scalar component in the particular case where X = Whloe([),
B=L>(I)and Y = W=L(I) := (Whee (1))

We denote by K.,.,(I) the class of all measurable function u, defined on I, for which,

/ (el — 1) < too.

I

The space EX P(I) is defined to be the linear hull of K.,,(I). This space is supple-
mented with the following Luxemburg norm (see Adams [2, (13), Page 234] ) :

|lul|ex p(ry = inf {)\ >0: / <e% — 1> < 1} ,
I

Let us recall some useful properties of this space.
Lemma 6.3 (Weak star topology in Llog L)

Let E.yy(I) be the closure in EX P(I) of the space of functions bounded on I. Then
Eewp(I) is a separable Banach space which verifies,

i) Llog L(I) is the dual space of Eeyy(I).

ii) L>®(I) — Eeyp(I).
For the proof, see Adams [2, Th 8.16, 8.18, 8.20].

Lemma 6.4 (Generalized Holder inequality, Adams [2, 8.11, Page 234])
Let f € EXP(I) and g € Llog L(I). Then fg € L'(I), with

I fallcry < 20 fllexpallgllzios L

125



Chapitre 4 : Solutions continues pour un systéme hyperbolique diagonalisable

The following Lemma, we allow to define later the restriction of a function f €
W=LYR) on all open interval I of R.

Lemma 6.5 (Extension)
For all open interval I of R, there exists a linear and continuous operator of exten-

sion P : Wheo(I) — Wh(R) such that
i) Puj, = u for ue WhH>(I).

i) || Pullwrcem) < llullwieery for ue WH(I).

for the proof of this Lemma see for instance Brezis [21, Th.8.5|.

Thanks this Lemma, we can notice that, if f € W~b(R), where W~1Y(R) :=
(Wh>°(R)), we can define, for all open interval I of R, the function f, as the
following

< f|I, h S>W-t1(1),whee (1) =< f, Ph >W-L(R),W1o(R) -
for all h € Whee(1).

6.2 Proof of Theorem 1.1
Step 1 (Existence) :

First, by Corollary 5.5 we know that for any 7" > 0, the solutions u® of the sys-
tem (P.)-(ID.) obtained with the help of Theorem 3.3, are e-uniformly bounded in
[L>=((0,T) x R)]". Hence, as e goes to zero, we can extract a subsequence still de-
noted by u¢, that converges weakly-x in [L=((0,T) x R)]™ to some limit u. Then we
want to show that w is a solution of the system (P)-(ID). Indeed, since the passage
to the limit in the linear terms is trivial in [D'((0,T) x R)]", it suffices to pass to
the limit in the non-linear term,

a(u®) o Jut.

According to Corollary 5.5 we know that for all open and bounded interval I of R
there exists a constant C' independent on € such that :

||U£||[Loo((07T);W1,L1ogL(I))]M + ||u£||[L°°((O,T)><I)]M + ||8tua||[L2((0,T);W*1’1(I))]M <C.

From the compactness of WHE18L(T) — [>(]) (see Lemma 6.3 (i)), we can apply
Simon’s Lemma (i.e. Lemma 6.2), with X = [Wl’LlogL(I)}M, B = [L>*(I)]™ and
Y = [W=L(I)]", which shows that

126



6. Passage to the limit and the proof of Theorem 1.1

M

u is relatively compact in in [L=((0,T) x )" — [L'((0,T); L>(I))] (6.35)

Then form continuous injection of L>(I) — E.,,(I) (see Lemma 6.3 (ii)), we deduce
that,

ue is relatively compact in [L1((0,T); Eayp(0))]". (6.36)

On the other hand, by Corollary 5.5, we notice that 0,u® is e-uniformly bounded in
[L((0,T); Llog L(I))]™. Moreover, the space [L°((0,T); Llog L(I))]™ is the dual
space of [L*((0,T); Eexp([))]M, because Llog L([I) is the dual space of E.,(I) (see
Lemma 6.3 (ii) and Cazenave, Haraux |28, Th 1.4.19, Page 17|). Then, up to a
subsequence

Dyt — Dyu weakly-+ in [L°((0,T); Llog L(I))|™ . (6.37)

Form (6.36) and (6.37), we see that we can pass to the limit in the non-linear term
in the sense
[L'((0,T); Eexp(l))}M — strong x [L®((0,T); Llog L(I)))* — weak — *.

Because this is true for any bounded open interval I and for any 1" > 0, we deduce
that,

a(u®) o Opu® — a(u) 0 d,u in D'((0,T) x R)
Consequently, we can pass to the limit in (P.) and get that,

dwu+a(u)odyu=0 in D'((0,T) x R).

This solution u is also satisfy the following estimates (see for instance Brezis |21,
Prop. 3.12|) :

(EV) N0zl oo (0,71 108 Ly < I 000 {100 (0,7 L 10g L < €

(£2') [[ull pooqo.r)xmym < Bmiinf [[u | poc o ryemyr < w0l jpoo gy -

At this stage we remark that, thanks to these two estimates we obtain that (a(u) ¢
dyu) € [L®((0,T); Llog L(R))]™, which gives, since dyu = —a(u) © dyu, that du €
[L°((0,T); Llog L(R))]™, and then u € [C([0,T); Llog L(R))]™.

Step 2 (The initial conditions) :
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It remains to prove that the initial conditions (ID) coincides with u(-,0). Indeed, by
Corollary 5.5, we see that, for all open bounded interval I of R, u° is e-uniformly
bounded in

W20, 7): W) — [orqo. T )

where W~11(T) is the dual of W1°°(I). It follows that, there exists a constant C
independent on ¢, such that, for all t,s € [0,7T) :

lu*(#) = w*($)l[-ra e < Clt = sl

In particular if we set s = 0, we have :

4 (8) = oy < . (6.35)
Now we pass to the limit in (6.38). Indeed, the functions u® and u are e-uniformly
bounded in [W2((0,T); W11 and [W=21(I)]M respectively. Moreover we
know that u¢ — u§ converges weakly-+ in [L((0,T) x )] to u — uy.
Therefore, we can extract a subsequence still denoted by u® — ug, that weakly-
* converges in [W12((0,T); W=1(I)]" to u — uo. In particular this subsequence

converges, for all ¢ € (0,T), weakly-x in [L°°((0,¢); W=21(1))]", and consequently
it verifies (see for instance Brezis |21, Prop. 3.12|),

. . 1
lw = woll oo oy -1y < Hminf [[u® — G| poe (0 w11y < O3
From (6.38) we deduce that
1
[u(t) = uollgy—ra gy < C12,

which proves that u(-,0) = ug in [D'(R)]".

Step 3 (Continuity of solution) :
Now, we are going to prove the continuity estimate (1.5). For all A > 0 and (¢, x) €
(0,7) x R, we have :
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lu(t,z + h) —u(t,z)] <

x+h
/ Ou(t, y)dy'

< 2|11 £x P(w,2+1) || 0| L 10g Lw,2+h)

2 6$u L>°((0,T);L1log L(R))»

where we have used in the second line the generalized Holder inequality (see Lemma
6.4) and in last line we have used that d,u € L>((0,7); Llog L(R)). Which proves
finally the continuity in space. Now, we prove the continuity in time, for all 6 > 0
and (t,z) € (0,7) x R, we have :

z+0
Slutt +6.0) ~u(t.o) = [ fu(t+6,) ~ ut.o)ldy

Ky
7\
I N

T+
< / [u(t +0,z) — u(t +d,y)|dy,

K>

7 N\

x+3
+/ lu(t +0,y) — u(t,y)|dy,

K3
7\
(e )

T+6
+/ lu(t,y) — u(t, z)|dy .

Similarly, as in the last estimate, we can show that :

z+8 z+5
Ky + Ky sa/ |amu<t+5,y>|dy,+6/ D,ult, y)|dy,

< 46|11 ex P(z,e+0) || Oxt]| oo ((0,7); L 10g L(R)),

Now, we use that u is a solution of (P), and we obtain that :
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z+6  pt+6
K2 §/ / ‘atu(say)’dya
T t

t+6  px+o
<[] latuts) o dnuts.g)ldsdy,
t T
< O Mol[ul| oo 0,1y <) [ 1| 2 P24 | Ol [ L= ((01): L 108 L)
J
<o—2
~ In(3+1)
where we have used in last line that u € L*°((0,7) x R), collecting the estimates of

K, K5 and K3, we prove that :

lu(t + 6, 2) —u(t,z)| <

ST

(K14 Ky + K3) < 01—

which proves finally the following :

lu(t + 6,2+ h) —u(t,z)| < C (1n(11+ 5 + 1n(ll+ 1)) .
o h

7 Some remarks on the uniqueness

In this Section we study the uniqueness of solution of the system (P)-(ID) with

M

j=1,..,

We show some uniqueness results for some particular matrices with M > 2.

For the proof of Theorem 1.5 in Subsection 7.2, we need to recall in the following
Subsection the definition of viscosity solution and some well-known results in this
framework.

7.1 Some useful results for viscosity solutions

The notion of viscosity solutions is quite recente. This concept has been introdu-
ced by Crandall and Lions [38,39] in 1980, to solve the first-order Hamilton-Jacobi
equations. The theory then extended to the second order equations by the work of
Jensen [88] and Tshii [81]. For good introduction of this theory, we refer to Barles [12]
and Bardi, Capuzzo-Dolcetta [10].
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7. Some remarks on the uniqueness

Now, we recall the definition of viscosity solution for the following problem for all
0<e<1]:
O+ H(t,x,v,0,v) —edppv =0 with x,0€R, t € (0,7T). (7.39)

where H : (0,7) x R* — R is the Hamiltonian and is supposed continuous. We
will set

USC((0,T) x R) = {f such that f is upper semicontinuous on (0,7) x R},
LSC((0,T) x R) = {f such that f is lower semicontinuous on (0,7) x R}.

Definition 7.1 (Viscosity subsolution, supersolution and solution)

A function v € USC((0,T) x R) is a viscosity subsolution of (7.39) if it satisfies,
for every (to, o) € (0,T) x R and for every test function ¢ € C*((0,T) x R), that
is tangent from above to v at (to, o), the following holds :

3t¢ + H(to, Zo, U, aac¢) - 58a:m¢ S 0.

A function v € LSC((0,T) x R) is a viscosity supersolution of (7.39) if it satisfies,
for every (tg, 1) € (0,T) x R and for every test function ¢ € C*((0,T) x R), that
is tangent from below to v at (tg,xo), the following holds :

at¢ + H(t(b Zo, U, 8J:¢) - gax:cQS Z 0.

A function v is a wviscosity solution of (7.39) if, and only if, it is a sub and a
supersolution of (7.39).

Let us now recall some well-known results.

Remark 7.2 (Classical solution-viscosity solution)
If v is a C* solution of (7.39), then v is a viscosity solution of (7.39).

Lemma 7.3 (Stability result, see Barles [12, Th 2.3])
We suppose that, for e >0, v° is a viscosity solution of (7.39). If v — v uniformly
on every compact set then v is a viscosity solution of (7.39) with ¢ = 0.

Lemma 7.4 (Gronwall for viscosity solution)
Let v, a locally bounded USC(0,T) function, which is a viscosity subsolution of the

d
equation pridael where o > 0. Assume that v(0) < vg then v < vy €T in (0,T).

The proof of this Lemma is a direct application of the comparison principle, (see
Barles [12, Th 2.4]).
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Remark 7.5

From Lemmata 7.2, 7.3 and from (6.35), we can notice that the solution u' of our
system (P) given in Theorem 1.1 is also a viscosity solution of (P) (where the u/ for
J # i are considered fized to apply Definition 7.1).

7.2 Uniqueness results

In this Subsection we prove Theorem 1.5. Before going on, we recall in the fol-
lowing Remark a well-known uniqueness results and we recall in Theorem 7.7 the
uniqueness results of W1 solution of (P).

Remark 7.6 (Uniqueness for quasi-monotone Hamiltonians)
If the elements of the matriz A satisfy :

A“—}— Z Az]ZO fO?”(lll ’L:L,M

J#i,A45<0

and if Opu® >0 fori=1,..., M, then we can easily check that the Hamiltonian

Hi<u> axul) = ( Z Aijuj) a:cuiv
j=1,..M

is quasi-monotone in the sense of Ishii, Koike [83, (A.3)]. Then the result of Ishii,
Koike [83, Th.4.7] shows that for any initial condition uy € [L®(R)|M satisfying
(H1)-(H2), the system (P) satisfies the comparison principle which implies the uni-
queness of the solution.

We have the following result which seems quite standard :

Theorem 7.7 (Uniqueness of the W™ solution)
Let ug € [WH(R)M and T > 0. Then system (P)-(ID) admits a unique solution
in W= ([0,T) x R)]"™.

The proof of this Theorem is given in Appendix, because we have not found any
proof of such a result in the literature.

Proof of Theorem 1.5 : '

Using Theorem 7.7 with a'(u) = Z A;jw’, it is enough to show that the system
j=1,., M

(P)-(ID) admits a solution in [IW>([0,T) x R)]". To do that, it is enough to prove

that the solution u® of the approximated system obtained in Corollary 5.5 satisfies

that d,u° is bounded in [L®((0,T) x R)]" uniformly in 0 < & < 1. Indeed, we then
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get the same property for 0,u, where u is the limit of u® as ¢ — 0. Moreover, from
the equation (P) satisfied by u and the fact that

we [L®(0,T) x R))™ and d,u e [L®((0,T) x R)]™,
we deduce that dyu € [L((0,T) x R)]™ which shows that u € [W>([0,T) x R)]".

To simplify, we denote

and we interest in the

£,1 — )
max w (t,z) = my(t).

This maximum is reached at least at some point w;(t), because w®* € C>((0,T) x
R)NW((0,T) x R) for all 1 < p < 400 (see Lemma 4.1, (4.19)).

In the following we prove in the two cases (i) and (ii) defined in Theorem 1.5 that
m;, for all e = 1,..., M, is bounded uniformly in e. First, deriving with respect to x
the equation (P.) satisfied by u¢ € [C>((0,T) x R)]", we can see that w* satisfies
the following equation

Ot — £0 W™t + Z Aijug’j&;ws’i + Z Aijws’jws’i =0. (7.40)

j=1,....M j=1,..M

Now, we prove that m; is a viscosity subsolution of the following equation,
imi(t) + Y At a(t)w (E 2i(t)) < 0. (7.41)
dt ' J Y Y —

Indeed, let ¢ € C?(0,T) a test function, such that ¢ > m; and ¢(tg) = m;(ty) for
some ty € (0, 7). From the definition of m;, we can easily check that ¢ > w*'(t, x)
and ¢(to) = w*(ty, x;(tg)). But, the fact that w™" € C*°((0,7) x R), by Remark 7.2
we know that w®' is a viscosity subsolution of (7.40). We apply Definition 7.1, and
the fact that 0,¢ = 0,,¢ = 0, we get

d . .
adﬁo) + Aijw (to, 75(to) )w™" (to, 2i(to)) < 0.
j=1,..M

Which proves that m; is a viscosity subsolution of (7.41).

Two cases may accur :
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i) Here, we consider the case where M > 2 and A;; > 0 for all j > i. We see the
equation satisfied by m;, we deduce that satisfies (a viscosity subsolution)

G <= Y Aputi () 6o () <0,

j:].,...,

where we have used the fact that, for j = 1,..., M, A;; > 0 and w™/ > 0. This
proves by Lemma 7.4 (with o = 0) that,

ma(t) < ma(0) = w1, 21(1)) < e

We reason by recurrence : we assume that m; < C for all j < 4, where C is a
positive constant independent of £, and we prove that m,; is bounded uniformly in
e. Indeed, we know that

d £,J €8
%mi-i-l(t) < - Z Aiprgw (8, 20w (E wa (1)),
=1, M

<= 37 A by () (8, 14 (1))

j<itl

— Z Ai+1,jw6’j(taxj(t))wa’iﬂ(ta$z’+1(t))a

M>j>i+1
We use that A;y,; >0, for M > j > i+ 1, we obtain that

d £,7 e,
%miﬂ(t) < —]g; A1 jw™ (8,2 (0)w ™ (¢, 2444 (1)),

<C ( > \Az'+1,j|> mi1(t).

j<it+l

This implies by Lemma 7.4, with a = C ( Z |Ai+1,j|>, that
j<i+l
mit1(t) < mi+1<0)€aTa

< NOpugt || Lo rye™”

Which proves that for all : =1,..., M, m; is bounded uniformly in .

ii) Here, we consider the case where M > 2 and A;; < 0 for all ¢ # j. Taking the sum

over the index i, from (7.41) we get that the quantity m(t) = Z m;(t) satisfies
i=1,...,M
(a viscosity subsolution see Bardi et al. [11])
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8. Application on the dynamics of dislocations densities

Em(t) < - | Z Aygw (L, zi(t))w™ (¢, 2i(1)),
i,5=1,....M
< - Aiw™ (&, 5(8))w™ (8, 24(t)),
ij=1,..,M
<0

where we have used that the matrix A satisfies (H2') and w** > 0, fori =1,..., M.
Using Lemma 7.4 with a = 0, we get

m(t) <m(0)= > g,

i=1,...,

< sup Z Opufy(y).

YER 1 M

which proves (1.7). O

8 Application on the dynamics of dislocations den-
sities

In this Section, we present a model describing the dynamics of dislocations den-
sities. We refer to [74| for a physical presentation of dislocations which are (moving)
defects in crystals. Even if the problem is naturally a three-dimensional problem,we
will first assume that the geometry of the problem is invariant by translations in the
xs-direction. This reduces the problem to the study of dislocations densities defined
on the plane (z1,x2) and propagation in a given direction I;belonging to the plane
(21, 22) (which is called the “Burger’s vector”).

In this setting we consider a finite number of slip directions b € R? and to each
b we will associate a dislocation density. For a detailed physical presentation of a
model with multi-slip directions, we refer to Yefimov, Van der Giessen |136| and
Yefimov [135, ch. 5.] and to Groma, Balogh [71] for the case of a model with a single
slip direction . See also Cannone et al. [25] for a mathematical analysis of the Groma,
Balogh model. In Subsection 7?7, we present the 2D-model with multi-slip directions.

In the particular geometry where the dislocations densities only depend on the
variable x = x1 4 x2, this two-dimensional model reduces to one-dimensional model
which presented in In Subsection 8.2. See El Hajj [47] and El Hajj, Forcadel [48]
for a study in the special case of a single slip direction. Finally in Subsection 8.3,
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we explain how to recover equation (P) as a model for dislocation dynamics with

a'(u) = E A;;v’ for some particular non-negative and symmetric matrix A.
j=1,..,M

8.1 The 2D-model

We now present in details the two-dimensional model. We denote by X the vector
X = (1, 22). We consider a crystal filling the whole space R? and its displacement
v = (v1,v7) : R? — R?, where we have not yet introduced the time dependence for
the moment.

We define the total strain by

e(v) = %(VU + Vo),

dv;
where Vv is the gradient with (Vv);; = 8_;)’ i,j €{1,2}.
J

Now, we assume that the dislocations densities under consideration are associated
to edge dislocations. This means that we consider M slip directions where each di-
rection is caraterize by a Burgers vectors bk = (bY,b%) € R?, for k = 1,..., M. This
leads to M type of dislocations which propagate in the plan (z1,xz5) following the
direction of gk, fork=1,..., M.

The total strain can be splitted in two parts :

e(v) = e+ &P

Here, ¢ is the elastic strain and &P the plastic strain defined by

el = Z ST (8.42)
k=1,..,M
where, for each &k = 1,..., M, the scalar function «* is the plastic displacement

associated to the k-th slip system whose matrix £%* is defined by

1 -
=< (5’“ Qi+ i@ b”“) , (8.43)
where 7% is unit vector orthogonal to b* and (5’“ ® fik> = bfnf
ij

To simplify the presentation, we assume the simplest possible periodicity property
of the unknowns.
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8. Application on the dynamics of dislocations densities

Assumption (H) :
i) The function v is Z2-periodic with / vdX =0.

(0,1)
ii) For each k = 1,..., M, there exists L* € R? such that u* — L*-X is a Z2-periodic.

iti) The integer M is even with M = 2N and L**N = L¥, and that

LN Lk, pE+N _E‘k PEtN gk

b

SORHN Ok

iv) We denote by 7 = (7F,7%) a vector parallel to 0k such that 7N = 7% We
require that L* is chosen such 7% - LF > 0.

The plastic displacement u* is related to the dislocation density associated to the
Burgers vector b*. We have

k-th dislocation density = 7% - Vu* > 0. (8.44)
The stress is then given by
o=A\:e" (8.45)
i.e. the coefficients of the matrix o are :
Uz‘j = Z Az’jkngl fOI’ Z,j = 1,2,
k,l=1,2

where A = (Az’jkl)
fying for m > 0 :

are the constant elastic coefficients of the material, satis-

Z Nijrigijer = m Z e, (8.46)

ijkl=1,2 ij=12

i7j7k’l:1727

for all symmetric matrices € = (g;5), ., i.e. such that g;; = ¢j;.

ij?
Finally, for & = 1,..., M, the functions u* and v are then assumed to depend on
(t,X) € (0,T) x R? and to be solutions of the coupled system (see Yefimov [135, ch.
5.] and Yefimov, Van der Giessen [136]) :

(dive =0 on (0,T) x R?
o =A:(e(v)—¢e?) on (0,T) x R?,
e(v) =3 (Vu+'Vo) on (0,7) x R,
P = Z g0k gk on (0,T) x R?, (8.47)

k=1,..,M

| O = (0: )PV on (0,T) xR2, fork=1,..., M,
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i.e. in coordinates

8%' =0 on (0,7) x R2,  fori=1,2,
7j=12
05 = Aijkl (Ekl(v) - 8%) on (O,T) X RQ,
kl=1,2
1/ 0v;  Ov, .
gij(v) = 3 <8;}j + 82) on (0,7)xR? | fori,j=1,2
511?]. - Z 5%’.kuk on (0,7 x R2?,
k=1,...M
o = Z aija?]fk 7 VuF on (0,T) x R?, fork=1,..., M,
L i,j€{1,2}

(8.48)

where the unknowns of the system are u* and the displacement v = (v, vy) and with
g% defined in (8.43). Here the first equation of (8.47) is the equation of elasticity,
while the last equation of (8.47) is the transport equation satisfied by the plastic
displacement whose velocity is given by the Peach-Koehler force o : ¢**. Remark
that this implies in particular that each dislocation density satisfies a conservation
law (see the equation obtained by derivation, using (8.44)). Remark also that our
equations are compatible with our periodicity assumptions (H), (7)-(i7).

8.2 Derivation of the 1D-model

In this Subsection we are interested in a particular geometry where the dislocations
densities depend only on the variable = x1 + 5. This will lead to 1D-model. More
precisely, we make the following :

Assumption (H') :
i) The functions v(t,X) and u*(t,X) — L¥ - X depend on the variable x = x, + x.

i) TR+ 718 =1, fork=1,..., M.

iii) LY = LX fork=1,..., M.
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8. Application on the dynamics of dislocations densities

For this particular one-dimensional geometry, we denote by an abuse of notation the
k k
function v = v(t, r) which is 1-periodic in z. If we set (¥ = %, we have

Lk — Lk
LF X =0 z+ (%) (21 — 13).

By assumption (H'), (iii), we see (again by an abuse of notation) that u = (u*(¢,2))s=1..m
is such that for k =1,..., M, u*(t,z) — I¥ - x is 1-periodic in x.

Now, we can integrate the equations of elasticity, i.e. the first equation of (8.47).
Using the Z?-periodicity of the unknowns (see assumption (H), (i)-(ii)), and the
fact that eO*N = —£%% (see assumption (H), (iii)), we can easily conclude that the
strain

1
e® as a linear function of (v/ —w/*™),_; x and of (/ (! —u? ™) dl’)
0 j=1,.,N

(8.49)

This leads to the following Lemma

Lemma 8.1 (Stress for the 1D-model)
Under assumptions (H), (i)-(ii)-(iii) and (H'), (i)-(éit) and (8.46), we have

1
e Z Agju? + Z Qi]‘/ w dx, fori=1,...,N. (8.50)
j=1,...M j=1,...M 0

where fori,7=1,...,N

Aij=A;; and Ajn;=—Ai; = AN,
(8.51)

Qij=Qji and  Qiyng = —Qij = Qij+n-

Moreover the matrix A is non-negative.

The proof of Lemma 8.1 will be given at the end of this Subsection.

Finally using Lemma 8.1, we can eliminate the stress and reduce the problem to a
one-dimensional system of M transport equations only depending on the function
u', for i = 1,..., M. Naturally, from (8.50) and (H’), (ii) this 1D-model has the
following form
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((9tui+< Z AZJU + Z sz/ u? dm) Lu' =0, on (0,T) xR, fori=1,...

..........

(8.52)
with from (8.44)
Opu' >0 fori=1,..., M. (8.53)
Now, we give the proof of Lemma 8.1.
Proof of Lemma 8.1 :

For the 2D-model, let us consider the elastic energy on the periodic cell (using the
fact that £° is Z*-periodic)

1
Eel:—/ A e et dX.
2 Jo1)

By definition of ¢ and €¢, we have fort=1,.... M

0% = -V,EY (8.54)

On the other hand usind (H’), (¢)-(iéi), (with © = 21 + x2) we can check that we
can rewrite the elastic energy as

el 1 ! e e
E =5 AN:e®:ef da.
0

Replacing ¢ by its expression (8.49), we get :

11
B = 5/ Z Agj(w — Y (i — YY) da
0 §j=1,..N
1 L 4 L
3 X ([ ([ -u ).
2i,j:1 ..... N 0 0

for some symmetric matrices A; ; = A;;, Q;; = (Q;;. In particular, joint to (8.54)
this gives exactly (8.50) with (8.51).

Let us now consider the functions w' = u* — vt such that

1
/wi dv =0 fori=1,... N, (8.55)
0
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From (8.46) that we deduce that

1 [t o
0 S Eel = 5/ Z AZ‘]‘U]ZU}J dx.
0 .=

; { w' on [0
w = . 1
2

which satisfies (8.55). Finally, we obtain that
;1! o
0 S E¢ = 5/0 ‘ _Z Aijlf)zwj dz.

Because this is true for every @', we deduce that A a non-negative matrix. O

8.3 Heuristic derivation of the non-periodic model

Starting from the model (8.52)-(8.53) where for ¢ = 1,..., M, u'(t,x) — ' -z is
1-periodic in x, we now want to rescale the unknowns to make the periodicity di-
sappear. More precisely, we have the following Lemma :

Lemma 8.2 (Non-periodic model)

Let u be a solution of (8.52)-(8.53) assuming Lemma 8.1 and u'(t,z) — I' - x is
1-periodic in x. Let

ug(t,x) = ! (6t,6x), for a small 6 >0 and for j =1,... M,
such that, for all j =1,..., M

wh(0,-) — @(0,), as 6—0, and @ (0,400) =@ (0,+00) (8.56)
o' + ( Z A,-jaj> ORTHEN) on (0,T) x R, (8.57)
J

with the matriz A is non-negative and 0,u* > 0 fort=1,..., M.

We remark that the limit problem (8.57) is of type (P) with (H1") and (H2').
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Now, we give a formal proof of Lemma 8.2.

Formal proof of Lemma 8.2 :

: . 1
Here, we know that u§ — /' -  is —-periodic in x, and satisfies for i =1,..., M

J

&mf;—l—( Z Agul 40 Z ng/ u%dm)@ué—o on (0,7) x R,
Jj=1...M

j=1...M
(8.58)
To simplify, assume that the initial data us(0,-) converge to a function (0, -) such
that 0,us(0,-) has a support in (—R, R), uniformly in 6, where R a positve constant.
We expect heuristically that the velocity in (8.58) remains uniformly bounded as
0 — 0.

Therefore, using the finite propagation speed, we see that, there exists a constant C'
independent in 4, such that d,us(t,-) has a support in (—R — Ct, R+ Ct) uniformly
in . Moreover, from (8.56) and the fact that

Z Q”/ I dr = Z Q”/ — ) du,

] 1, , J 17 7

we deduce that

Z QU/ u5d$

Jj=1,...M

remains bounded uniformly in §. Then formally the non-local term vanishes and we
get fori=1,... M

Z Amu5+5 Z Qw/ T dr — Z Awu as 0 — 0,

Jj=1...M Jj=1...M Jj=1...M

which proves that @ is solution of (8.57), with the matrix A is non-negative . 0

9 Appendix : proof of Theorem 7.7

Let u; = (u}); and uy = (ub);, for t = 1,--- , M, be two solutions of the system
(P) in [W1>((0,T) x R)]™, such that ui(0,-) = ui (0, ).

142



9. Appendix : proof of Theorem 7.7

Then by definition u! and u} satisfy respectively the following system, for ¢ =
-+, M :

8tuil = —ai(ul)(’?xui,

Oy = —a' (uy)Opub,
Subtracting the two equations we get :
O (uf — uh) = — (a’(ur) — a'(uz)) Opuf — @' (u2) Dy (uf — uj).
Multiplying this system by (u} —u3) (¢)> where 1(z) = e 17, and integrating in
space, we deduce that :

1d

- [ e (ud ~ ) 0t~ ).
R

Iy
1d i i 2 i i i i\ 2 ;
2dt Z H(ul - U2)@Z’HL2(R) = - Z (a (u1) —a (u2>) (U1 - Uz) (atomTH
i=1,...M Ri—1...M
Ip)
g 1 KA KA 1 ;
—3 > a (w0, (uf — )
Ri—1,..Mm
Integrating I, by part, we obtain :
112&
1 A 7 A
b= 5[ 3 @ - )
i,7=1,....M
121\2
3 [ 3 ) - o
Ri—1,...M

Next, using the fact that u} is bounded in W1°((0,T) x R), for i = 1,..., M, we
deduce that :
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N =

MM1||u2||[Ww<<O,T)XRHM( S i - uawn;(m) ,

i=1,..,M

gc( 5 ||<ua—ua>¢||;®).

i=1

(9.59)

-----

Since 0,(¢(x))* = —2sign(x)(y(z))? and uf is bounded in W*°((0,T) x R), for
t=1,---, M, we obtain :

|| §5M0< > H(U’i—“WHi%R))

i=1,..,M

(9.60)

sc( 3 H<ua—uawu;®)

=1,..,M

Now, using the fact that u} is bounded in W%*°((0,T) x R), for i = 1,-,-, M, and
the inequality |ab| < %(a2 +b?), we get :

1

L] < S MM A+ 1) e oy / > fuj - uh Py,
R;_

1., M

1 i i 2
< §M1(M+ 1) [ || wree (0,7 x )™ ( Z | (uf — UQWHH(R)) s (9.61)

i=1,...M

IN
Q

( SR —UM;(R))-

i=1,...M

Finally, (9.61), (9.59) and (9.60), imply :

d - o
7 ( Z | (uf — UEWHZ(RJ <2(|L] + [Io| + |[I2]) < C < Z | (uf — UleHiz(R)) :

i=1,...M i=1,...M

e, uy =ug a.ein (0,7) x R. O
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Chapitre 5

Existence globale pour un systéme
non-linéaire et non-local d’équations
de transports décrivant la dynamique
de densités de dislocations

Ce chapitre est un travail en collaboration avec M. Cannone, R. Monneau et F.
Ribaud est issu de [25].

Dans ce travail, nous présentons un résultat d’existence globale pour le modéle de
Groma-Balogh qui modélise la dynamique des densités de dislocations. Ce modéle
est un probléme bidimensionnel ou les densités de dislocations satisfont un systéme
d’équations de transport non-local. Plus précisément, le champ de vitesse dans ce
systéme est la contrainte de cisaillement du matériau calculée a partir de I’équation
de I'élasticité linéaire. Cette contrainte de cisaillement peut étre exprimée commela
transformation de Riesz des densités de dislocations. Le point clé de ce résultat est
I’existence d’une estimation d’entropie sur le gradient des solutions.
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Global existence for a system of non-linear and non-
local transport equations describing the dynamics of
dislocation densities

M. Cannone', A. El Hajj *', R. Monneau* , F. Ribaud'

*CERMICS, Ecole Nationale des Ponts et Chaussées
6 € 8, avenue Blaise Pascal, Cité Descartes,
Champs sur Marne, 77455 Marne-La-Vallée Ceder 2, FRANCE

f Université de Marne-la-Vallée 5, boulevard Descartes
Cité Descartes - Champs-sur-Marne 77454 Marne-la-Vallée cedex 2

Abstract
In this paper, we study the global in time existence problem for the Groma-Balogh model
describing the dynamics of dislocation densities. This model is a bi-dimensional model
where the dislocation densities satisfy a system of transport equations such that the velocity
vector field is the shear stress in the material, solving the equations of elasticity. This shear
stress can be expressed as some Riesz transform of the dislocation densities. The main tool
in the proof of this result is the existence of an entropy for this system.

AMS Classification : 54C70, 35L45, 35Q72, 74H20, 74H25.

Key words : Cauchy’s problem, system of non-linear transport equations, system of
non-local transport equations, system of hyperbolic equations, entropy, Riesz transform,
Zygmund space, dynamics of dislocation densities.

1 Introduction

1.1 Physical motivation and presentation of the model

Real crystals show certain defects in the organization of their crystalline struc-
ture, called dislocations. These defects were introduced in the Thirties by Taylor,
Orowan and Polanyi as the principal explanation of plastic deformation at the mi-
croscopic scale of materials.
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In a particular case where these defects are parallel lines in the three-dimensional
space, their cross-section can be viewed as points in a plane. Under the effect of an
exterior stress, dislocations can be moved. In the special case of what is called “edge
dislocations”, these dislocations move in the direction of their “Burgers vector” which
has a fixed direction. (cf J. Hith and J. Lothe |74] for more physical description).

In this work, we are interested in the mathematical study of a model introduced by
I. Groma, P. Balogh in [69] and [71]. In this model we consider two types of disloca-
tions in the plane (z1,z5). Typically for a given velocity field, those dislocations of
type (+) propagate in the direction +b where b = (1,0) is the Burgers vector, while

—

those of type (—) propagate in the direction —b (see Figure 1.1).

_ dislocation of + type

T2 T

-b
dislocation of — type — T T

X1

FiG. 5.1 Groma-Balogh 2D model.

Here the velocity vector field is the shear stress in the material, solving the equations
of elasticity. It turns out that this shear stress can be expressed as some Riesz
transform of the solution (see Section 2). More precisely our non-linear and non-
local system of transport equations is the following :

%L;@t) =— (RIRS (0™ (1) — p~ (1)) (:c))Z—Z(x,t) in D'(R2 x (0,T)),
O~ 2p2 (+ - dp~ N0
Sr@h = (BRI - (D) (@) 5 ~(z,8) in DR x (0,T)).

(P)

The unknowns of the system (P) are the scalar functions pt and p~ at the time ¢
and the position # = (xy, ), that we denote for simplification by p*. These terms
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correspond to the plastic deformations in a crystal. Their derivative in the x; direc-
+

0
tion (i.e. the direction of Burgers vector b), 67L represents the dislocation densities
X1

of £ type. The operators R; (resp. Ry) are the Riesz transformations associated to
xq (resp. x3) (for a precise definition of R;, ¢ = 1,2, see Definition 1.1).

In fact, this 2D model has been generalized later in 2003 by 1. Groma, F. Csikor and
M. Zaiser in a model taking into account the back stress describing more carefully
boundary layers (see |72| for further details). The Groma-Balogh model neglects in
particular the short range dislocation-dislocation correlations in one slip direction.
For an extension to multiple slip see S. Yefimov and E. Van der Giessen [135, ch.
5.] and [136]. This multiple slip version of the Groma-Balogh model presents some
analogies with some traffic flow models (see O. Biham et al. [18] and J. Torok, J.
Kertész [130]). See also V. S. Deshpande et al. [42] for a similar model with boundary
conditions and exterior forces. Recently, A. EL-Azab [46|, M. Zaiser, T. Hochrai-
ner [75], [137], [138] and R. Monneau [108] were interested in modeling the dynamics
of dislocation densities in the three-dimensional space, but many more open ques-
tions have to be solved for establishing a satisfactory three-dimensional theory of
dislocations dynamics and for getting rigorous results.

From a technical point of view, (P) is related to other well known models, such as
the transport equation with a low regularity vector field. This equation was studied
in the work of R. J. Diperna, P. L. Lions [45] and L. Ambrosio [8], where the authors
showed the existence and uniqueness of renormalized solutions by considering vector
fields in L'((0,T); W5 (RY)) and L'((0,T); BVjoe(RY)) respectively in both cases

loc
with bounded divergence. On the contrary in system (P), we are only able to prove
that for the constructed solution, the vector field is in L2((0,T); W,>*(R?)) without

loc
any better estimate on the divergence of the vector field.

We stress out the attention of the reader that there was no any existence and unique-
ness result for (P) . In this paper we prove that (P) admits a “global in time” solution.

More generally in the frame of symmetric hyperbolic system, we refer to the book of
D. Serre [123, Vol I, Th 3.6.1], for a typical result of local existence and uniqueness
in C([0,T); H*(RY)) n C'([0,T); H*"'(RY)), with s > & + 1, by considering initial
data in H*(RY). This result remains local in time, even in dimension N = 2.

We can also remark that in the case where we multiply the right side of the two
equations in system (P) by —1, we get a quasi-geostrophic-like system. For those
who are concerned in quasi-geostrophic systems, we refer to P. Constantin et al. [34],
to [35] for certain 2D numerical results. We also refer to J. Wu [133, Th 4.1] for 2D
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local existence and uniqueness results in Holder spaces and to A. Cérdoba, D. Cor-
doba [36], D. Chae, A. Cordoba [29] for blow-up results in finite time, in dimension
one.

Let us also mention some related Vlasov-Poisson models (see J. Nieto et al. [111]
for instance) and a related model in superconductivity studied by N. Masmoudi et
al. [107] and by L. Ambrosio et al. [9]. These models were derived from some Vlasov-
Poison-Fokker-Planck models (see for instance T. Goudon et al. [67], and P. Chavanis
et al. [30] for an overview of similar models). It is also worth mentioning that this
model is related to Vlasov-Navier-Stokes equation see T. Goudon et al. [65], |66].

1.2 Main result

In the present paper, we prove a “global in time” existence result for the system
(P) describing the dynamics of dislocation densities.
In this work we consider the following initial conditions :

pi(ﬂfl,l’%t = 0) = p§<xlux2) = p§7p€T('r17x2) + Lxl? (IC)

where p™P¢" is a 1-periodic function in x; and x,. The periodicity is a way of stu-

dying the bulk behavior of the material away from its boundary. Here L is a given
positive constant that represents the initial total dislocation densities of 4+ type on
the periodic cell.

First of all we give some results which prove that the bilinear term in (P) is well
defined.

Definition 1.1 (Riesz transform)

Let p > 1 and T? = R?*/Z?, the periodic square [0,1) x [0,1). If f € LP(T?), we
define R; for i € {1,2} as the Riesz transforms over T? such that the Fourier series
coefficients are given by :

i) co,0) (Rif) :k()’
ii) Ck (R,f) = ﬁ@c(f) for k = (kla k?) €z’ \ {(0,0)},

where ci(f) = | f(x)e > *d%x,
T2

Definition 1.2 (The space Llog L)
We define Llog L(T?) as the following special case of Zygmund spaces (see C. Ben-
nett and R. Sharpley [16, Page 243]) :

Llog L(T?) = {f € LY(T?) such that /1r2 |f|log (e + | f]) < —i—oo}.
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where log denotes the neperian logarithm. This space is endowed with the norm

oo = {3 > 0 [ Hliog (e U1y <11,
T2 A

which is due to Luzemburg (see R. A. Adams [2, (13), Page 234]).

For other equivalent definitions of Zygmund spaces (see P. Koosis [90, Page 96|,
E. M. Stein [126, Page 43| and A. Zygmund [139]). We now present the following
proposition.

Proposition 1.3 (Meaning of the bilinear term)
Let T >0, f and g be two functions defined on T? x (0,T), such that
f e LY(0,T); WH(T?)) and g € L>=((0,T); Llog L(T?)) then,

fg € LY(T? x (0,T)).

The proof of this proposition is given in Subsection 4.2. We can now state our main
result.

Theorem 1.4 (Global existence)
For all T, L > 0, and for every initial data py € L2 (R?) with

(H1) pif(xy + 1,x2) = pE(xy,m9) + L, a.e. in R?,
(H2) pa—L(xl,xg +1) = pg (21, 22), a.e. in R?,

0
(H3) Po >0, a.e. in R?
1
8
(H}) po” < C, with T? = R?/Z2,
8$1 Llog L(T?)

the system (P)-(IC) admits solutions p* € L>=((0,T); L} (R*)NC([0,T); L},.(R?))
in the distributional sense. These solutions satisfy (H1), (H2), (H3) and (H4) for
a.e. t € (0,T). Moreover, we have :

(P1) RiR; (p* — p7) € L*((0,T); Wy, (R?)).

loc

Remark 1.5 (Bilinear term)
It is clear here that the bilinear term is always defined via (P1) and Proposition 1.3.

Remark 1.6 (Entropy and energy inequalities)
It turns out that the constructed solution also satisfies the following fundamental
entropy inequality (as a consequence of Lemma 7.7), for a.e. t € (0,7,

L3 (i) [ (o (3 20)) <
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dpo™
8951

with Ol == Cl (H

Llog L(T2)> .

Moreover, (at least formally for enough regular functions) the following energy in-
equality holds :

1 + - 2 ' 220 + -2 E/C E/C
— — . — —_— _ <
9 /]1:2 (RlRQ(p P )( ,t)) +A /’H‘2 (RlRQ(p 1% )) J}l + Eml CQ,

with 02 = CQ <Hpg — pSHLQ(TQ))'

Remark 1.7 (Bounds on the solution)
If we denote p = pt — p—, then there exists a constant C independent on T, and a
constant Cr depending on T such that,

(E1) [|p* = La||oryrarey < Cr, (E2) | R2R3p|| o (0.0):00(r2)) < C,
_ap:t 2 P2
(E£3) o <, (E4) HR1RzP”L2((0,T);WL2(T2)) <C,
L1 || oo ((0,T); L 1og L(T2))
api 2 28p
(E5) || £~ < Cy, (E6) ||R2R2ZE < Cyp,
0 1725
¢l L2 (o,r)w-22(12)) tll 2.y -12(12))

where W=12(T?) and W=22(T?) are respectively the dual spaces of W2(T?) and
W22(T?). The space BMO s the set of bounded mean oscillation functions that will
be precised in the sequel (see Definition 7.1).

In order to prove our main theorem we regularize the system (P) by the mean of
the viscosity term (¢ApT) and the initial data (IC) by classical convolution. Then,
using a fixed point Theorem, we prove that our regularized system admits local in
time solutions. Moreover, as we get some e-independent a priori estimates we will
be able to extend our local in time solution into a global one. This turns out to
be possible thanks to the entropy inequality (1.1). Then, joined with other a priori
estimates, it will be possible to prove some compactness properties and pass to the
limit as € goes to 0 is the e-problem.

In a particular sub-case of this model where the dislocation densities depend on a
single variable © = x1 + x5, the existence and uniqueness of a Lipschitz viscosity so-
lution was proved in A. El Hajj, N. Forcadel [48]. Also the existence and uniqueness
of a strong solution in W,>*(R x [0, 7)) was proved in A. El Hajj [47]. Concerning the
model of I. Groma, F. Csikor, M. Zaiser [72] which takes into consideration the short
range dislocation-dislocation correlations giving a parabolic-hyperbolic system, let
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us mention the work of H. Ibrahim [78] where a result of existence and uniqueness
of a viscosity solution is given but only for a one-dimensional model.

Our study of the dynamics of dislocation densities in a special geometry is related to
the more general dynamics of dislocation lines. We refer the interested reader to the
work of O. Alvarez et al. [7], for a local existence and uniqueness of some non-local
Hamilton-Jacobi equation. We also refer to O. Alvarez et al. [3] and G. Barles, O.
Ley [15] for some long time existence results.

1.3 Organization of the paper

First, in Section 2, we recall the physical derivation of system (P). In Section 3,
we give our notation for the sequel of the paper. In Section 4, we give the proof of
Proposition 1.3. We also prove that the bilinear term of our system has a better
mathematical meaning (see Proposition 4.6). Next, in Section 5, we regularize the
initial conditions and we prove that the system (P), modified by a term (sAp®),
admits local in time solutions (in the “Mild” sense). This will be achieved by using
an application of a fixed point Theorem. In Section 6, we prove that the obtained
solutions are regular and increasing for all ¢ € (0,7), for increasing initial data. In
Section 7, we prove some e-uniform a priori estimates for the regularized solution
obtained in Section 6. Then thanks to these a priori estimates, we prove in Section
8 that the local in time solutions constructed in Section 6 are in fact global in time
for the e-problem. Finally, in Section 9, we achieve the proof of our main Theorem,
passing to the limit in the equation as € goes to 0, and using some compactness
properties inherited from our a priori estimates.

2 Physical derivation of the model

In this section we explain how to get physically the system (P). We consider a
three-dimensional crystal, with displacement

u = (uy,up, uz) : R* — R

For © = (z1,x9,x3), and an orthogonal basis (e1, ea, €3), we define the total strain
by :

e(u) = %(Vu +'Vu), e gj(u) =

l 0ul an
2

, 7 =1,2,3.
axj+a$z>7 7’7] ) )

This total strain is decomposed as

e(u) = e(u) + €°,
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with £°(u) is the elastic strain and e the plastic strain which is defined by :

el = ¥, (2.2)

1
with ¥ = 3 (61 ® €5+ é5 ® €7) in the special case of a single slip system where dis-

locations move in the plane {z3 = 0} with Burgers vector b = e;. Here v is the
resolved plastic strain, and will be precised later. The stress in the crystal satisfies
the equation of elasticity div o = 0 and is given by,

o=N\:eu), (2.3)
where for 7,7 = 1,2, 3,
(A £°(u)),; = 2025, () + Adigtr(e“(u)), (2.4)

and A, u > 0 are the constants of Lamé coefficients of the crystal (here, for simplifi-
cation, assumed isotropic).

We now assume that we are in a particular geometry where the dislocations are
straight lines parallel to the direction e3 and that the problem is invariant by trans-
lation in the x3 direction. Moreover we assume that uz = 0. Then, this problem
reduces to a bi-dimensional problem with w;, us only depending on (z1,x2) and so
we can express the resolved plastic strain ~ as

v=p"—p,
op* op~ . ”» . .
where —— and —— are respectively the densities of dislocations of Burgers vectors
T L1
given by b = e; and b = —e;.

Furthermore, these dislocation densities are transported in the direction of the Bur-
gers vectors by a velocity. This velocity is given by the resolved shear stress (o : £°)
up to sign of the Burgers vectors. More precisely, we have :

OoT
% = +(0: %e,.Vp*.

Finally, the functions p* and u are solutions of the coupled system (see I. Groma,
P. Balogh [71], [69]),

(dive =0 in R? x (0,7,
o =A:(e(u) —eP) in R? x (0,7,
e(u) =3 (Vu+'Vu) in R? x (0,7,
{ gp — 0 (pt —p7) in R? x (0,7), (2.5)
+
\ a@% = +(0:%e;.Vpt  inR?x (0,7),
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i.e in coordinates,

( ..
Z% =0 in R? x (0,7),
=12 a$j
i = 2pe5;(u) + Agtr(e®(u))  in R* x (0,T),
1 (Ou; Ouy
. — v in R2 T
gij(u) 5 (83:]- + 5%‘) in R* x (0,7), (26)
1701 _ .
5 25(1 O)(p+—p) in R x (0,7),
+
aé)it — toppe,.Vp* in R? x (0,7),
\

where the unknowns of the system are p* and the displacement (uy,us).

Then the following lemma holds.

Lemma 2.1 (Equivalence between 2-D systems)
Assume that (uy,us) and p* — p~ are Z*-periodic functions. Then the 2-D problem
(2.6), is equivalent to the following 2-D problem

9ot apt .
% =— Ci(RIR; (p* —p7)) 8La;1 in R? x (0, T),
o o (2.7)
T = CHRRI(pT ) G R (0.T),
(A +p)u
SRy RNA 7
where C Nt o

As the constant C is non-negative, rescaling in time in system (2.7), we can replace
this constant by 1.

Proof of Lemma 2.1 :

We can rewrite the first equation of (2.5) as

div (2ue(u) + Atr(e(u))ly) = div (2ue? + Mr(eP)1y) .

This implies that :

2, . _
8_332( —p7)
pAu+ (A + p)V(div u) = p : (2.8)
o, . _
8_951('0 —p7)
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We now derive the first equation and the second equation of the previous system
with respect to x1 and x5 respectively. We obtain

8’&1 82 . 82
8_1'1 a_l‘%<dlv u) 01,01 (p+ —-p )
pA 5 + (A +p) . = .
U2
i _ d- + _ —
0wy 013 (div u) 0x2011 G

Now, by adding the two above equations, we get
02
8$18$2 (p

Applying A~! to this expression we get (div u) that we plug it into (2.8). Which
leads to

(A4 2p)A(div u) = 2p +

—p ).

9, 4

=— (" =p7)
o A+p) gpr &
= —92> T YgAl— (pT—p™ 2.
Au o . 2()\+2u)VA (‘)xlaxg(p p) (2.9)

As, previously, we derive the first equation and the second equation of system (2.10)
with respect to x5 and x; respectively, and obtain

8u1 62 + 84 + _

—1 == =) el Cal )
A 0xs _ 0x3 ., O\ + ) At Ox10x5
Ouy o, L _ (A +2) ot L
Ory 8x%(p =) 61;%8:6%@ =)
(2.10)

Now, adding the two above equations, we infer that

Ou;  Ouy + - A+p) oy 0 +_ -
2 77— — — — . 2.11
A(G2+ 32 = A - ) -4 ST A S ) (2

Using that

(02 = =2 )= (2452 ) =7 =) 212

together with equation (2.11), this yields
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A+ p O (o
(A +2u) 2023

(0:6%) =4 —p7)=—Ci (RIR3(p" —p7)).

Hence we see that the system (2.5) can be rewritten as (2.7). O

Remark 2.2 (Property of the elastic energy)
If we define the elastic energy by

E=3 /Rz/ZQ Az (e (u)  e(u)),

oF
with €%(u) = e(u) — %(p™ — p~). Then, since by the equation of elasticity e 0,
u

opt Op~
we can notice 1, p_ 2P > 0 that,

(‘9_:161’ 8x1

dE e 00(p" —p7) / o (Op" | Op”
= : : _ = — —_— —_— < 0.
dt /Rz/zz <A c (U)) c 375 R2 /7.2 12 3:181 axl - 0

This formal result indicates that the elastic energy is a non-increasing quantity in
this model. Hence, the elastic energy E is a Lyapunov functional for our dissipative
model.

3 Notation

In what follows, we are going to use the following notation :
Lop=p"—p,
2. pEPer (11, 9, t) = pt(21, 0, t) — Ly,

3. T = R/Z the periodic interval [0,1), and T? = R?/Z? the periodic square
[0,1) x [0,1).

4. Let f be a function defined on R? x (0,7') having values in R?, we denote by
ft)=f(,t):x— f(x,t).
5. We write [} in place of fol

6. Let E be a Banach space and f = (fi, f2) a vector such that f; € E for
i € {1,2}. The norm of f in E? will be defined as || f|| g2 = max (|| f1]|z, || f2||5)-

7. Throughout the paper, C'is an arbitrary positive constant.
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4 Concerning the meaning of the solution of (P)

In this Section we prove Proposition 1.3. This shows that if (P) admits solutions
verifying the conditions of Theorem 1.4, then we can give a mathematical meaning
to the bilinear term. In order to do this, we need to define some functional spaces
and recall some of their properties, that will be used later in our work.

4.1 Properties of some useful Orlicz spaces

We recall the definition of Orlicz spaces and some of their properties. For details,
we refer to R. A. Adams [2, Ch. 8] and M. M. Rao, Z. D. Ren [120].
A real valued function A: [0,+00) — R is called a Young function if it has the
following properties (see R. O'Neil [114, Def 1.1]) :

— A is a continuous, non-negative, non-decreasing and convex function.

— A(0) =0 and tiigrnooA(t) = +00.
Let A(-) be a Young function. The Orlicz class K4(T?) is the set of (equivalence
classes of) real-valued measurable function h on T? satisfying

A(|h(z)]) < +o0.

T2

The Orlicz space L4(T?) is the linear hull of the Orlicz class K4(T?), that is, the
smallest vector space (under pointwise addition and scalar multiplication) containing
K 4(T?). Evidently L4 (T?) consists of all scalar multiples A\h of elements h € K 4(T?).
These Orlicz space supplemented with the Luxemburg norm,

T :inf{A 0. /WA (!h(;») < 1}.

Endowed with this norm, the Orlicz space L4(T?) is a Banach space. For example
if A(t) =t? for p > 1, the Orlicz space is the usual Lebesgue space LF(T?).

Remark 4.1 (Separability)

If A is Ag-regular (i.e. there exists a positive constant 6 such that for all t > 0,
A(2t) < §A(t)), then the Orlicz space La(T?) is separable (see M. M. Rao and Z.
D. Ren [120, Th 1, Page 87]). In particular this holds for Llog L(T?).

Definition 4.2 (Some Orlicz spaces)
For a > 1, we denote by

EXP,(T?), the Orlicz space defined by the function A(t) = e — 1.
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Another space of interest will be the Zygmund space
Llog? L(T?), the Orlicz space defined by the function A(t) = t(log(e +t))?, for 3 > 0.

Observe that those spaces are Banach spaces and that EXP% (T?) is the dual of

Llog” L(T?), for 0 < 3 < 1 (see C. Bennett and R. Sharpley [16, Def 6.11]). Tt is
worth noticing that Llog" L(T?) = Llog L(T?).

Let us recall some useful properties of these spaces. The first one is the generalized
Holder inequality.

Lemma 4.3 (Generalized Holder inequality)
i) Let f € EXPy(T?) and g € Llog? L(T?), Then there exists a constant C' such
that (see R. O’Neil [114, Th 2.3]),

1fgller) < Cllfllexpar) 1911, 1008 1)

ii) Let f € EXPy(T?) and g € Llog L(T?). Then there exists a constant C' such that
(see R. O’Neil [114, Th 2.3]),

1£90 003 zny < O lmxren 9] 1o vy

The proof of this lemma is given in Appendix.
The second property is the Trudinger embedding,

Lemma 4.4 (Continuous Trudinger embedding)
We have the following continuous injection (see N. S. Trudinger [129] and R. A.
Adams [2, Th 8. 25]) :

W2(T?) — EXPy(T?).

Finally, we have the following embedding.

Lemma 4.5 (Properties of the Zygmund space)
For1 <p< 400, a>1and (3 >0 we have the following continuous embedding :

L®°(T?) < EXP,(T?) — LP(T?) — Llog’ L(T?) — LY(T?).

For the proof, see for instance R. A. Adams [2, Th 8.12].
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4. Concerning the meaning of the solution of (P)

4.2 Sharp estimate of the bilinear term

Now, we propose to verify with the help of the following proposition that the system
(P) has indeed a sense, and first prove a better estimate than those mentioned in
Proposition 1.3. Namely, we have the following.

Proposition 4.6 (Estimate of the bilinear term)
Let T >0, f and g be two functions defined on T? x (0,T), such that,

(1) f € L*((0,T); Wh2(T?)),
(2) g € L>=((0,T); Llog L(T?)). Then,
fg € L*((0,T); Llog? L(T?)),

and for a positive constant C, we have :

179N 12 0.1 21088 £eryy S CMF ez w2 zpllglloe (o) 2105 £r2))-

Proof of Proposition 4.6 :
First of all, according to the generalized Holder inequality Lemma 4.3 (ii), we know
that

(ool

Llog? 1(T2) = < O f(t )H2EXP2(T2)Hg(t)H%logL(W)-

Integrating on (0,7"), we infer that,

T T
[ 1OOR, 1 <€ [ 1O s 9O g
Knowing that g € L>((0,T); Llog L(T?)), we have,

1 £9l?

2 2
L2((0,T):L log® L(T2)) < C”QHLO@((O,T);L1ogL(1r2))Hf”L?((o,T);EXPz(T?))-

Now, by the Trudinger inequality Lemma 4.4, we get,

I£9l

2 2
L2((0.T): L log} L(T2)) < C”QHLoo((o,T);LlogL(W))Hf”L2((0,T);W1»2(T2))-

Proof of Proposition 1.3 :

We proceed as in the proof of Proposition 4.6. We use Lemma 4.3 (i), and integrate in
time, thanks to the Trudinger inequality (Lemma 4.4) and the continuous injection

Llog L(T?) — Llog? L(T?). O
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5 Local existence of solutions of a regularized sys-
tem
In this Section, we prove a local in time existence for the system (P), modified

by the term eAp*, and for smoothed data. This modification brings us to study, for
all 0 < e <1, the following system :

ap+,s . A ap+,6 ] ,
5 eAp™® = —(RiR3p )8—:131 in D'(R? x (0,T)),

5 ) (F:)
p—* e N
o APt = (RIR3p )8—171 in D'(R? x (0,7)),

€

where p¢ = p™° — p=°, with the following regular initial data :

pi’g(rlf, 0)= pg[’a(x) = p(j)[’per xN(z) + (L +¢e)xy = poi’g’per(:l:) + L.xq, (1C.)

where 7:(-) = %7(2), such that n € C2°(R?) is a non-negative function and [o, n = 1.
Remark 5.1
We consider L. to obtain strongly monotonous initial data p(:)t’a. This condition will

be useful in the proof of Lemma 7.7.

If we let p™¢Pe" = p*¢ — [_x,, we know that the system (P.) is equivalent to,

dp** +.e.per 22 ey OP eper 212 e\ i gy (2
ot —eAp™PT = F(RiRyp )% FLe(R{Ryp”) in D'(T* x (0,T)), (Pr)
1
with initial conditions,
+.e,per 0) = +.,e — I _ teper 1Cper
p (2,0) = py“(z) — Lewr = py =" (). (LCFe)

Remark 5.2
The properties of the mollifier (n.). and the fact that pip‘”" € L*(T?) implies that
pEEPT € C°(T?). In particular, pr =" € W'Y(T?) for all 1 < p < +oc.

The following theorem is a local existence result (in the "Mild" sense) of the re-
gularized system (FP:)-(IC:). This result is achieved in a super-critical space. Here

3
particularly we chose the space of functions C([0,7); VVlij (R?)). Later, in Section
6, we will improve the regularity of the solution.
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Theorem 5.3 (Local existence result)
For all initial data pT € L}, (R?) verifying (H1) and (H2), there exists

loc

T*(|lpg =" L,e) >0,

||W1’%(']T2)’

3
such that the system (P.)-(IC.) admits solutions p*< € C([0,T*); W2

loc <R2>>? satis-
fying (H1) and (H2) for a.e. t € (0,T%).

Before proving Theorem 5.3, let us recall some well known results.

5.1 Useful results

We first start with reformulation of system (PP°")-(IC?*") as an integral system.

Lemma 5.4 (Mild solutions are solutions in the distributional sense)
If p==rer € C([0,T); Wl’%(TZ)) are solutions of the following integral problem :

t
) = S 3L [ 5.0 ) (IR (5) s
0
(In.)

7 [sii-s) (7237 (0) j—pm) ds,

where S.(t) = Si(et), and Si(t) = e'® is a the heat semi-group, then p==Pe are
solutions of the system (PP )-(ICP") in the distributional sense.

For the proof of Lemma 5.4, see A. Pazy [117, Th 5.2, Page 146|.

Remark 5.5 5, Hever

We notice that the product (R¥R3p°) 8_p is well defined in C([0,T); L5 (T2))
9 xl

since C([0,T); Wb (T2)) — C([0,T); L5(T2)).

Lemma 5.6 (Time continuity)
Let T > 0. If p=per € L°°((0,T); le%(TQ)) are solutions of integral problem (In.),
then p==rer € C([0,T); Wh2 (T2)).

For the proof of Lemma 5.4, see A. Pazy [117, 7.3, Page 212].

We now recall the Picard fixed point result which will be applied in Subsection 5.2 to
2
the space £ = (LOO((O, T); Whe (TQ))) in order to prove, the existence of solutions.
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Lemma 5.7 (Picard Fixed point Theorem)

Let E be a Banach space, B 1s a continuous bilinear application over E X E having
values in E, and A a continuous linear application over E having values in E such
that :

1B, y)lle < nllzlellylle foral vyeE,

[A(@) e < pllelle for all x e E,

wheren > 0 and p € (0,1) are two given constants. Then, for every xq € E verifying

1
< —(1—p)?
|zol| 477( e,

the equation v = xo + B(x,x) + A(z) admits a solution in E.

For the proof of Lemma 5.7, see M. Cannone [24, Lemma 4.2.14].

Lemma 5.8 (Decay estimate)

—_

1 1
Letr,p,q > 1. Then, for all functions f € L1(T?) and g € LP(T?), where — < = + —,

r q D
we have, for Si(t) = ', the following estimates :

D) 19Ol < CE G fllage llgll oy for all t > 0,
i) VS O(f9)lirery < CEGH5 =0 fll e gl oy for all ¢ >0,
with C = C(r,p,q) is a positive constant.
Proof of Lemma 5.8 :
In the special case where ¢ = +o00 and f = 1, these estimates are the classical

version of the L"-L? estimates for the heat semi-group (see A. Pazy [117, Lemma
1.1.8, Th 6.4.5]). The statement of Lemma 5.8 then follows by Hélder inequality :

| fgllzser2y < [ fllLacr2)llgllLecr2)

o111
with — = — + —. O
s q p

Here is now, the demonstration of Theorem 5.3.
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5.2 Proof of Theorem 5.3

We rewrite the system (In.) in the following vectorial form :

B t -~ t a e
pilant) = 5095, + Loy [ Sult =) (REGF(s)) st I | (BERS(9) 5 (o),
0 0 1

where S.(t) = Si(et), p; = (pH=, p=P), p§, = (g ", po "),

_ -1 0 . ~1
]1:(0 1)andJ1:(1>

which is equivalent to,

P, t) = Se (1), + By, p3) (1) + A(pi) (1), (5.13)

where B is a bilinear map and A is a linear one defined respectively, for every vector
u = (uy,uz) and v = (v, v9), as follows :

B(u,v)(t) = 1:1/0 S:(t —s) ((R%Rg(ul — Uy)) 88—51(3)) ds, (5.14)

A(u)(t) = Lajl/o Se(t — s) (R{R3(u1 — us)(s))ds. (5.15)

Now, we apply Lemma 5.7 to equation (5.13). First of all, we estimate the bilinear
term,

L st =) (RR2 0 — ) 22 5)) ds
/0 ( Oy )

1B 0) Oy goye <

S/
0

Then, since W2 (T2) < L*(T?), we have,

(Wb 3 (12))2

.0t ) (RS — ) (5 ) s

Wiy

| B(u, v)(t)H(Wl,g(TQ))Q < /0 S.(t—s) ((R%Rg(ul — Uuy)) 8_1’1(8)> ds

+/
0

VS.(t - 5) <(RfR§(u1 ) %(8)) s
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We use Lemma 5.8 (i) withr =4, =3,p = % to estimate the first term and Lemma
5.8 (ii) with r = 2,¢g = 4,p = 3 to estimate the second term. We get for 0 < ¢ < T,
and with constants C' depending on ¢,

' 1 ov
B(u,v)(t <C RR? 9 d
10Oty = /o rl R SR E ) P
|
< .
< COZSET(H“(S)H<W1’%(T2”2) OiggT(llv(s)H v 2ye) /O . S)%ds

Here we have used in the second line the property that Riesz transformations are
continuous from L2 onto itself (see A. Zygmund [139, Vol I, Page 254, (2.6)]) and
the Sobolev injection. Hence we have,
1B 0 e o, t ey < TN e oy 8 ey 1 om0y 8 oy
(5.17)
with n(T') = CoT for some constant Cy > 0. We estimate the linear term in the
same way to get,

< Len(T)||ul (5.18)

O A Lo=((0,1): (W3 (12))2)°

Moreover, we know by classical properties of heat semi-group (see A. Pazy [117])
that,

||S€(t)p€),vHLoo((O’T);(Wl,%(Tz))z) < ||p(a),v||(Wl,%(T2))2' (519)
Now, if we take
1 1 1
(T*)3 = min : , (5.20)
2CyLe 16CO||p8,v||(W1%(T2))2
we can easily verify that we have the following inequalities :
1 2 *
bl ey < gy (L Ln(@)P, and Lep(T) <1, (5.21)

Using inequalities (5.17), (5.18), (5.19), (5.21) and Lemma 5.7 with the space
2 2
E = (LOO((O, T*): Whs (Tz))) , we obtain the existence of a solutions pZ, € <L°°((O, T*): Whs (Tz)))
1,3

2
for the system (5.13). Next, from Lemma 5.6, we deduce that pf € (C([O, ), W, (']TQ))> :

As a consequence, by Lemma 5.4 we prove that the system (F.)-(/C.) admits some
3
solutions p*¢ € C([0, T*); Wl’Q(]RZ)), satisfying (H1) and (H2) a.e. t € [0,7%). O

loc
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6 Properties of the solutions of (P.)-(/C.)

In this section, we are going to prove that the solutions of (P.)-(IC;) obtained by
Theorem 5.3 are smooth. Moreover if we assume that the initial data (IC) satisfies
(H3), then the solutions are increasing in x; for all ¢ € (0,7™).

Lemma 6.1 (Smoothness of the solution)
Let T > 0. For all initial data p= € L2 (R?) satisfying (H1) and (H2), if p™*° €

loc
C([O,T);VV;’E(RQ)) are solutions of the system (P.)-(IC.), then p*° € C>®(R? x
[0,7)).

Proof of Lemma 6.1 :
We denote the second term of the system (PP°") by,

8,0 +,e,per
fHE=F (R )5 = F L(RiRSp").
L1
Since W2 (T2) — L5(T?), f*< € L5(T? x (0,T)). Moreover, we know that
pEEPT € C°°(T?). We apply the LP regularity for the heat equation to the system
(PPem)-(1CPeT), see J. L. Lions, E. Magenes |105, Th 8.2|, and deduce that

j:? 9.
api,a,per 8,0 +,e,per 82,0 e,per

S m2 ‘ L ‘
ot ) axz ’ 8%6% el (T X (O,T)) or {Z,j ]_7 2}

We infer now by Sobolev embedding that f£< € Lz (T2x (0,T)). We can then iterate
the previous argument with a better integrability of f*°. By bootstrap it follows
that pterer € C(T? x [0,T)). O

Lemma 6.2 (Strong monotonicity of the solution in z)
Let T > 0. For all initial data pf € L} .(R?) satisfying (H1), (H2) and (H3), if

loc

o +.e
pof € C°(R? x [0,T)) are solutions of system (P.)-(IC.), then P~ for all
T
te(0,7).
Proof of Lemma 6.2 :
. . Opy Opy
First of all, remark that if =— > 0, then > ¢. Indeed, we have
(91’1 8.731
ap(:)t,e 6p6|:,per 6p6|:,per
= e Ls = L e
8m1 81’1 1 + 81’1 * 1 te
0 +
= (ﬁ> * 1.+ >0,
8x1
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since 7). is non-negative. Let us write the system obtained by derivation of (P.)-(/C:)
ap:t,e
8w1 ’

with respect to x;, that reads for §%° =

90** +e 22 & 90** 2 2/ pt.e —&\\ pt.e . 2
— A0 £ (RPR5p°) + (RIR5(07° —07°)) 6 =0 in T*x (0,7),
ot 8.1'1
+.e
0=<(x,0) = 88/):(1):1 in T2

Since p™¢ € C*°(R? x [0,T)) and 6%°(-,0) > ¢, we deduce from the maximum
principle for scalar parabolic equations (see G. Lieberman [104, Th 2.10]), that
6+ > 0 on T2 x (0, 7). 0

Corollary 6.3 (Short time existence of monotone smooth solutions)
For all initial data pg € L} (R?) satisfying (H1), (H2) and (H3), and all ¢ > 0,
there exists

* +.e,per
T (HpO v || 7L7€) > 07

w3 (T2)
such that the system (P.)-(IC.) admits solutions p™° € C®(R? x [0,T*)) verifying
+.e

(H1), (H2) for allt € [0,T*). Moreover 8'0 >0 for allt € [0,T7).
T

Corollary 6.3 is a consequence of Theorem 5.3 and of Lemmata 6.1 and 6.2.

7 e-Uniform estimates on the solution of the regu-
larized system

In this Section, we prove some fundamental e-uniform estimates. In the Subsec-
tion 7.2 we give some general estimates independent on the system of equations. In
the second Subsection 7.3 we establish a priori estimates on the solutions of system

(Fe).

7.1 Properties of Hardy spaces
Definition 7.1

i) Hardy space, (C. Fefferman, E. M. Stein [54]) :

The Hardy space H(T?) is the set of functions f € L*(T?) such that R;f € L*(T?)
for i =1,2. This space is endowed with the norm

170
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Il = 1oy + D I1Rif ).

i=1,2

ii) BMO space, (John and Nirenberg, see C. Fefferman [53]) :

We say that f € L*(T?) belongs to BMO(T?) if an only if
1
1f|Bro = sup (—/ f (@) - mB(f)!da:) < 400 (7.22)
B \|B| Jp

1
for every ball B C T? where mp(f) = E/ f.
B

Here ||f|lBamo defines a norm over BMO(T?) quotiented by the constant functions.
Moreover, the space BMO(T?) is the dual of H*(T?).

We refer to P. Koosis 90|, R. Coifman, Y. Meyer [33], J. B. Garnett [60] and E.
M. Stein |126] for other definitions of H'(T?) and BMO(T?) . Here, this definition
makes a sense thanks to the definition of the Riesz transform for L” function, and
the density in L' of the spaces L? for p > 1.

The spaces H! and BMO satisfy the following properties :

Lemma 7.2 (Stability of Riesz transform)

(I1) The Riesz transforms R;, for i = 1,2, are linear continuous operators on
H(T?) onto itself.

(I2) The Riesz transforms R;, for i = 1,2, are linear continuous operators on
BMO(T?) onto itself.
(I3) The Riesz transforms R;, for i = 1,2, are linear continuous operators on

LP(T?), for all 1 < p < 400 onto itself.

For the proof, see R. Coifman, Y. Meyer [33, Chap 5| and A. Zygmund [139, Vol I,
Page 254, (2.6)].

Lemma 7.3 (Embeddings)
For 1 < p < 400, we have the following property :

L>®(T?) — BMO(T?) — EXP(T?) — LP(T?) — Llog L(T?) — H*(T?) — L'(T?).

For the proof, see C. Bennett and R. Sharpley [16, (7.22) Page 382 , (6.11) Page
247].
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Lemma 7.4 (Zygmund’s Lemma)
If f >0, then f € Llog L(T?) if and only if f € HY(T?). Moreover, there exists a
constant C' such that,

HfHHl(TZ) S C (/2 |f‘ 10g(€ + |f‘)dl’1d$2 + 1) .
T
For the proof, see A. Zygmund [139, Vol. I, Chap 7, (2.8), (2.10)] and P. Koosis |90,
Page 96-97|. See also, E. M. Stein [126, 5.3, Page 128| for a proof on RY. Under the

+
assumptions (H1), (H2), (H3), and (H4), we deduce that %Po € HY(T?).
x1

7.2 Useful estimates

Lemma 7.5 (BMO estimate)
If f is a function defined on R? x (0,T) and verifies (H1), (H2) and (H3) for a.e.
€ (0,7), then there exists a constant C' = C(L) such that,

HR]RpreT HLOO((O,T);BMO(TQ)) =C,

where fP" = f — L.

Proof of Lemma 7.5 :
According to (H1) and (H3), we know that for a.e (x9,t)

/01 o frer dIIS/O of f

o

O 1| g, < / of
y 1 x1 0 Oz,

We apply a “Poincaré-Wirtinger inequality” in x; and we deduce that there exists a

constant C' = C'(L) such that,

Moreover, Ry Ro( fP" — / fPdxy) = Ry Ro(fP°") since, we can check that R, (/ fPrday ) = 0.
We use Lemmata 7.3 and 7.2 (12) to obtain that Ry Ry fP" € L*°((0,T); BMO(T?)).0

<C. (7.23)

L (T2x(0,T))

1
fpe'r o / fperfL’l
0

Lemma 7.6 (Llog L Estimate)
Let (n.): be a non-negative mollifier, then for all f € Llog L(T?), the function

fe = [ xn. satisfies
If = fellLtog Lerzy — O as e — 0.

For the proof see R. A. Adams [2, Th 8.20].
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7.3 A priori estimates

In this Subsection, we show some e-uniform estimates on the solutions of the
system (P.)-(IC:) obtained in Corollary 6.3. These estimates will be used, on one
hand in Section 8 for the proof of long time existence, and on the other hand, in
Subsection 9.2 for ensuring, by compactness, the passage to the limit as ¢ tends to
Zero.

The first estimate concerns the physical entropy of the system, and is a key result.
It shows that in our model, the dislocations cannot be so concentrated. In other
words, the dislocation densities can always be controlled.

Lemma 7.7 (Entropy estimate)
Let p € L2 ,(R?). Under the assumptions (H1), (H2), (H3) and (H4), if p**° €

loc

C>(R? x [0,T)) are solutions of the system (P.)-(IC.), then there exists a constant
C independent of € such that,

Opte 0 .
+ || 5— (R Repf) <C, (7.24)
Oy Lo°((0,T);L log L(T2)) Oy L2(T2x(0,T))
+
with C = C H(?po .
axl Llog L(T?)

Proof of Lemma 7.7 :
ap:t,e

. e _ At _ A€ d
axl,e 0 0~ an

First of all, we denote §7° =

N*(t) = / 04 (1) log(9+ (1)),

Using the fact that p™¢ € C*(R? x [0,T)), we can derive N(t) = N*(t) + N~ (t)
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with respect to t, since §5° > 0 (see Lemma 6.2), and we obtain :

— /T 2 Z_(ei»s)t log(6%°) + /T ] Z_(Gi"f)t

= [ (FRR 0 4 0, log(65)
TQ

+.c

/TQZ( +(RIR2p%)6**) Zi +5A9i€10g(9i€))
ke Vo)
<[ S e 25 [ 5

+,- /T
v9i5|
— _ 2 296 g — |
/Tz (R1R2 ) 6; T2 OFF
VoEe|?
= — | (RiR:0°)* — | <0
/11‘2( 1Ra6%) 8; 2 OF T 7

Integrating in time we get,

/ (R1R,6°)* < N(0 /Zeif ) log(e 4 6%¢(0))
']I*Z

Since the initial data (IC) satisfies (H4), we deduce by Lemma 7.6 that there exists
a positive constant C' independent of € such that,

t
t +/ / (R1R.6°)° < C.
0 T2

Let us now consider,
Ni(t) = / 0% (t) log(e + 654 (t))
T2
[ eewlogler o)+ [ 65 (o) logle + 6°7(1).
T2N{0<0*c<e} T2N{#t=>e}

Using that xlog(e + =) < elog(2e) for all 0 < z < e, we deduce that
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Ni(t) < elog(2e) +/ 0% (t) log(20%4(t))
T2N{0*c>e}
<clog(ze) + [ 0*4(0)1og(2) + | 0= (1) log (0% (1)
T2 T2N{H*c>e}

< elog(2e) +1og(2)(L + 1) + N*(t) — /T2 . }Hi’a(t) log(6%(t))

< C+ N*(t),

where, in the last line we have used that —zlog(z) < % for all 0 < = < e. This
finally lead to the following estimate :

N{( / (R1R20°)" < C,
T2
which implies (7.24). O

Remark 7.8 (W12 estimate)
Since we have

0
Oy

o) o)
I RR? = RLRQ(Er:fﬁfﬁ) and EE;R%RgzaRg(

0

RR
8112)7

we deduce by Lemma 7.2 (I3), that V (RIR3p°) € L* (T? x (0,T)) uniformly in .

Remark 7.9 (H' estimate)
Given 0% > 0, we deduce from Lemma 7.4 that 6% € L>((0,T); HY(T?)), uni-
formly in e.

We now present a second a priori estimate.

Lemma 7.10 (L? bound on the solutions)

Let T > 0. Under the condition pF € L2 (R?), and the assumptions (H1), (H2),
(H3) and (H4), if p=° € C°(R? x [0,T)) are solutions of system (P.)-(IC.), then
there exists a constant C independent of €, but depending on T, such that :

HpigpeTHLoo( (OT):L2(T2)) = C,

with p=eP = p™° — Ly,

175



Chapitre 5 : Existence globale pour un systéme bidimensionnel

Proof of Lemma 7.10 :

We want to bound mi’e(x% t) = /pi,s,per(

x1, Ta,t)dxi. There is no problem of re-

T
gularity since pt¢ € C*(R? x [0,7)). We integrate equation (PP°") with respect to
x1, and then integrate by parts the first term of the right hand side. This leads to,

9 Pm>e 2200 4 +
oy te — + [ (R?R £.per )
G = e = & [ (RS = ),

8 £
TL. / (R2R2p%)da: + m** | (R2R2Z ) da,.
T T

28[)31
Using that p° is a 1-periodic function in x{, the previous equation is equivalent to,

+
Il IQZF
A A\
N 7

a 13 82m:|:’€ - 8p g,per 3 (3
Emi’ — 5a—l% = =+ /(R2R26 )(Pi’ P — mi’ )dl'l + Lg/E<R%R§p )dl‘l .
(7.25)

Let us denote the right hand side by ¢* = I 4 IJ. We now show that g& €
L*(T x (0,7)). Indeed, we have,

H[:N:HL2 TX(0.1%) H/ RQRQ :te,per_m:t,e)dxl
8951 L2(Tx(0,T))
a £
< 154 = 0%l oy | RIS
O L2(T2x(0,T))
<C,
ap°
where for the last line we used Lemma 7.7 to bound ' RIR3 P and the
Ol 2 (r2c(0.m)

fact that the Riesz transforms are continuous from L? onto itself. Furthermore, the
bound on [|p==P" — mF | g2y oy follows from (7.23).

For the term I, recall that 0 < ¢ < 1, hence

< CTe,

2 p2
155\ e 0.y < H(L+1) /T (RiR5p°)d, o)

where for the last inequality we have used that RIR3p° € L>((0,7); BMO(T?))
(see Lemma 7.5) and the embeddings of Lemma 7.3. Therefore, we get,

1
g™ I z2rx o)) < C(1+T72).
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7. e-Uniform estimates on the solution of the regularized system

To end the proof, we multiply equation (7.25) by m*<, and we integrate in space.
This gives,

1d 9 .
Sd ~—m> (1)

+, 2
() ey + <) -

2
— / gimi,s.
L2(T) T

We integrate in time, to obtain,

1 1
§Hmi’€||%oo((o,T);L2(1r)) < ||9i”L2(TX(07T))Hmi’EHLQ(TFX(O,T)) + §Hmi’5(0)||%2(1r)

1
(o2 + 5 lIm Oz,

1
< T2 || g% 2o,y lm™*

1 1
< THgiH%Q(TX(O,T)) + Z||mi7€||%°°((0,T);L2(’JT)) + §||mi’5(0)||i2(1r)~
Therefore

Il oz < AT 20y + 2Im ™ (0) [ 72r).

We now bound the term Hmi’a(O)H%Q(T). We have,

72 (0) [22n =A

< e * py

2

+,e,per
/ Po (x1,m9)dx1| do
T

i)

+,
< [lpo per”%?(qp);

where we have used Holder’s inequality for the second line, and that |[n||z1(r2) = 1.
This indicates that for a constant C' independent of &, ||m®*|| e 07).22(1)) < C.

Finally, we use estimate (7.23) to deduce that p£7" is bounded in L>((0, T); L?(T?))
uniformly in €. a

The following estimate will provide compactness in time of the solution, uniform
with respect to ¢ .

Lemma 7.11 (Duality estimate of Riesz transform for the time derivative
of the solution)
Let T > 0. Under the assumptions ps € L2 (R?), (H1), (H2), (H3) and (H4),

if pP¢ € C®(R? x [0,T)) are solutions of the system (P.)-(IC.), then for all 1 €
L*((0,T); WhH2(T?)), there exists a constant C independent of & such that :
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p°
[ orin ()| < Clollmmay,
T2x(0,T)

where p° = ptt — p=F.
Proof of Lemma 7.11 : 9t
The idea is somehow to bound RIR3 a—i) using the available bounds on the right

hand side of the equation (P).
We will give a proof by duality. First of all, we subtract the two equations of system
(P.) to obtain that,

dp° 22 o [(OpTF  OpF 4
e (RlRQp)(ax1 + o +eAp™e.

We apply the Riesz transform R?R2, which gives,
142 g

I

7 -\ N I
op* Ok* ~—o T
s (%) = - mr (R ) SRR A, (20
with k¢ = p™° + p=°. In what follows, we will prove that for a function ¢ €
L*((0,T); WH2(T?)), we can bound J; = I for i =1,2.
T2x(0,T)

Estimate of .J; : to control J;, we rewrite it under the following form :

e\ Ok° L Oks
[ mm(@weng)e- [ (i) mse.
T2x(0,T) 0z, T2 x(0,T) 01,

We use the fact that,
(i) (R?R3p°) is bounded in L>°((0,T); W'?(T?)) uniformly in & (by Lemma 7.7),

£

(ii) 3 is bounded in L*°((0,T); Llog L(T?)), uniformly in & (by Lemma 7.7).
X1
kE
We deduce from this and from Proposition 4.6, (with f = R?R3p° and g = g ) the
Z1

following estimate :

ok® ks
H(RngpE)a ) < CIRIR30°| 2 ((0.0)w 2 (12)) ‘ 5
TUL2((0.1);L 10gZ L(T2)) L1 L2((0,7);L log L(T2))
chk <c.
O L=((0,T);L log L(T2))
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7. e-Uniform estimates on the solution of the regularized system

We use Lemma 4.3 (i), to deduce that

ok
<[ (w%w> )W&wﬁ
T2 x(0,7) 0xy
= ’<R?RQ o Ok |R2R3|| 2 .
- 2P o, 20 T 1og} L(T2)) RV L2 ((0,1): X Pa(T2)) (7.27)

< C|RER3UN 20 w212y

<C ||1/}||L2((0,T);W1’2(T2)) ’

where we have used the Trudinger embedding (see Lemma 4.4) in the third line and
the fact that Riesz transforms are continuous from W12 onto itself in the last line.
Estimate of J; : to estimate .J5, we integrate by parts, to get :

Jy = —6/ V(R?R3p%) - V.
T2 (0,T)
Since R?2R2pf is bounded in L2((0,T); W2(T?)), we deduce that for all 0 < e <1 :
112p

o] <

/ vmm%WVA
T2 (0.1) (7.28)
<C HR%RgpaHL?((O,T);WL?(W)) WHLQ((&T);WL?(TQ))-

Finally, collecting (7.27) and (7.28) together with (7.26) and the definitions of .J;,
for i = 1,2, we get that there exists a constant C' independent of ¢ such that,

dp
[ urtmE| < Clollimmay,
T2x(0,T)

Remark 7.12 (W12 estimate)

Let W=12(T?) be the dual space of WY2(T?). Thanks to the previous lemma we
deduce that there exists a constant C independent of € such that,

dp
2 D2
HRR(&>

These three estimates made in Lemmata 7.7, 7.10 and 7.11 are sufficient to obtain
the required compactness. This compactness ensures in Subsection 9.2 the passage
to the limit which allows us to show the existence of solutions.

<C.

2((0,1);W=12(T2))
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Lemma 7.13 (Duality estimate for the time derivative of the solution)
Let T > 0. Under the assumptions pz € L2 (R?), (H1), (H2), (H3) and (H4),

if pP¢ € C®(R? x [0,T)) are solutions of the system (P.)-(IC.), then for all 1 €
L2((0,T); W%2(T?)), there exists a constant C' independent of € such that,

api,e
(0 T < CY|| L2 0,1y w22(12))-
T2x(0,T)

The proof of this lemma is similar to that of Lemma 7.11. The only difference is
that we integrate by parts the viscosity term twice and use the estimate of Lemma
7.10.

Remark 7.14 (The sense of the initial condition)

According to this lemma and Lemma 7.10 , we have p==P" € C([0,T), W~22(T?))
uniformly in € with W=22(T?) is the dual space of W*?(T?). This will give later a
sense to the limit of the initial conditions.

8 Global existence for the regularized system

In this Section, we will prove the global existence of solutions for the system
(P.)-(I1C;) using the previous a priori estimates (proven in Lemmata 7.5 and 7.7).

Before going into the proof, we need the following lemma.

Lemma 8.1 (W' estimate)
For all initial data py € L2 (R?) satisfying (H1) and (H2), if ptere € C®(T? x

[0,7)), are solutions of the Mild integral problem (In.), then there exists a constant
C = C(g, L) such that,

api,e
&%1

+,e,per H

lp

1
Le(omywtd 2y S Bo TCTHIRIRS | Lo (0.1)s25 (72) <H

+1],
Lo ((0,T);L1(T2))

i iv )
where By = || pg EpeTHWL%(Tz)-
Proof of Lemma 8.1 :
If we denote pf = (pt=Pe p==Pe") and D0 = (pgvape’“7p0_v€vpe’”

that pS satisfies (5.13), namely,

), then we have shown

po(a, t) = S(t)p5, + Blog, po) () + A(pL) (1), (8.29)

where B and A are defined in (5.14) and (5.15) respectively and where S.(t) = Sy (et).
Moreover, using (5.16) with u = v = pf , we get,
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8. Global existence for the regularized system

t
B0 Ol g3y < |

+/
0

We use now Lemma 5.8 (i) with r = 4,¢ = %,p = 1 to estimate the first term, and
Lemma 5.8 (ii) with r = %,q = 8,p = 1 to estimate the second term. It gives for
t € (0,T), that,

iy

t 1 8p€
B(p5, p5)(t 3 < C/ —— [|R2R%p° (s —(s ds
IBE A Ol i e <€ | S IR Ol 502 0)|
ops, t 1
<C su R2R2/°(s su ’ Y (s /
< ogsET(H 1 Qp()HLS(’]I‘2)> OSSET< 071 ) (Ll(’ﬂ‘2))2> . (t—s)g
That leads,
IB(o5 o) ; < OT% || RER3p% || 1o (0.1yi25(72) Hapi '
v v o . 1,5 — oo , ;
Loeo((0,1);(W 2 (T2))2) 21 || oo (0,151 (12))2)
(8.30
Similarly, we show that,
£ L £
HAGI e 0.yt 3 gy S CTZNRIRSP oo 0.1y:2512)- (8:31)

By using (8.30), (8.31) and (5.19), and the equation (8.29) we get the proof. O

Theorem 8.2 (Global existence)

For all T,e > 0 and for all initial data pf € L7, (R?) satisfies (H1), (H2), (H3) and
(H4) the system (P.)-(IC.) admits solutions p=¢ € C*(R?x [0,T)). Moreover, this
solution satisfies (H1), (H2) and (H3) for allt € (0,T) and the estimates given in

Lemmata 7.7, 7.10 and 7.11.

Proof of Theorem 8.2 :
In Theorem 8.2, we prove that the local solutions given by Corollary 6.3 can be
extended to some global ones. We argue by contradiction. Suppose that there exists

a maximum time 7},,,, such that we have the existence of solutions of (P.)-(/C.) in
C>®(R? x [0, Trnaz))-
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For § > 0, we reconsider the system (P.) with the initial data
+.c £
pE,maz = pi (i[), Tmaﬂﬁ - 5)

we reapply for the second time, the proof of Corollary 6.3, we deduce that there
exists a time

i7 ).
T(;maac(Hp N

H +,e,per
6,mazx Wl’% (T2)’

L,e) >0, where Psmne = pf;’iam — Ly,
such that the system (P.)-(IC.) admits solutions defined until,
Ty = (Tonar — 8) + T}

max*

+,e,per
§,max

bounded in W3 (T2). By using (5.20), we deduce that there exists a constant
C(e, Tnaw, L) > 0 independent of ¢ such that 75, .. > C' > 0. Then li%n iglf 15 mae > C > 0.

Hence Ty > T4, which gives the contradiction. O

Moreover, by Lemmata 8.1, 7.7 and 7.5, we know that p are o-uniformly

9 Existence of solutions for the system (P)-(IC)

In this section, we will prove that the system (P)-(IC) admits solutions p* in the
distributional sense. They are the limits of p™< given by Theorem 8.2 when ¢ — 0.
To do this, we will justify the passage to the limit as € tends to 0 in the system
(PPer)-(ICPe") by using some compactness arguments.

9.1 Preliminary results

Lemma 9.1 (Trudinger compact embedding)
The following injection (see N. S. Trudinger [129]) :

W12(T?) — EX P3(T?),
15 compact, for all 1 < (3 < 2.
For the proof of this lemma see also R. A. Adams [2, Th 8.32].

Lemma 9.2 (Simon’s Lemma)
Let X, B, Y three Banach spaces, where X — B with compact embedding and
B — Y with continuous embedding. If (p™), is a sequence such that,

<,

LY((0,7);Y)

™ | zso.ryimy + 11" 22 0,3 + HE

where ¢ > 1 and C is a constant independent of n, then (p™), is relatively compact
in LP((0,T); B) for all p < q.
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9. Existence of solutions for the system (P)-(IC)

For the proof, see J. Simon [125, Th 6, Page 86|.

In order to show the existence of system (P) in Subsection 9.2, we apply this lemma
in the particular cases where B = EX P3(T?), X = Wh*(T?) and Y = W~12(T?),
forl < pg<2.

Lemma 9.3 (Weak star topology in Llog L)
Let E..y(T?) be the closure in EX P(T?) of the space of functions bounded on T?.
Then E.,(T?) is a separable Banach space which verifies,

i) Llog L(T?) is the dual space of Eeyy(T?).
ii) EXPy(T?) < B, (T?) — EXP(T?) for all § > 1.

For the proof, see R. A. Adams |2, Th 8.16, 8.18, 8.20|.

9.2 Proof of Theorem 1.4
Step 1 (Passage to the limit) :

First, by Lemma 7.10 we know that for any T > 0, the solutions p™?¢" of the system
(PPer)-(ICP°") obtained with the help of Theorem 8.2, are e-uniformly bounded in
L?*(T? x (0, 7). Hence, as € goes to zero, we can extract a subsequence still denoted
by pt€Per that converges weakly in L?(T? x (0,7')) to some limit p=P°". Then we
want to prove that p= = p*Pe 4 Lz, are solutions of the system (P)-(IC). Indeed,
since the passage to the limit in the linear term is trivial in D’(T? x (0, 7)), it suffices
to pass to the limit in the non-linear term,

e From Lemmata 7.7 and 7.5 we know that the term (RIR3p°) is e-uniformly
bounded in L?((0,T); W'?(T?)). Then it is in particular e-uniformly bounded in
L} (0, T); W'2(T?).

e From thes previous point and Lemma 9.1, we know that (RZR3p%) is also e-
uniformly bounded in L*((0,T); EX P3(T?)) for all 1 < 8 < 2.

e From Lemma 7.11, the term Rng(ai ) is e-uniformly bounded in L*((0,T"); W~12(T?))
and then in L*((0,7); W~12(T?)).

Collecting this, we get that there exists a constant C' independent on ¢ such that
p° = R2R%p® satisfies for some 1 < 3 < 2

op°

Iz ||L2 (0,7):EXPy(T2)) T Irz ”L1 (Omw2(r2) T ” ot =¢

((0,7);W=12(T2))
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Then Lemma 9.2, with B = EXP3(T?), X = WH(T?) and Y = W 12(T?),
shows the relative compactness of (RR3p°) in L*((0,T); EX P3(T?)), and then using
Lemma 9.3, we have the compactness in L'((0,7); Eerp(T?)).

+,e,per

Moreover, by Lemma 7.7, we have that . is e-uniformly bounded in L>((0, T); L log L(T?))

il
which is the dual of L'((0,7); E..,(T?)) by Lemma 9.3 (see T. Cazenave and A.

Haraux [28, Th 1.4.19, Page 17|). Then, this final term converges weakly * in
=+ per

0
L>=((0,T); Llog L(T?)) toward 8_p . That enables us to pass to the limit in
Iy

the bilinear term in the sense

LY((0,T); Eerp(T?)) — strong x L®((0,T); Llog L(T?)) — weak *.

In what precedes, we have shown that p* = p™P¢" + Lz, are solutions of the following
equation :
op*
ot

8p +,per
=F(RiRp) 5~ FLIRIR3p)
o
(%vl ’

Therefore p* is solutions of system (P) which has the same bounds as p™°. At this
stage we remark that, by Proposition 4.6, the second term of the previous system

+
is in L2((0,T); Llog? L(T?)), which gives that % € L*((0,T); Llog? L(T?)), and
then p=rer € C([0,T); Llog? L(T2)).

= ¥ (RIR3p)

Step 2 (The initial conditions) :

It remains to prove the the initial conditions (IC) coincides with p=(-,0). Indeed,
+.e,per

from the estimates of p™=P¢" and done in Lemmata 7.10 and 7.13, we see

that p*¢ is e-uniformly bounded in

W2((0,T); W22(T?)) — C=([0,T); W22(T?)),

where W~22(T?) is the dual of W22(T?). It follows that, there exists a constant C
independent on ¢, such that, for all ¢, s € [0,7) :

[0 () = =0 (s) lw—2m) < Clt = 52
In particular if we set s = 0, we have

%577 (8) = pi " w-2aes) < Ot (9:32)
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Now we pass to the limit in (9.32). Indeed, the functions p=P¢" and p; """ are -

uniformly bounded in W12((0, T); W~22(T?)) and W~22(T?) respectively. Moreover
we know that p=ePe — p=P" converges weakly in L2(T? x (0,T)) to (pErer — piPe’).

Therefore, we can extract a subsequence still denoted by (p™Per — poi’a’per), that
; 1,2 —2,2 (12 +,per +per e ;
weakly converges in Wh*((0,7); W=2(T?)) to (p™P" — pg*"). This is possible
because W—22(T?) = (W?%(T?)) and W12(T?) = (W~12(T?))". In particular this
subsequence converges, for all ¢t € (0,7), weakly * in L>°((0,t); W~*2(T?)), and

consequently it verifies (see for instance H. Brezis [21, Prop. 3.12|),

+.per +eper _  F.eper

Po P Loy w222y < Ct2.

N|=

1057 = 95 | e (0pw—22(r2)) < limiinf ||
From (9.32) we deduce that

10577 () = p5 " w2222y < CH.
Which proves that p*(-,0) = pg in D'(R?). O
Remark 9.4
In stepi. of the proof, we indirectly used the fact that p° is bounded in L*((0,T); W12(T?))

is bounded in L*((0,T); W~1%(T?)). The usual compactness result (see

L. C. Evans [51, P. 5.9.2] ) asserts that we have compactness of the sequance in
C((0,T); L3(T?)). Here we work in dimension 2, and we use another result which
asserts that we have, in particular, compactness in L'((0,T); EX P3(T?)) for every
1< pB<2.

and

Remark 9.5 (BMO times H')
We notice, using Lemma 7.5 and Remark 7.9, that we can also define the bilinear
term of our system as the product duality between L*((0,T); H'(T?)) and L*((0,T); BMO(T?)).

Remark 9.6

In our proof, we have indirectly used a kind of compensated compactness technic for
Hardy spaces. This technic allows to pass to the limit in a scalar product B.E “weak
times weak”, if we have some regqularity conditions on “div E” and on “curl B” (see
R. Coifman et al. [32]). In our case, we do not have enough reqularity to do so.

10 Appendix

Tis section is devoted to the proof of a generalised Holder inequality, of which
Lemma 4.3 is a particular case. The proofs of Theorem 10.1 and Lemma 10.2 are an
amalgam of argument found in R. O’Neil [114, Th 2.3|, M. M. Rao, Z.D. Ren [120, Th
7, Page 64] and J. Hogan et al. [76, Th A.1].
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Theorem 10.1
Suppose A, B and C' be three Young’s functions (see Sub-section 4.1) for which there
exist positive contants ¢ and d such that,

i) B71(t)C~1(t) < A7) for allt > 0, and

i) A(5) < 3A() for all t > 0.

Moreover, if f € Lg(T?) and g € Lo(T?), then fg € La(T?) and
1fgllac < 1flLaellgllzem)-

As a preliminary to the proof of the theorem, we have the follxing lemma :

Lemma 10.2
Let A, B and C be as above. Then, for all s,t > 0,

A (S_t) < B(s) + O(1).

C

Proof of Lemma 10.2 :

Let u = B(s) and v = C(t). Then
st =B 1) C'(t) < B M u+v)C  (u+v) <cA N (u+0).

Dividing by ¢ and applying A to both sides gives the result. O
Proof of Theorem 10.1 :

Note that if f € L4(T?), the monotonicity of A and an application of the mono-

M) < 1. Hence, from the
11l 2acr2)
definition of the Luxemburg norm (see Sub-section 4.1)

Lo (i) < o () * L6 (i) <2

We therefore have
/ A( |f(z)g(z)| ) <1,
2 \cd||fllLp2llgllie(re)

and, again by the definition of the Luxemburg norm, we have the result. a
Proof of Lemma 4.3 :

tone convergence theorem gives us that / A (
TQ
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To prove the generalised Holder inequality of Lemma 4.3, we need only show that
if B(t) =t(log(e +1))” then B71(t) ~ t(log(e +t))~?. To see this, simply note that
if t = s(log(e + s))?, there exist constants 0 < ¢;(3) < ¢2(3) < oo such that for all
s> 0,

cplog(e +1t) <log(e+ s) < eylog(e + ).

Then ¢ = s(log(e + s))? = s(log(e + t))? and solving for s gives s = t(log(e +t)) 7.
Now apply Theorem 10.1 with A = ¢, B =¢” —1 and C = t(log(e + )2 to prove
(i) and we re-use that with A = t(log(e + t))2, B = ¢ — 1 and C = tlog(e + t) to
prove (ii). This completes the proof. O
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Chapitre 6

Simulations numériques de la
dynamique des densités de
dislocations pour un modéle
bidimensionnel

Ce chapitre est un travail en collaboration avec M. EI Rhabi et P. Hoch.
Dans ce chapitre, nous présentons quelques simulations numériques du modéle de
Groma-Balogh 2D.

189



Chapitre 6 : Simulations numériques

Simulations numériques de la dynamique des densi-
tés de dislocations pour le modéle de Groma-Balogh
bidimensionnel

Résumé
Dans ce chapitre, nous présentons nos premiers essais de simulation numérique du mo-
dele de Groma-Balogh 2D. Plus précisément, nous nous intéressons au modeéle (2.6) in-
troduit dans le chapitre 5 avec des conditions aux limites périodiques. Cette simulation
montre I’évolution de la densité de dislocations dans le tore T? = Z2 /R2, sous 'effet d'une
contrainte constante.

1 Rappel du modéle

Nous rappelons maintenant le modéle de Groma-Balogh. Dans le chapitre 5, section 2
(en particulier les équations (2.6), (2.8) et (2.12)), nous avons introduit le modéle de
Groma-Balogh. Ce modéle est décrit par un systéme de transport non-linéaire dont
la vitesse est calculée a partir de I’équation de 1’élasticité linéaire. Plus précisément,
le modeéle est régi par le systéme couplé suivant :

( + +
a(?it — 012% sur R? x (0,7),
1
Ou;  Ou
ma=n((Go+ 5]~ =) sur B2 x (0,7),
) (1.1)
— (pt — p
o, —r)
pAu+ (A + p)V(divu) = p sur R? x (0,7),
2, .
\ 8_351<'0 —p7)

ot les inconnues de ce systéme sont les scalaires p* et u = (uy,us), le déplacement

a l'instant ¢ et a la position x = (z1,22). Ici les dérivées de p* par rapport a zy,

o +

3L représentent les densités de dislocations de type 4. Les constantes p et A sont
T
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2. La discrétisation numérique

les coefficients de Lamé.
Pour la résolution de ce systéme, on considére les conditions initiales suivantes :

pE(z,t=0) = poi’per(:lf) + Loxy, u(x,t =0)=ue(z),

N : . )
ou py 7" est une fonction 1-pérodique en x; et en x9, Lo est une constante donnée

et ug est un déplacement 1-périodique et & moyenne nulle.

2 La discrétisation numérique

Dans cette section, nous présentons briévement la discrétisation du systéme (1.1).
Ici, on choisit des pas de discrétisation en temps et en espace fixe, noté At, Ax
respectivement. On définit alors la grille :

2 = {(i1Az,iAx), (i1,i2) € N? telles que iy,is < 1=}, Zp =Zx {0, ..., (At)Nr},

N . N . . 1 .
ou Nr est la partie entiére de T/ At et on suppose pour simplifier que A, est entiere.
On note respectivement par p;”" et uf = (uf ;,ul ;) les approximations numériques

e respectivement par p; et uj = (uf ;,uy ) les app ions Tiques
des fonctions p* et u au point (7, t,) avec 77 = (i, Ax,i2Ax) et t, = n(At).

Pour 'approximation numérique de la partie transport du modéle, nous avons choisi
le schéma itératif, basé sur un schéma de type “Upwind”, ou pour tout I = (i, i)
tel que (iy,12) € N2, i, iy < ﬁ et pour tout n € N, 0 <n < Ny — 1, nous avons :

tntl _ & E* (Drplijn’ Dl_PIim) si (012)7 2 0,
Pr = Pr AL (0'12)? (2.2)
EY (Dfpﬁcm> Dl_P;E’n) sinon,

ol

n n n n
n Uy p+2 — Uy Ug g+ — Ugg +n -m
(012)7 = p Ar + Az —(pr" =p") )

tel que IT? = (iy,i9 + 1) et I™! = (i1 + 1,43). De plus, les u} sont calculées en
utilisant une décomposition en série de Fourier pour I'équation d’élasticité linéaire.
En effet, cette décomposition semble naturelle pour la discrétisation de I’équation
d’élasticité deés que nous considérons le fait que la solution soit 1-périodique et a
moyenne nulle (c’est-a-dire le premier coefficient de la décomposition en série de
Fourier est nul).
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Chapitre 6 : Simulations numériques

E# sont des approximations monotones proposées par S. Osher et J. A. Sethian [116]
(nous pouvons également utiliser celles proposées par E. Rouy, A. Tourin [121]) :

NI

ET(P,Q) = (maX(P, 0)% + min(Q,O)Q) ,

N|=

E~(P,Q) = (min(P,0)* + max(Q,0)*)2 .

+
Les termes Di pi", Dy p7" sont des approximations appropriées des aL pris au

T
point xy :

+n +.n
D+ +n Pr+1 — Pr

1 Pr Ar )
pi,n o pi,n
— +n 1 —1
Dror" ==~

ot I=! = (i —1,145). Les conditions initiales naturelles du schéma sont les suivantes :

pr’ = py P (21) + Lo(i1A),  uf = uo(zp),

et nous supposons aussi des conditions aux limites 1-périodiques pour les approxi-
mations pli’", neNet0<n<Np—1.

3 Simulations numériques

Dans ce paragraphe, nous nous intéressons a I’évolution des densités de dislocations
sous l'effet d'une contrainte de cisaillement uniformément appliquée.

Dans la figure suivante, nous nous placons dans un pavé de ce matériau ou les
dislocations sont concentrées par paquets (voir Figure 6.1) et nous proposons de
regarder leurs évolutions au cours du temps. Nous constatons alors, comme nous
aurions pu le prévoir intuitivement, que les dislocations se distribuent uniformé-
ment dans tout le pavé (c’est-a-dire que les densités de dislocations de deux types
deviennent constantes en temps long voir Figure 6.3). Nous remarquons que ces si-
mulations sont cohérentes avec les simulations numériques présentées dans chapitre
3, section 5 pour le modéle unidimensionnel. Rappelons que pour le schéma unidi-
mensionnel du chapitre 3 nous avons établi un résultat de convergence. Par contre,
pour le schéma bidimensionnel nous n’avons pas un tel résultat.
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3. Simulations numériques
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F1G. 6.1 — Les densités de dislocations de type (+) initialement.
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F1G. 6.2 — Les densités de dislocations de type (+) en un temps intermédiaire.
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3. Simulations numériques

23.1439

¥}
P

Z-Axis

-,
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Y .7'
\I X—Axis
X

F1G. 6.3 — Les densités de dislocations de type (+) au temps final.

Remarque 3.1 Jusqu’a présent, il nous semble qu’aucune étude publiée n’a eu pour
sujet la mise en ceuvre d’un schéma numérique pour ce probléme.
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Conclusion et perspectives

Dans cette thése, nous avons étudié plusieurs modéles a travers lesquels nous
avons pu avoir une meilleure compréhension de la dynamique des densités de dislo-
cations. Notre travail nous a permis d’obtenir des résultats pouvant étre par la suite
complétés ou approfondis. Dans ce qui va suivre, nous allons présenter quelques
questions qui restent ouvertes et des directions de travail futur.

1. Systéme unidimensionnel :

Concernant le systéme (2 x 2), représenté dans les sous-sections 2.1 et 2.2, nous avons
pu obtenir un résultat d’existence globale et d’unicité d’une solution par l'intermé-
diaire de deux approches : la premiére est celle de Sobolev et la seconde est celle
de solution de viscosité. Nous avons également proposé un schéma numérique ou
nous avons montré une estimation d’erreur entre la solution continue et la solution
discréte. Comme nous l'avons présenté dans la simulation numérique, la densité de
dislocation tend vers une constante a I'infini. Cette constante est L la densité totale
de dislocations. Une preuve théorique d’un tel résultat sera une prochaine piste a
explorer.

Concernant le systéme (M x M), présenté dans la sous-section 2.3, nous avons mon-
tré l'existence globale de solutions continues croissantes. L’unicité de la solution
semble fortement liée & I'existence d’une solution réguliére (Lipschitz). Les solutions
données dans le Théoréme 2.9 ne créent pas de chocs car elles sont continues. Dans
cette situation, il est naturel de se poser la question de 'unicité des solutions, qui
reste une question ouverte.

D’un point de vue numérique, nous sommes en train de mettre au point un schéma
qui conserve l'estimation entropique de gradient (2.19), dans une approche discréte.
Cela nous permettra de montrer en utilisant le Théoréme 2.9 un résultat de conver-
gence d’'un tel schéma. Ce genre de schéma est également intéressant pour la dis-
crétisation du modéle bidimensionnel, étant donné que I’existence de solutions dans
le cas bidimensionnel est basée sur le méme type d’estimation entropique de gradient.
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Conclusion et perspectives

2. Systéme bidimensionnel :

Suite a notre étude du modéle bidimensionnel, nous avons montré un résultat d’exis-
tence globale de solutions. L’unicité ou la non-unicité des solutions dans ce cadre
est une question intéressante qui reste ouverte pour la dynamique des densités de
dislocations. Etant donné que les solutions données par le Théoréme 3.4, ne sont
pas nécessairement continues, contrairement au cas unidimensionnel, cette question
nous semble difficile a traiter. Toutefois, nous pouvons aboutir a un résultat d’exis-
tence et d’unicité en temps court dans certain espaces de Holder. Ceci constituera
le sujet d’un futur travail.

3. Autre étude :

Nous essayons aussi de développer une méthode numérique de type Fast Marching.
Notre but est de discrétiser I’evolution d’un front transporté pat un champ de vecteur
quelconque dépendant de I'espace et du temps. L’objectif est de réussir & montrer un
résultat de convergence pour cette méthode, en s’inspirant du travail de E. Carlini et
al. [27] développé dans le cadre de propagation d’un front avec une vitesse normale
qui dépend de l’espace et du temps.
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