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RésuméCe travail porte sur l'analyse théorique et numérique de la dynamique des den-sités de disloations. Les disloations sont des défauts qui se déplaent dans les ris-taux, lorsque eux-i sont soumis à des ontraintes extérieures. D'une façon générale,la dynamique des densités de disloations est dérite par un système d'équations detransport, où les hamps de vitesse dépendent de manière non-loale des densités dedisloations.Dans une première partie, nous nous plaçons dans un adre unidimensionnel. Nousdémontrons pour un système 2 × 2 simpli�é des résultats d'existene globale etd'uniité de solution, ainsi qu'une estimation d'erreur entre la solution ontinue etson approximation numérique en utilisant un shéma aux di�érenes �nies. Puis,en se basant sur une nouvelle méthode d'estimation de l'entropie du gradient, nousdémontrons un résultat d'existene globale et quelques résultats d'uniité pour dessystèmes hyperboliques diagonalisables en dimension 1.Dans une seonde partie, nous nous intéressons à un adre plus général de la dyna-mique des densités de disloations où nous étudions un modèle bidimensionnel. Cemodèle a été introduit par Groma et Balogh [71℄. Nous démontrons dans e adreun résultat d'existene globale en mettant en ÷uvre l'estimation sur l'entropie dugradient des solutions. Des simulations numériques de e modèle sont aussi présen-tées. AbstratThis thesis deals with theoretial and numerial analysis of the dynamis of dis-loation densities. Disloations are the moving defets in the rystals, under thepresene of an exterior stress. More generally, the dynamis of disloation densitiesis desribed by a system of transport equations where the veloity �eld depends nonloally on the disloation densities.In the �rst part, we onsider a one dimensional framework. We prove, for a simpli�ed
2 × 2 system, some global existene and uniqueness results of solutions as well asan error estimate between the ontinous solutions and its numerial approximation,by using a �nite di�erene sheme. Then, based on a new gradient entropy estimatemethod, we prove a global existene and some uniqueness results for some one di-mensional diagonalizable hyperboli systems.In the seond part of the thesis, we are intersted in a more general framework ofdisloation densities, where we study a bidimensional model, introdued by Gromaand Balogh [71℄. For this model we prove a global existene result via the new gra-dient entropy estimate of the solutions. Some numerial simulations for this modelare presented as well.
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Introdution généraleCette thèse porte sur l'étude mathématique de la dynamique des densités dedisloations. Cette dynamique est modélisée par des systèmes d'équations de trans-port non-linéaires et non-loales. Nous nous intéressons à l'analyse de es systèmesd'équations ainsi qu'à leurs résolutions numériques.Cette introdution se ompose de trois setions. Dans la première setion, nous pré-sentons un type de modèle bidimensionnel qui sera étudié dans e mémoire. Dans laseonde setion, nous nous intéressons à un sous-modèle unidimensionnel, et nousexposons les résultats obtenus à l'issu de e travail. Dans la troisième setion, nousreviendrons à l'étude du modèle bidimensionnel et nous présenterons notre résultat.Les hypothèses utilisées dans les théorèmes qui suivent ne sont pas optimales. Nousavons fait e hoix dans un soui de simpli�ation de la présentation. Nous renvoyonsaux hapitres de la thèse orrespondants pour des résutats plus généraux.1 Type de modèles étudiés dans ette thèse1.1 Motivations physiquesUne disloation est une ligne de défaut qu'on trouve dans les ristaux réels. Parexemple, dans la Figure 1, les lignes noires observées sont les disloations présentesdans un alliage (Ni3Al), pris en mirosopie életronique, à l'éhelle 1µm = 1−9m.

Fig. 1 � Observation de disloations au miro életronique 1



Introdution généraleCes défauts ont été introduits dans les années trente par G. I. Taylor [128℄, E.Orowan [115℄ et M. Polanyi [119℄, omme une expliation prinipale à l'éhelle mi-rosopique des déformations plastiques des matériaux. Sous l'e�et de ontraintesextérieures, es disloations peuvent se déplaer dans un plan ristallographique biendé�ni appelé �plan de glissement�. Le déplaement d'une disloation est aratérisépar un veteur ~b appelé �veteur de Burgers� [23℄.La quantité de disloations dans un ristal est représentée par sa densité, dé�niepar le nombre de lignes de disloations qui traversent une setion unitaire. Nousnous sommes interéssés, dans ette thèse, à l'étude de la dynamique des densités dedisloations. Notre motivation pour ette étude est de mieux omprendre le om-portement méanique issu de la déformation plastique des matériaux, en présenede forte onentration de disloations.Plus préisément, nous avons onsidéré des modèles partiuliers qui dérivent la dy-namique des densités de disloations. Dans un premier temps, nous nous sommesonsarés aux propriétés qualitatives (existene, uniité,...) d'un système unidimen-sionnel simpli�é. Puis nous avons onsidéré le adre plus général, donné par le modèlebidimensionnel introduit par I. Groma et P. Balogh [71℄.1.2 Présentation d'un modèle bidimensionnelDans ette sous-setion, nous présentons de manière simple le modèle de Groma-Balogh introduit dans [71℄ et nous donnons les équations relatives à e modèle, quiseront étudiées par la suite. Nous renvoyons à la setion 3 du hapitre 1 pour unedérivation détaillée des équations présentées ii.La dynamique des densités de disloations relève d'un problème tridimensionnel.Néanmoins dans le as partiulier où les lignes de disloations sont des droites pa-ralléles dans l'espae tridimensionnel, elles peuvent être vues omme des points dansun plan transversal. Dans le adre où les disloations se déplaent suivant une seulediretion �xe, donnée par un veteur de Burgers~b = (1, 0), I. Groma et P. Balogh [71℄ont dérit une évolution ontinue bidimensionnelle des densités de disloations. Danse modèle, nous onsidérons deux types de disloations dans le plan (x1, x2). Pourun hamp de vitesse donné, les disloations de type (+) se propagent suivant ladiretion du veteur +~b, et elles de type (−) se propagent suivant la diretion −~b(voir Figure 2).Ce modèle est régi par un système d'équations de transport où le hamp de vitesse estla ontrainte de isaillement dans le ristal. Ce hamp de vitesse est résolu à partir del'équation de l'élastiité linéaire, qui peut être érite omme une quantité non-loale2



1. Type de modèles étudiés dans ette thèsePSfrag replaements
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Fig. 2 � Modèle 2D de Groma-Balogh.dépendant des densités de disloations. Plus préisément, le système d'évolution estdonné par :
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(x1, x2) qu'on notera pour simpli�er ρ±. Ces derniers orrespondent aux déforma-tions plastiques du matériau. Leurs dérivées par rapport à x1, ∂ρ±
∂x1

représentent lesdensités de disloations de type ±. La fontion c0(x1, x2) est un noyau donné dé-pendant des oe�ients élastiques du matériau. Ce noyau sera dé�ni expliitementdans les setions suivantes. Ii, la onvolution a lieu en espae uniquement, le termede onvolution c0 ∗ (ρ+ − ρ−) représente la fore réée par le hamp élastique générépar les lignes de disloations.1.3 Guide de leture de l'introdutionDans une première partie, nous allons nous intéresser à l'étude d'un modèleunidimensionnel simpli�é. Plus préisément, nous présentons un système (2 × 2)unidimensionnel qui est un sous-modèle de (1.1) pour lequel nous exposons, dansun premier temps, un résultat d'existene et d'uniité dans l'espae de Sobolev, et3



Introdution généraledans un seond temps, un résultat d'existene et d'uniité d'une solution de visositéainsi qu'une estimation d'erreur de type Crandall-Lions entre la solution ontinue etla solution disrète. Puis, nous �nirons ette étude unidimensionnelle en annonçantun théorème d'existene globale et quelques résultats d'uniité pour un systèmehyperbolique diagonalisable en dimension 1.Dans une seonde partie, nous donnons un résultat d'existene globale dans un adrebidimensionnel général.2 Première partie : modèle unidimensionnelNous remarquons que la di�ulté prinipale dans le as unidimensionnel est detravailler ave des systèmes d'équations fortement ouplées. Cependant, la présenedu terme non-loal ne pose pas de di�ultés dans l'étude unidimensionnelle ontrai-rement au as bidimensionnel.2.1 Résultat d'existene et d'uniité globale dans H1
loc(R ×

[0, T ))Nous nous intéressons maintenant à un sous-modèle unidimensionnel du système(1.1), pour lequel nous allons montrer que le problème est bien posé.De manière plus préise, dans e sous-modèle, nous supposons que les densités dedisloations dépendent d'une seule variable x = x1 + x2, où (x1, x2) sont les oor-données d'un point de R
2 (voir Figure 3) et nous onsidèrons le problème sur ledomaine 1-périodique en x. Ce adre partiulier permet de ramener le système bi-dimensionnel (1.1) à un système unidimensionnel (nous renvoyons à la setion 3 duhapitre 3 pour une modélisation physique).
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2. Première partie : modèle unidimensionnelCe sous-modèle 1D est dérit par un système d'équations de transport oupléesnon-linéaires et non-loales :






∂ρ+

∂t
(x, t) = −

(

(ρ+ − ρ−)(x, t) + α

∫ 1

0

(ρ+ − ρ−)(y, t)dy

)
∂ρ+

∂x
(x, t) sur R × (0, T ),

∂ρ−

∂t
(x, t) =

(

(ρ+ − ρ−)(x, t) + α

∫ 1

0

(ρ+ − ρ−)(y, t)dy

)
∂ρ−

∂x
(x, t) sur R × (0, T ).(2.2)Comme indiqué préédemment, les inonnues sont les salaires ρ+, ρ−. Ii la onstante

α est donnée et dépend des oe�ients élastiques et de la taille du matériau. La pré-sene du terme non-loal, α ∫ 1

0

(ρ+ − ρ−)(y, t)dy, est dûe à l'intégration de l'équationd'élastiité sur la boîte [0, 1) périodique.Ce système est omplété par les onditions initiales suivantes :
ρ±(x, t = 0) = ρ±0 (x) = ρ±,per

0 (x) + L0x sur R (2.3)où ρ±,per
0 (x) sont des fontions 1-périodiques. Nous modèlisons une distribution pé-riodique de disloations + et − ave une densité totale L0 de haque espèe parpériode spatiale de longueur 1. La périodiité est une façon de déduire e qui sepasse à l'intérieur du matériau loin de ses bords.Le premier résultat onernant e système est un résultat d'existene et d'uniitédans H1

loc(R × (0, T )) où pour tout Ω ouvert de R
N , N = 1, 2, nous dé�nissons

H1
loc(Ω) = {f telle que f ∈ L2

loc(Ω) et ∇f ∈ L2
loc(Ω)}.Théorème 2.1 (Existene et uniité pour le système (2.2)-(2.3), [47, Théo-rème 1.1℄)Pour tous T, L0 ≥ 0, α ∈ R et pour toutes données initiales ρ±0 ∈ H1

loc(R) et sousles hypothèses suivantes :(H1) ρ±0 (x+ 1) = ρ±0 (x) + L0, (fontion 1-périodique + fontion linéaire),(H2) ∂ρ±0
∂x

≥ 0, presque partout dans R, (ρ±0 roissante),le système (2.2)-(2.3) admet une unique solution ρ± ∈ H1
loc(R × [0, T )), au sensdes distributions, telle que, pour presque tout t ∈ (0, T ), la fontion ρ±(., t) : x 7−→

ρ±(x, t) véri�e (H1) et (H2). 5



Introdution généraleLa preuve de e théorème est déomposée de la manière suivante : tout d'abord, nousrégularisons le système (2.2) par l'addition d'un terme de visosité ε∂2ρ±,ε

∂x2
, puis nousmontrons sur la solution ρ±,ε du système régularisé une estimation a priori uniformeen ε dans L∞((0, T );H1

loc(R)). Plus préisément, l'estimation lé est une estimationd'énergie sur les densités de disloations sur le tore T = R/Z :
∥
∥
∥
∥

∂

∂x
(ρ+,ε − ρ−,ε)

∥
∥
∥
∥

2

L∞((0,T );L2(T))

+

∥
∥
∥
∥

∂

∂x
(ρ+,ε + ρ−,ε)

∥
∥
∥
∥

2

L∞((0,T );L2(T))

≤ B0, (2.4)où B0 =

∥
∥
∥
∥

∂

∂x
(ρ+

0 − ρ−0 )

∥
∥
∥
∥

2

L2(T)

+

∥
∥
∥
∥

∂

∂x
(ρ+

0 + ρ−0 )

∥
∥
∥
∥

2

L2(T)

.Cette estimation mène à un résultat d'existene globale et permet le passage à lalimite quand ε tend vers 0 en utilisant un argument de ompaité. Finalement, ladémonstration de l'uniité est faite d'une manière direte en utilisant une ontra-tion dans L∞((0, T );L2
loc(R)).Nous mentionnons que le système (2.2) est lié à d'autres modèles bien onnus,omme les équations de transport ave des hamps de veteurs peu réguliers. Ceséquations ont été étudiées par R. J. DiPerna, P. L. Lions dans [45℄, où les auteursont montré l'existene et l'uniité de solution (au sens de solutions renormalisées),pour des hamps de veteurs L1((0, T );W 1,1

loc (R)) à divergene L1((0, T );L∞(R)).Puis ette étude a été généralisée par L. Ambrosio [8℄, en onsidérant des hamps
L1((0, T );BVloc(R)) à divergene bornée. Ii, nous travaillons dans la dimensionN =
1 et nous montrons l'existene et l'uniité d'une solution du système (2.2)-(2.3) aveun hamp de veteur ('est-à-dire la vitesse) seulement dans L∞((0, T ), H1

loc(R)).Dans notre étude, la divergene des hamps de veteurs est non bornée. Maisnous avons pu aboutir à e résultat en ontr�lant le gradient de la solution dans
L∞((0, T ), H1

loc(R)).Il y a aussi plusieurs travaux qui ont été faits dans le as des systèmes stritementhyperboliques de la forme :






∂u

∂t
(x, t) + F (u)

∂u

∂x
(x, t) = 0 u(x, t) ∈ U, x ∈ R, t ∈ (0, T ),

u(x, 0) = u0(x) x ∈ R,

(2.5)où l'espae des états U est un sous-ensemble ouvert de R
M , et F une fontion delasse C1 de U dans l'ensemble des matries arrées d'ordre M . De plus, les auteursont supposé que F (u) possède M valeurs propres réelles distintes notées :6



2. Première partie : modèle unidimensionnel
a1(u) < a2(u) < ... < aM(u),On remarque que ette ondition sur les valeurs propres n'entre pas dans le adrede e travail même dans le as où α = 0, pare que nous n'avons pas une propriétéde signe sur ρ+ − ρ−.Nous itons ii quelques résultats bien onnus pour les systèmes 2 × 2 stritementhyperboliques et nous renvoyons à la sous-setion 2.3 pour des référenes onernantle adre général (M ×M). P. D. Lax [98℄ a prouvé l'existene et l'uniité des solu-tions régulières roissantes des systèmes 2×2 stritement hyperboliques. Le résultatde Lax a été également prouvé par D. Serre [123, vol. II℄ pour des systèmes M ×Mhyperboliques rihes. D. Serre [122℄ a étudié le as des systèmes 2× 2 de Temple oùil a démontré l'existene globale d'une solution à variation totale bornée.Également, dans le as des systèmes (2 × 2) stritement hyperboliques R. J. Di-Perna [43, 44℄ a montré l'existene de solutions L∞. La démonstration de DiPernaest reliée à un argument de ompaité par ompensation, basée sur la représentationde la limite faible en termes de mesure de Young, e qui doit se réduire à une massede Dira en raison de la présene d'une famille nombreuse d'entropies. Ce résultatest basé sur l'idée de L. Tartar [127℄.Quand le système est hyperbolique et symétrique, e qui orrespond au as α = 0dans notre système (2.2), on trouve dans D. Serre [123, Vol I, Th 3.6.1℄ un résultatd'existene et d'uniité loale dans C([0, T );Hs(RN)) ∩ C1([0, T );Hs−1(RN)), ave

s > N
2

+ 1, e résultat reste loal en temps, même dans la dimension N = 1.Une autre propriété intéressante à signaler pour e système est le prinipe de om-paraison dans le as α = 0.Théorème 2.2 (Prinipe de omparaison pour (2.2) ave α = 0, [47, Théo-rème 1.2℄)Soient ρ±,
1 , ρ

±
2 ∈ H1

loc(R × [0, T )) deux solutions du système (2.2) ave α = 0. Onsuppose que ρ±1 (., t), ρ±2 (., t) véri�ent (H1) et (H2), pour presque tout t ∈ (0, T ).Alors,si ρ±1 (·, 0) ≤ ρ±2 (·, 0) sur R, nous avons ρ±1 ≤ ρ±2 presque partout sur R × (0, T ).Ce résultat de omparaison est ruial pour un résultat que l'on annonera parla suite, qui est un résultat d'existene et d'uniité de solution Lipshitz au sensdes solutions de visosité, ainsi que pour une estimation d'erreur entre la solutionontinue et une approximation numérique. Ii, e résultat justi�e le fait que nousavons pu obtenir l'uniité des solutions. 7



Introdution généraleRemarque 2.3 (Existene et uniité pour l'équation de Burgers)Nous remarquons que ette tehnique peut être appliquée au as d'équation de Bur-gers lassique dans W 1,p
loc (R × [0, T )) pour tout 1 ≤ p < +∞.En e�et, si nous onsidérons pour une fontion donnée f et une donnée initiale u0,l'équation suivante :






∂u

∂t
+

∂

∂x
(f(u)) = 0 sur R × (0, T ),

u(x, 0) = u0(x) x ∈ R,

(2.6)alors nous avons le Théorème suivant :Théorème 2.4 (Burgers lassique, [47, Théorème 1.4℄)Soient T ≥ 0, p ∈ [1,+∞) et f loalement Lipshitzienne et onvexe. Alors, pourtoutes données initiales u0 ∈ L∞(R), telles que ∂u0

∂x
∈ Lp(R) et véri�ent (H2),l'équation (2.6) admet une unique solution u ∈ W 1,p

loc (R × [0, T )) qui satisfait (H2),pour presque tout t ∈ (0, T ).2.2 Résultat d'existene et d'uniité d'une solution de viso-sité et une estimation d'erreur disrète-ontinueDans ette sous-setion, nous étudions le système (2.2) en utilisant une autreapprohe qui est la solution de visosité. Plus prèisément, nous énonçons un résul-tat d'existene et d'uniité de solutions Lipshitz au sens des solutions de visosité.Puis, nous proposons un shéma numérique aux di�érenes-�nies de type �Upwin-d� pour lequel nous montrons une estimation d'erreur de type Crandall-Lions [39℄entre la solution ontinue et la solution disrète. En�n, nous présentons quelquessimulations numériques.2.2.1 Existene et uniité d'une solution de visositéÉtant donné que les densités de disloations ∂ρ±
∂x

sont des quantités positives,alors nous pouvons voir le système (2.2) omme un système d'équation de Hamilton-Jaobi, en remplaçant ∂ρ±
∂x

par ∣∣∣
∣

∂ρ±

∂x

∣
∣
∣
∣
. Ce point de vue nous ramène à l'étude dusystème d'équations de Hamilton-Jaobi non-loales suivant :8



2. Première partie : modèle unidimensionnel






∂ρ+

∂t
= −

(

(ρ+ − ρ−) + α

∫ 1

0

(ρ+ − ρ−)

) ∣
∣
∣
∣

∂ρ+

∂x

∣
∣
∣
∣

sur R × (0, T ),
∂ρ−

∂t
=

(

(ρ+ − ρ−) + α

∫ 1

0

(ρ+ − ρ−)

) ∣
∣
∣
∣

∂ρ−

∂x

∣
∣
∣
∣

sur R × (0, T ),
ρ±(·, t = 0) = ρ±0 (·) sur R. (2.7)où ρ±0 sont dé�nis dans (2.3). Un adre naturel pour étudier les solutions de esystème est la théorie des solutions de visosité. Cette notion de solutions de vis-osité est assez réente. Elle a été introduite au début des années 1980 par M. G.Crandall et P. L. Lions [38, 39℄ pour résoudre les équations d'Hamilton-Jaobi dupremier ordre. La théorie s'est ensuite étendue aux équations du seond ordre pourlesquelles elle a onnu un développement spetaulaire après les travaux de R. Jen-sen [88℄ et H. Ishii [81℄. Pour une bonne introdution à ette théorie, nous renvoyonsà G. Barles [12, 13℄, M. Bardi, I. Capuzzo-Doletta [10℄ et G. Crandall, H. Ishii, P.L. Lions [37℄.Cette théorie a été formalisée dans le adre des systèmes par H. Ishii, S. Koike [83℄ etH. Ishii [82℄. Dans la suite nous rappellerons la dé�nition des solutions de visosité,proposée par H. Ishii, S. Koike [83℄. Cette dé�nition sera utile dans l'annone denotre résultat. Tout d'abord, nous devons onsidèrer le problème de Cauhy, pour

i = 1, . . . ,M :






∂tu
i(x, t) +Hi

(

t, u(x, t),
∂ui

∂x
(x, t)

)

= 0 ave u = (ui)i ∈ R
M , x ∈ R, t ∈ (0, T ),

ui(x, 0) = ui
0(x) x ∈ R, (2.8)où pour i = 1, . . . ,M ui

0 ∈ C(R) et Hi : (0, T )×R
M ×R 7−→ R sont les Hamiltoniensqui sont supposés ontinus. On note par

SCS(R×(0, T )) = {f telle que f est une fontion semi-ontinue supérieurement sur R × (0, T )},

SCI(R×(0, T )) = {f telle que f est une fontion semi-ontinue inférieurement sur R × (0, T )}.Dé�nition 2.5 (Sous-solution, sur-solution et solution de visosité pour(2.8))Une fontion u = (ui)i ∈ [SCS(R × (0, T ))]M (resp. u ∈ [SCI(R × (0, T ))]M) est9



Introdution généraleune sous-solution de visosité (resp. sur-solution) du système (2.8), si pour tout
i = 1, . . . ,M ,� ui(·, t = 0) ≤ ui

0 (resp. ui(·, t = 0) ≥ ui
0),� pour toute fontion test φ ∈ C1(R×(0, T )) telle que ui−φ atteint un maximumloal (resp. minimum loal) au point (x0, t0) ∈ R × (0, T ), alors nous avons

∂φ

∂t
(x0, t0) +Hi(t0, u(x0, t0),

∂φ

∂x
(x0, t0)) ≤ 0,

(resp.
∂φ

∂t
(x0, t0) +Hi(t0, u(x0, t0),

∂φ

∂x
(x0, t0)) ≥ 0).Finalement, u est une solution de visosité du système (2.8) si et seulement si u estune sous et sur-solution de (2.8).Théorème 2.6 (Existene et uniité pour le système (2.7)), [48, Théorème1.1℄)Soient T ≥ 0 et L0, α ∈ R. On suppose que ρ±0 ∈ Lip(R). Alors le système (2.7)admet une unique solution de visosité (ρ+, ρ−) uniformément Lipshitz en espaeet en temps. Cette solution véri�e la Dé�nition (2.5) quand le terme non-loal estgelé. De plus, si au temps initial, nous avons ∂ρ±0

∂x
≥ 0 presque partout dans R, alorsei reste vrai pour t ∈ (0, T ).Nous démontrons e résultat en se basant sur le fait que le système (2.7) véri�ele prinipe de omparaison au sens de H. Ishii, S. Koike [83℄ dans le as α = 0.Cei nous permet d'adapter la démonstration de H. Ishii, S. Koike [83℄ et d'obtenirl'existene et l'uniité de solution quand le terme non-loal est gelé (voir Lemme4.4 du Chapitre 3 pour une démonstration détaillée). Ensuite, nous utilisons uneestimation sur la norme L∞ du gradient de la solution et nous démontrons par unthéorème de point �xe, le résultat pour le système non-loal.Le adre des données initiales roissantes a été également onsidéré dans l'étude del'équation d'Euler pour des �uides ompressibles en dimension 1. En e qui onernees études, nous nous référons à G. Q. Chen et D. Wang [31, Th 3.1℄ pour un résultatd'existene et d'uniité dans C1(R × [0,+∞)) basé sur la méthode des aratéris-tiques. Le résultat de Chen-Wang prouve que l'équation d'Euler ompressible ne réepas de hos, pour des données initiales roissantes et C1(R) (Voir aussi M. Grassin,D. Serre [68℄ pour un résultat similaire dans Hm). Dans notre as, on sait que lessolutions de (2.7)-(2.3) sont uniformément Lipshitz en espae et en temps. Mêmesi ette question de régularité meilleure que Lipshitz n'est pas abordée dans e ré-sultat, nous imaginons que nous pouvons atteindre une régularité C1(R × [0,+∞))de la solution pour des données initiales C1(R).10



2. Première partie : modèle unidimensionnelNous signalons que, A. Briani et al. [22℄ et R. Monneau, P. E. Souganidis [109℄ ontprouvé un résultat d'homogénéisation pour le système (2.7) lorsque on rajoute unterme qui osille fortement en temps dans la vitesse. Le modèle homogénéisé estune équation de di�usion non-linéaire. Ce qui montre un aspet �di�usif� dans lesystème (2.7).2.2.2 Estimation d'erreur disrète-ontinueNous nous intéressons maintenant à l'approximation numérique de la solutiondu système (2.7)-(2.3). Étant donné une taille de disrétisation ∆x, ∆t, on dé�nitla grille,
Ξ = {i∆x, i ∈ Z}, ΞT = Ξ × {0, ..., NT ∆t},où NT est la partie entière de T/∆t et pour k = {+,−} on note par vk,n

i = vk(xi, tn)la valeur de l'approximation numérique de la solution exate de ρk au point (xi, tn)ave xi = i∆x et tn = n∆t.Nous allons maintenant introduire le shéma numérique. La di�ulté prinipalevient du terme non-loal qui néessite la onnaissane de la solution que l'on est entrain de aluler. Pour résoudre e problème, on �xe la solution vn
i = (v+,n

i , v−,n
i )sur haque intervalle de temps [tn, tn+1) et on applique le shéma monotone suivant,

∀k ∈ {+,−}

vk
0,i = vk

0(xi) = ρ̃k
0(xi), (2.9)où ρ̃k

0 est une approximation de ρk
0 ;

vk,n+1
i = vk,n

i + ∆t C∆
k [v](xi, tn)







E+
(

D+vk,n
i , D−vk,n

i

) si C∆
k [v](xi, tn) ≥ 0,

E−
(

D+vk,n
i , D−vk,n

i

) sinon, (2.10)où
C∆

k [v](xi, tn) = −k
(
v+,n

i − v−,n
−,i + L∆[v](tn)

)et le terme non-loal L∆[v](tn) est donné par
L∆[v](tn) =

Nx−1∑

i=0

∆x
(
v+(xi, tn) − v−(xi, tn)

)
,où Nx est la partie entière de 1/∆x. Ii, E± sont les approximations de la normeeulidienne proposées par S. Osher et J. A. Sethian [116℄, on peut également utiliserelles proposées par E. Rouy, A. Tourin [121℄ : 11



Introdution générale
E+(P,Q) =

(
max(P, 0)2 + min(Q, 0)2

) 1
2 ,

E−(P,Q) =
(
min(P, 0)2 + max(Q, 0)2

) 1
2 .Les termes D+vk,n

i , D−vk,n
i sont des approximations appropriées du gradient de vk,npris au point xi :

D+vk,n
i =

vk,n
i+1 − vk,n

i

∆x
,

D−vk,n
i =

vk,n
i − vk,n

i−1

∆x
.Finalement, on suppose que la ondition CFL suivante est véri�ée

∆t ≤ 1

2K0

∆x (2.11)où
K0 = 2‖ρ+

0 − ρ−0 ‖L∞(R) + 2.Nous avons alors l'estimation d'erreur suivante :Théorème 2.7 (Estimation d'erreur disrète-ontinue, [48, Théorème 1.3℄)Soit T ≥ 0. On suppose que ∆x+∆t ≤ 1 et que la ondition CFL (2.11) est véri�ée.Alors, il existe une onstante K > 0 dépendante seulement de ‖ρ+
0 − ρ−0 ‖L∞(R) et

max
k∈{+,−}

∥
∥
∥
∥

∂ρk
0

∂x

∥
∥
∥
∥

L∞(R)

telle que l'estimation d'erreur entre la solution ontinue ρk dusystème (2.7)-(2.3) et son approximation numérique vk, solution du shéma auxdi�érenes-�nies (2.10) est donnée par :
max

k∈{+,−}
sup
ΞT

|ρk − vk| ≤ K

(

(T +
√
T ) (∆x+ ∆t)1/2 + max

k∈{+,−}
sup

Ξ
|ρk

0 − vk
0 |
)sous l'hypothèse omplémentaire

K

(

(T +
√
T )(∆x+ ∆t)

1
2 + max

k∈{+,−}
sup

Ξ
(ρk

0 − vk
0)

)

≤ 1.12



2. Première partie : modèle unidimensionnelPour montrer e théorème, on utilise la même méthode que pour le as ontinu,'est-à-dire qu'on onsidère la solution approximée du système (2.7)-(2.3) ommeun point �xe d'un système loal. Cette preuve est inspirée de la preuve de O. Al-varez et al. [4℄ pour montrer une estimation d'erreur de type Crandall-Lions [39℄entre la solution ontinue et son approximation numérique en temps ourt pour deséquations d'Hamilton-Jaobi monotones. Ii, nous avons montré le même genre d'es-timation d'erreur dans le adre d'un système, en utilisant le fait que nous avons unprinipe de omparaison dans le as α = 0. Puis par point �xe, nous déduisons lerésultat pour le système non-loal.Nous nous référons également à E. R. Jakobsen, K. H. Karlsen [86℄ et E. R. Jakobsen,K. H. Karlsen, N. H. Risebro [87℄ qui ont prouvé une estimation d'erreur pour unsystème faiblement ouplé de la forme
∂ui

∂t
(x, t) +Hi(t, x, u

i, Dui) = Gi(t, x, u) sur R
N × (0, T ), (2.12)pour tout i = 1, ...,M . Leur estimation d'erreur est en O(∆t) pour un algorithmede �splitting� semi-disret qui approhe la solution de (2.12). Cependant, ii nousobtenons une estimation d'erreur en O(

√
∆t+ ∆x) pare que nous disrétisons aussien espae.2.2.3 Simulations numériquesDans ette setion, nous nous intéressons à l'évolution des densités de disloationsen dimension 1. Nous présentons quelques simulations numériques pour le sous-modèle (2.7)-(2.3), disrétisé par le shéma (2.10). Dans ette simulation, nous avonshoisi un exemple de onentration des densités de disloations, où les densités dedisloations sont initiallement périodiques, et égales à zéro dans des sous-intervallesde l'intervalle [0, 1[ (voir Figure 4). Cette ondition initiale signi�e qu'il existe desrégions sans disloations et d'autres régions ave une onentration de disloations.Intuitivement, les disloations se dispersent uniformément dans tout le ristal ommele montre la Figure 6. Finalement, les densités de disloations deviennent onstantes.
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∂x
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∂ρ−0
∂x

mais ρ+
0 6= ρ−0 . 13



Introdution générale
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Fig. 6 � Densité de disloations ∂ρ+

∂x
(., 3) =

∂ρ−

∂x
(., 3).2.3 Résultat d'existene globale et quelques résultats d'uni-ité pour une lasse de systèmes hyperboliques diagona-lisablesDans e qui préède, nous avons présenté des résultats onernant un système

(2 × 2) unidimensionnel. Dans ette sous-setion, nous allons exposer un résultatplus général pour des systèmes (M ×M) hyperboliques diagonalisables, pour tout
M ∈ N. Plus préisément, nous présenterons un résultat d'existene globale et dansun adre partiulier quelques résultats d'uniité.Remarque 2.8Ce genre de systèmes hyperboliques diagonalisables apparaît naturellement dans lamodélisation de la dynamique des densités de disloations dans le as de plusieursdiretions de glissement. Nous renvoyons à la setion 8 hapitre 4 pour une déri-vation physique du modèle. Cei était notre première motivation pour étudier essystèmes.Tout d'abord, nous nous intéressons à la solution u(x, t) = (ui(x, t))i=1,...,M , où Mest un nombre entier, des systèmes hyperboliques qui sont diagonales, 'est-à-dire14



2. Première partie : modèle unidimensionnel
∂tu

i + ai(u)∂xu
i = 0 sur R × (0, T ) et pour i = 1, ...,M, (2.13)ave des données initiales :

ui(0, x) = ui
0(x), x ∈ R, pour i = 1, . . . ,M. (2.14)Pour des nombres réels αi ≤ βi, nous onsidérons la boîte

U = ΠM
i=1[α

i, βi]. (2.15)Nous onsidérons une fontion donnée a = (ai)i=1,...,M : U → R
M , qui satisfait lesrégularités suivantes :

(C1)







la fontion a ∈ C∞(U),il existe M0 > 0 telle que pour i = 1, ...,M,
|ai(u)| ≤M0 pour tout u ∈ U,il existe M1 > 0 telle que pour i = 1, ...,M,
|ai(v) − ai(u)| ≤M1|v − u| pour tout v, u ∈ U.Avant d'énoner le premier résultat de ette setion, nous allons présenter l'idéeprinipale. Cette idée est basée sur une nouvelle estimation sur l'entropie du gradient.Plus préisément, pour w ≥ 0, nous onsidérons la fontion entropique suivante :

f̄(w) = w lnw.Maintenant, pour toute fontion test positive ϕ ∈ C1
c (R× [0,+∞)), nous dé�nissonsl'entropie du gradient suivante, ave wi := ∂xu

i :
N̄(t) =

∫

R

ϕ

(
∑

i=1,...,M

f̄(wi)

)

dx. (2.16)Il est très naturel d'introduire une telle quantité N̄(t), ar dans le as ϕ ≡ 1 elle n'estrien d'autre que toute l'entropie du système de M partiules des densités positives
wi. Alors il est formellement possible de déduire de (2.13), l'égalité suivante :

dN̄

dt
(t) +

∫

R

ϕ

(
∑

i,j=1,...,M

ai
,jw

iwj

)

dx = R(t) pour t ≥ 0, (2.17)ave ai
,j =

∂

∂uj
ai, et le reste 15



Introdution générale
R(t) =

∫

R

{

(∂tϕ)

(
∑

i=1,...,M

f̄(wi)

)

+ (∂xϕ)

(
∑

i=1,...,M

aif̄(wi)

)}

dx,où nous montrons seulement la dépendane en t dans les intégrales. Nous remar-quons qu'en partiulier e reste est nul si ϕ ≡ 1.Pour avoir un signe dans la partie gauhe de l'égalité, nous avons supposé que, pourtout u ∈ R
M , la matrie (ai

,j(u))i,j=1,...,M est positive dans le �ne positif, 'est-à-dire :
(C2)

∣
∣
∣
∣
∣
∣
∣
∣

pour tout u ∈ U, nous avons
∑

i,j=1,...,M

ξiξja
i
,j(u) ≥ 0 pour tout ξ = (ξ1, ..., ξM ) ∈ [0,+∞)M .Nous remarquons que ette estimation sur l'entropie de gradient est le point lédans notre résultat. Grâe à ette estimation, nous avons pu obtenir l'existene desolutions ontinues et roissantes pour le système (2.13).Maintenant, nous onsidérons des données initiales roissantes en x et bornées danset espae d'entropie, que nous dé�nirons plus tard. Plus préisément, haque om-posant ui

0 des données initiales u0 = (u1
0, · · · , uM

0 ) est supposé véri�er la propriétésuivante :
(C3)







ui
0 ∈ L∞(R),
ui

0 est roissante,
∂xu

i
0 ∈ L logL(R),

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

pour i = 1, · · · ,M ,où L logL(R) est l'espae de Zygmund suivant :
L logL(R) =

{

h ∈ L1(R) telle que ∫
R

|h| ln (1 + |h|) < +∞
}

.Cet espae est muni de la norme
‖h‖L log L(R) = inf

{

λ > 0 :

∫

R

|h|
λ

ln

(

1 +
|h|
λ

)

≤ 1

}

,16



2. Première partie : modèle unidimensionnele qui est dû à Luxembourg (voir R. A. Adams [2, (13), Page 234℄). Cet espae
L logL(R) déoule naturellement de l'entropie (2.16).Maintenant, nous annonçons le premier Théorème de ette sous-setion. Nous signa-lons que dans le Théorème suivant, nous modi�ons la fontion entropique f̄ par uneautre fontion f , pour des raisons tehniques qui apparaîtront dans la preuve.Théorème 2.9 (Existene globale de solutions roissantes, [49, Théorème1.1℄)Sous les hypothèses (C1), (C2) et (C3). Pour tout T > 0, nous avons :i) Existene de solution faible :Il existe une fontion u solution de (2.13)-(2.14) (au sens des distributions), où
u ∈ [L∞(R × (0, T ))]M ∩ [C([0, T );L logL(R))]M et ∂xu ∈ [L∞((0, T );L logL(R))]M ,telle que pour presque tout t ∈ [0, T ) la fontion u(·, t) est roissante en x et véri�el'estimation L∞ suivante :

‖ui(·, t)‖L∞(R) ≤ ‖ui
0‖L∞(R), pour i = 1, . . . ,M, (2.18)et l'estimation entropique de gradient :

∫

R

∑

i=1,...,M

f
(
∂xu

i(x, t)
)
dx+

∫ t

0

∫

R

∑

i,j=1,...,M

ai
,j(u)∂xu

i(x, s)∂xu
j(x, s) dx ds ≤ C1,(2.19)où

f(x) =

{
x ln(x) + 1

e
if x ≥ 1/e,

0 if 0 ≤ x ≤ 1/e,
(2.20)et C1(T,M,M1, ‖u0‖[L∞(R)]M , ‖∂xu0‖[L log L(R)]M ).ii) Continuité de la solution :La solution u onstruite dans (i) est C(R × [0, T )). De plus, il existe un module deontinuité ω(δ, h), tel que pour tout (x, t) ∈ R × (0, T ) et pour tout δ, h ≥ 0, nousavons :

|u(x+h, t+δ)−u(x, t)| ≤ C2 ω(δ, h) ave ω(δ, h) =
1

ln( 1
h

+ 1)
+

1

ln(1
δ

+ 1)
. (2.21)où C2(T,M1,M0, ‖u0‖[L∞(R)]M , ‖∂xu0‖[L log L(R)]M ). 17



Introdution généraleNotre preuve est basée sur ette remarque simple : si les données initiales satisfont
(C3) alors les solutions de (2.13)-(2.14) satisfont aussi (C3) pour tout t. Ce quisemble nouveau ii, 'est l'inégalité d'entropie sur le gradient. La preuve du Théo-rème 2.9 est plut�t standard. Tout d'abord, nous régularisons les données initialeset le système par l'addition d'un terme de visosité, nous montrons que e systèmerégularisé admet une solution lassique. Nous prouvons l'estimation (2.18) et l'in-égalité fondamentale d'entropie de gradient (2.19). Finalement, nous passons à lalimite quand le terme de régularisation disparaît, nous obtenons l'existene d'unesolution par un argument de ompaité.Remarque 2.10 (Systèmes hyperboliques diagonalisables)Ce Théorème peut être également appliqué à des systèmes plus généraux que le sys-tème (2.13). Ces systèmes sont des systèmes hyperboliques diagonalisables. Nousrenvoyons à la sous-setion 1.3 hapitre 4 pour plus d'expliations.Maintenant, nous rappelons quelques résultats bien onnus pour le système (2.13).Pour une équation de loi de onservation salaire, qui orrespond dans (2.13) au as
M = 1, a1(u) = h′(u) est la dérivée d'une ertaine fontion de �ux h, l'existene etl'uniité des solutions BV , ont été établies par O. A. Oleinik [113℄ en dimension 1 del'espae. Le élèbre papier de S. N. Kruzhkov [93℄ ouvre une lasse plus générale desolutions L∞, dans plusieurs dimensions de l'espae. Pour avoir une autre approhe,basée sur la notion des solutions entropiques proessus, voir R. Eymard et al. [52℄,ou pour une formulation inétique voir P. L. Lions et al. [106℄.Les résultats onnus pour les systèmes 2 × 2 stritement hyperboliques, e qui or-respond dans (2.13) au as M = 2 et

a1(u1, u2) < a2(u1, u2),sont les résultats de P. D. Lax [98℄ et R. J. DiPerna [43,44℄ ités dans la sous-setion2.1.Pour des systèmes généraux M ×M stritement hyperboliques, e qui orresponddans (2.13) au as
a1(u) < a2(u) < · · · < aM(u), (2.22)S. Bianhini et A. Bressan ont prouvé dans [17℄ l'existene globale et l'uniité d'unesolution BV , si les données initiales sont supposées à variation totale petite. Leurrésultat est une généralisation de résultats de J. Glimm, prouvés initialement dansle as des systèmes onservatifs, et généralisés ensuite par P. LeFloh et T. P.Liu [99,100℄ pour le as non-onservatif.18



2. Première partie : modèle unidimensionnelCes résultats sont limités au as des systèmes stritement hyperboliques. Ii, dans leThéorème 2.9, nous avons traité le as des systèmes qui sont hyperboliques mais passtritement hyperboliques. Dans la remarque suivante, nous montrons un exemplesimple d'un système 2 × 2 où a1 et a2 se roisent.Remarque 2.11 (Croisement des valeurs propres)La ondition (2.22) sur les ai n'entre pas dans le adre de notre travail (Théorème2.9). Voii un exemple simple de système 2 × 2 hyperbolique mais pas stritementhyperbolique pour lequel notre Théorème s'applique. Nous onsidérons u = (u1, u2)solution de






∂tu
1 + cos(u2)∂xu

1 = 0,

∂tu
2 + u1sin(u2)∂xu

2 = 0,

∣
∣
∣
∣
∣
∣

sur R × (0, T ). (2.23)Nous supposons que :i) u1(−∞) = 0, u1(+∞) = 1 et ∂xu
1 ≥ 0,ii) u2(−∞) = −π

2
, u2(+∞) = π

2
et ∂xu

2 ≥ 0.Ii a1(u1, u2) = cos(u2) et a2(u1, u2) = u1sin(u2) se roisent au temps initial (etensuite pour tout temps). Cependant, nous pouvons aluler
(ai

,j(u
1, u2))i,j=1,2 =

(
0 −sin(u2)

sin(u2) u1cos(u2)

)

,e qui satisfait (C2) (sous les hypothèses (i) et (ii)). De plus, le Théorème 2.9 donnel'existene d'une solution pour (2.23) ave (i) et (ii).En se basant sur les mêmes types d'estimation sur l'entropie de gradient (2.19), nousallons montrer dans la setion suivante un résultat d'existene et d'uniité pour lesystème bidimensionnel général de la dynamique des densités de disloations.Maintenant, nous présentons un résultat d'existene et d'uniité d'une solution
[W 1,∞(R× [0, T ))]M , dans un as spéial pour simpli�er la présentation. Plus préi-sément, nous supposons :

(C1′) ai(u) =
∑

j=1,...,M

Aiju
j pour i = 1, . . . ,M et pour u ∈ U ,

(C2′)
∑

i,j=1,...,M

Aijξiξj ≥ 0 pour tout ξ = (ξ1, ..., ξM ) ∈ [0,+∞)M . 19



Introdution généraleThéorème 2.12 (Existene et uniité d'une solutionW 1,∞ pour A = (Aij)i,j=i=1,...,Mpartiulière, [49, Théorème 1.4℄)Soit T > 0. Sous l'hypothèse (C1′) et pour toutes données initiales u0 ∈ [W 1,∞(R)]Mroissantes, le système (2.13)-(2.14) admet une unique solution u ∈ [W 1,∞(R × [0, T ))]
M ,dans les as suivants :i) M ≥ 2 et Aij ≥ 0, pour tout j ≥ i.ii) M ≥ 2 et Aij ≤ 0, pour tout i 6= j et (C2′). De plus, pour tout (x, t) ∈ R× [0, T )nous avons :

∑

i=1,...,M

∂xu
i(x, t) ≤ sup

y∈R

∑

i=1,...,M

∂xu
i
0(y). (2.24)Remarque 2.13 (Le as M = 2)Partiulièrement pourM = 2, si (C1′) et (C2′) véri�ées, nous avons par le Théorème2.12 l'existene et l'uniité d'une solution dans [W 1,∞(R × [0, T ))]

2 pour (2.13)-(2.14).Dans es as partiuliers de la matrie A, nous pouvons montrer que ∂xu
i pour tout

i = 1, . . . ,M , sont bornés sur R× [0, T ). Grâe à ette meilleure estimation sur ∂xu
i,nous déduisons une borne Lipshitz sur le hamp de vitesse Au, qui nous permetd'obtenir l'uniité de la solution.Dans un as partiulier où A =

(
1 −1
−1 1

), nous avons montré dans les sous-setions préédentes 2.1 et 2.2, l'existene et l'uniité d'une solution de visositéLipshitz et un résultat similaire dans H1
loc(R × [0, T )).Nous signalons qu'ii dans le Théorème 2.9 et le Théorème 2.12, nous avons onsi-déré un hoix partiulier de systèmes pour simpli�er de la présentation. Ces deuxThéorèmes pourraient être également généralisés pour d'autres systèmes, voir sous-setion 1.5 hapitre 4 pour plus de détails.3 Seonde partie : modèle bidimensionnelDans ette setion, nous allons mettre en ÷uvre ette estimation d'entropie surle gradient, présentée dans la sous-setion 2.3. En se servant de elle-i, nous allonsexposer un résultat d'existene pour le modèle bidimensionnel (1.1) de la dynamiquedes densités de disloations, en expliitant le noyau c0.20



3. Seonde partie : modèle bidimensionnel3.1 Résultat d'existene globale dans un espae d'entropieComme nous l'avons annoné préèdemment, le terme de onvolution c0 ∗ (ρ+ −
ρ−) représente la fore réée par le hamp élastique généré par les lignes de disloa-tions. D'un point de vue pratique, après avoir résolu l'équation d'élastiité dans unmatériau isotrope ('est-à-dire ses propriétés sont les mêmes dans toutes les dire-tions), nous pouvons montrer que le hamp de vitesse dans les équations c0∗(ρ+−ρ−)peut être exprimé omme ertaines transformations de Riesz de ρ+ − ρ− (on renvoità la setion 2 du hapitre 5 pour une dérivation détaillée de e modèle). Ce qui nousramène �nalement à étudier le système des équations de transport non-linéaire etnon-loal suivant :






∂ρ+

∂t
(x1, x2, t) = − (R2

1R
2
2 (ρ+(·, t) − ρ−(·, t)) (x1, x2))

∂ρ+

∂x1

(x1, x2, t) sur R
2 × (0, T )

∂ρ−

∂t
(x1, x2, t) = (R2

1R
2
2 (ρ+(·, t) − ρ−(·, t)) (x1, x2))

∂ρ−

∂x1

(x1, x2, t) sur R
2 × (0, T )(3.25)Nous rappelons que les inonnues de e système sont les salaires ρ+ et ρ+ et queles densités de disloations de type ± sont présentées, ii, par ∂ρ±

∂x1

. Les opérateurs
R1 (resp. R2) sont les transformations de Riesz assoiées à x1 (resp. x2) dé�niesomme :Dé�nition 3.1 (Transformations de Riesz)Soient p > 1 et T

2 = R
2/Z2, le arré [0, 1) × [0, 1) périodique. Si f ∈ Lp(T2), nousdé�nissons Ri pour i ∈ {1, 2} omme les transformations de Riesz sur T

2 telles queleurs oe�ients en série de Fourier sont données par :i) c(0,0)(Rif) = 0.ii) ck(Rif) =
ki

|k|ck(f) pour k = (k1, k2) ∈ Z
2 \ {(0, 0)},où ck(f) =

∫

T2

f(x1, x2)e
−2πi(k1x1+k2x2)dx1dx2.Le système (3.25) est omplété par les onditions initiales suivantes :

ρ±(x1, x2, t = 0) = ρ±0 (x1, x2) = ρ±,per
0 (x1, x2) + L0x1, (3.26)21



Introdution généraleoù ρ±,per
0 sont des fontions 1-périodiques en x1 et en x2. Comme dans le as uni-dimensionnel, nous avons modèlisé une distribution périodique de disloations + et

− ave une densité totale L0 de haque espèe par période spatiale de longueur 1en x1 et en x2. La périodiité revient à onsidérer un domaine in�ni et à éviter lesproblêmes dus aux onditions aux bords.Nous remarquons que la di�ulté de e problême est la présene d'un terme non-loal dans le hamp de vitesse. Ce dernier ne nous permet pas d'obtenir un prinipede maximum ontrairement au as unidimensionnel. Cei entraînera des di�ultéspour dé�nir le produit dans le terme bilinéaire
R2

1R
2
2

(
ρ+ − ρ−

) ∂ρ±

∂x1

,du système (3.25), même ave une estimation sur l'entropie de gradient de type(2.19). En partiulier, nous aurons également des di�ultés pour avoir assez deompaité a�n d'assurer le passage à la limite.Avant d'énoner le résultat, nous dé�nissons l'espae d'entropie L logL sur T
2 etnous présentons une proposition qui nous permet de bien dé�nir le produit dans leterme bilinéaire du système et ensuite dans l'énoné du Théorème prinipal de ettesous-setion.Dé�nition 3.2 (L'espae L logL)Soit T

2 = R
2/Z2. On dé�nit L logL(T2) omme l'espae de Zygmund (voir C. Ben-nett et R. Sharpley [16, Page 243℄) :

L logL(T2) =

{

h ∈ L1(T2) telle que ∫
T2

|h| ln (e+ |h|) < +∞
}

.Cet espae est muni de la norme de Luxembourg suivante
‖h‖L log L(T2) = inf

{

λ > 0 :

∫

T2

|h|
λ

ln

(

e+
|h|
λ

)

≤ 1

}

,Proposition 3.3 (Signi�ation du terme bilinéaire)Soient T > 0, f et g deux fontions dé�nies sur T
2 × (0, T ), telles que

f ∈ L1((0, T );H1(T2)) et g ∈ L∞ ((0, T );L logL(T2)) alors,
fg ∈ L1(T2 × (0, T )).La démonstration de ette proposition est donnée dans la sous-setion 4.2 hapitre5.22



3. Seonde partie : modèle bidimensionnelThéorème 3.4 (Existene globale pour le système (3.25)-(3.26), [25, Théo-rème 1.4℄)Pour tous T, L0 > 0, et pour toutes données initiales ρ±0 ∈ L2
loc(R

2) véri�ant lesonditions suivantes :(A1) ρ±0 (x1 + 1, x2) = ρ±0 (x1, x2) + L0, presque partout dans R
2, (fontion linéaire

+ fontion périodique en x1),(A2) ρ±0 (x1, x2 + 1) = ρ±0 (x1, x2), presque partout dans R
2, (périodique en x2),(A3) ∂ρ0

±

∂x1

≥ 0, presque partout dans R
2, (ρ±0 roissante en x1),(A4) ∥∥∥

∥

∂ρ0
±

∂x1

∥
∥
∥
∥

L log L(T2)

≤ C, ave T
2 = R

2/Z2,le système (3.25)-(3.26) admet des solutions ρ± ∈ L∞ ((0, T );L2
loc(R

2))∩ C ([0, T );L1
loc(R

2))au sens des distributions. Ces solutions véri�ent (A1), (A2), (A3) et (A4) pourpresque tout t ∈ (0, T ). De plus, nous avons :(P1) R2
1R

2
2 (ρ+ − ρ−) ∈ L2 ((0, T );H1

loc(R
2)) .Remarque 3.5 (Terme bilinéaire)Il est lair qu'ii le terme bilinéaire est toujours dé�ni via (P1) et la Proposition3.3.Le point lé de la démonstration est l'estimation d'entropie suivante sur le gradientdans l'espae L logL(T2) :

∫

T2

∑

±

∂ρ±

∂x1

(·, t) ln

(
∂ρ±

∂x1

(·, t)
)

+

∫ t

0

∫

T2

(

R1R2

(
∂ρ+

∂x1

− ∂ρ−

∂x1

))2

≤
∫

T2

∑

±

∂ρ±0
∂x1

ln

(
∂ρ±0
∂x1

)

,

(3.27)Grâe à ette estimation, on peut avoir un double ontr�le, le premier sur le terme
R2

1R
2
2 (ρ+ − ρ−) dans L2 ((0, T );H1(T2)) en utilisant quelques propriétés des trans-formations de Riesz et le deuxième sur le terme ∂ρ±

∂x1

dans L∞((0, T );L logL(T2)).Ce double ontr�le nous permet d'une part, de bien dé�nir le produit
R2

1R
2
2

(
ρ+ − ρ−

) ∂ρ±

∂x1

,à l'aide de la Proposition 3.3 et d'autre part d'avoir assez de ompaité dans e termebilinéaire, e qui va nous onduire à l'existene globale d'une solution par ompaité.23



Introdution généraleIi, nous ne pouvons pas appliquer les théories de R. J. DiPerna et P. L. Lions [45℄ etL. Ambrosio [8℄ onernant l'existene et l'uniité d'une solution renormalisée pourl'équation de transport, pour une simple raison que notre hamp de vitesse véri�e
R2

1R
2
2

(
ρ+ − ρ−

)
∈ L2((0, T );H1

loc(R
2)),et nous n'avons auune autre estimation sur la divergene du hamp de veteurs. Celasigni�e que la divergene n'est pas bornée dans notre étude. Nous avons ontourné,ii, la di�ulté en montrant des estimations sur le gradient de solutions. Ce genred'estimations n'était pas demandé dans la théorie de DiPerna-Lions.Évoquons maintenant d'autres modèles posant de problèmes de régularités dans lehamp de veteurs omme dans notre étude. Par ontre, dans es modèles nouspouvons appliquer la théorie de solutions renormalisées puisqu'ils possédent plusde régularités dans le hamp de veteur que dans le système (3.25). Voii quelquesexemples : le modèle de Vlasov-Poisson (voir par exemple J. Nieto et al. [111℄) etle modèle de type supraondutivité étudié par N. Masmoudi et al. [107℄ et par L.Ambrosio et al. [9℄. Ces derniers modèles ont été dérivés de ertains modèles deVlasov-Poison-Fokker-Plank (voir par exemple T. Goudon et al. [67℄, et P. Chava-nis et al. [30℄ pour avoir une vue d'ensemble des modèles qui leurs sont semblables).Mentionnons aussi que le modèle (3.25) est lié à l'équation de Vlasov-Navier-Stokes,voir T. Goudon et al. [65,66℄.Nous pouvons aussi remarquer que dans le as où nous multiplions le seond termedes deux équations du système (3.25) par (−1), nous obtenons un système de typequasi-géostrophique qui est de la forme :







∂θ

∂t
+ u · ∇θ = 0, sur R

2 × (0, T ),
u = (u1, u2) = (−R2θ,R1θ).où θ est un salaire. En e qui onerne e sytème, nous nous référons à P. Constan-tin et al. [34,35℄ pour ertains résultats numériques en 2D. Nous itons également J.Wu [133, Th 4.1℄ pour un résultat d'existene et d'uniité loal bidimensionnel dansl'espae d'Hölder et à A. Córdoba, D. Córdoba [36℄, D. Chae, A. Córdoba [29℄ pourdes résultats de singularité en temps �ni en dimension 1. L'équation en dimension1 revient à remplaer la transformation de Riesz par une transformation de Hilbert.Dans notre as, si nous multiplions le système (3.25) par −1, on obtiendra une in-version de signe dans l'estimation de l'entropie du gradient (3.27).
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3. Seonde partie : modèle bidimensionnelBrève littérature autour de la dynamique des lignes de disloations :Dans e mémoire, nous avons étudié la dynamique des densités de disloations. Ilexiste également plusieurs travaux onernant l'étude de la dynamique des lignes dedisloations. Signalons au passage quelques résultats réents. La dynamique d'uneligne de disloation a été modélisée par O. Alvarez et al. dans [7℄ par une équationd'Hamilton-Jaobi non-loale, où les auteurs ont pu montrer l'existene et l'uni-ité loale d'une solution de visosité. Conernant ette dynamique, nous renvoyonségalement à N. Foradel [55℄ pour un résultat similaire ave un terme de our-bure moyenne. Sous ertaines hypothèses de monotonie sur la vitesse, O. Alvarez etal. [3℄, G. Barles, O. Ley [15℄ et P. Cardaliaguet, C. Marhi [26℄ ont montré, avedes méthodes di�érentes l'existene et l'uniité globale de solution de visosité. Nousrenvoyons aussi à G. Barles et al. [14℄ et N. Foradel et A. Monteillet [58℄ pour unrésultat d'existene globale d'une solution faible sous des hypothèses très générales.Toujours dans le adre de la dynamique des lignes de disloations, on peut trouverdans O. Alvarez et al. [4,5℄, A. Ghorbel, R. Monneau [62℄ et N. Foradel [56℄ quelquesrésultats numériques, ainsi que des résultats d'homogénéisation dans C. Imbert etal. [79,80℄, A. Ghorbel et al. [61℄ et N. Foradel et al. [57℄.Guide de leteur de la thèse :Dans le hapitre 1, nous présentons la modélisation physique du modèle bidi-mensionnel de Groma-Balogh introduit préédemment. Dans le hapitre 2, nousmontrons un résultat d'existene et d'uniité globale dans H1(R × [0, T )) pour unsous-modèle unidimensionnel simpli�é. Ensuite, dans le hapitre 3, nous prouvonsl'existene et l'uniité globale d'une solution de visosité et une estimation d'er-reur disrète-ontinue pour e sous-modèle. Dans le hapitre 4, nous traitons, dansun adre plus général, des systèmes unidimensionnels où nous prouvons un résul-tat d'existene et quelques résultats d'uniité. Dans le hapitre 5, nous montronsl'existene globale de solutions pour le modèle de Groma-Balogh bidimensionnel.Nous présentons dans le hapitre 6 quelques simulations numériques pour e mo-dèle bidimensionnel. Nous �nirons par une onlusion et nous énonerons quelquesperspetives de travail futur.
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Chapitre 1Modélisation des la dynamique dedensités de disloationsNous ommençons e hapitre en donnant un bref historique des travaux onernantles disloations, puis nous énonerons les propriétés lassiques des disloations eten�n nous présenterons la modèlisation du modèle de Groma-Balogh [71℄.1 HistoriqueComme nous l'avons déjà indiqué, les disloations sont des lignes de défautsdans les ristaux. La théorie des disloations a été, à l'origine, développée par V.Volterra en 1907 [131℄. D'un point de vue méanique, dans les années trente, esdéfauts ont été introduits par G. I. Taylor [128℄, E. Orowan [115℄ et M. Polanyi [119℄,omme l'expliation prinipale à l'éhelle mirosopique des déformations plastiquesà l'éhelle marosopique des ristaux. En 1956, les premières observations diretesdes disloations en mirosopie életronique sont faites par W. Bollman [20℄ et P.B. Hirsh, L. Horne, M. S. Whelan [73℄. Ces observations ont permis de tester unertain nombre de préditions théroriques. On trouve une desription de la statiquedes disloations dans les traités lassiques, ahevés dès la �n des années soixante,voir F. R. N. Nabarro [110℄ et J. R. Hirth, L. Lothe [74℄. On pourra aussi onsulterR. W. Lardner [97℄ pour une présentation plus mathématique.Au milieu des années 80, on observe un développement remarquable des méthodes desimulations de la dynamique des lignes de disloations (voir V. Bulatov et al. [41℄),en partiulier motivé par l'augmentation de la puissane de alul des ordinateurs.Ces simulations ont permis aux méaniiens de mieux omprendre le omportementméanique issu de la déformation plastique des matériaux ristallins.La quantité de disloations dans un ristal est aratérisée par sa densité, dé�niepar le nombre des lignes de disloations qui traversent une setion unitaire. Dans27



Chapitre 1 : Modélisationles années inquante, J. F. Nye [112℄, E. Köner [94℄, K. Kondo [89℄ et B. A. Bilby etal. [19℄ ont été les premiers à établir une étude théorique de la densité de disloations.Ces études ont o�ert une meilleure ompréhension méanique des matériaux à uneéhelle �mésosopique�, plus grande que l'éhelle de disloations. Ces travaux ont étéen partiulier pertinents dans le as où on a une forte onentration de disloations.Ensuite, plusieurs tentatives ont été e�etuées pour dérire une évolution ontinuedes densités de disloations. Nous renvoyons à D. Kuhlmann-Wilsdorf et al. [95℄, D.Holt [77℄, D. Walgraef, E. Aifantis [132℄ et J. Kratohvil et al. [1,92℄. Leurs théoriesont été basées sur des hypothèses pouvant être remises en question, et sur des pa-rarmètres di�iles à déterminer.Dans une géométrie partiulière, I. Groma et al. [69,71,72℄ ont dérit une évolutionbidimensionnelle ontinue des densités de disloations (la dynamique) par un modèlequi ouple fortement les équations de l'élastiité linéaire ave un système d'équationsde type transport non-loal. Notre étude a été foalisée sur e modèle.2 Propriétés des disloationsGénéralement, il existe deux types de disloations : les �disloations oins� et les�disloations vis�.Regardons d'abord un méanisme �tif pour l'introdution d'une disloation dans unristal. On oupe un ristal parfait selon un demi-plan ABCD (voir Figure 1.1). Ontranslate à droite la partie du haut par un veteur~b reliant deux atomes voisins (voirFigure 1.1). On rétablit les liaisons atomiques autour de la ligne AD, néanmoins,la translation induit un défaut dans l'arrangement des atomes autour de la droite
BC. En partiulier, les atomes le long de BC, n'ont pas retrouvé leurs liaisons, ils'agit d'un défaut linéaire appelé une �disloation oin�. On peut également réer ladisloation oin en enfonçant un demi-plan atomique vertial omme un oin dans leristal parfait. La disloation oin est alors la frontière du demi-plan supplémentaire,là où la struture ristalline est fortement déformée. Ce type de disloation a étéimaginé simultanément et indépendamment par G. I. Taylor [128℄, E. Orowan [115℄et M. Polanyi [119℄ en 1934.On peut aussi imaginer que la translation ~b soit parallèle au bord de la oupure BC(voir Figure 1.2). Ce défaut est appelé �disloation vis�. Une manière d'imaginer unedisloation vis est de faire une oupure sur un demi-plan d'un ristal parfait et detranslater le quart d'espae supérieur dans une diretion parallèle au bord du demi-plan de oupure et le demi-espae inférieur dans la diretion opposée. La disloationvis est alors représentée par le bord du demi-plan de oupure. Cette disloation a28



3. Modélisation de la dynamique des densités de disloations

Fig. 1.1 � Disloation oinété imaginée par Burgers [23℄ en 1939.
PSfrag replaements Fig. 1.2 � Disloation visUne disloation est alors aratérisée par e veteur ~b, appelé veteur de �Burgers�,qui indique la diretion du déplaement de la disloation et dont la norme représentel'amplitude de la déformation qu'elle engendre.Comme nous l'avons vu, la ligne de disloation est perpendiulaire à ~b pour ladisloation oin et parallèle à ~b pour la disloation vis. Nous remarquons que dansle as général, la ligne de disloation forme un angle arbitraire ave le veteur deBurgers et nous avons don une disloation mixte.3 Modélisation de la dynamique des densités de dis-loationsNous allons maintenant dérire la dynamique des densités de disloations. Cettepartie est inspirée de I. Groma, P. Balogh [71℄, mais la présentation de la modélisa-29



Chapitre 1 : Modélisationtion est faite de manière un peu di�érente.Tout d'abord, on se plae dans un as partiulier où les lignes de disloations sontdes droites parallèles dans l'espae tridimensionnel se déplaçant dans la même dire-tion. On suppose également que haque disloation se déplae suivant un veteur deBurgers ~b perpendiulaire à la ligne de disloation ('est-à-dire �disloation oin�).Dans ette géométrie partiulière, les lignes de disloations peuvent être vues ommedes points dans le plan transversal (~b, ~n) où ~n est le veteur normal au plan de glis-sement (voir Figure 1.3).PSfrag replaements
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Fig. 1.3 � Passage du as tridimensionnel au as bidimensionnelÉtant donné que les disloations glissent dans la même diretion que le veteur deBurgers ~b, on remarque que pour un hamp de vitesse donné, es points peuvent sepropager uniquement suivant deux veteurs de Burgers ±~b. De e fait, nous avonsdeux types de disloations, elles de type (+) qui se propagent suivant le veteur +~bet elle de type (−) qui se propagent suivant −~b.Maintenant, on suppose pour simpli�er que nous avons N disloations de type + etégalement N disloations de type −, et on note par ~ri
± la position d'une disloationde type ± dans le plan (~b, ~n). On introduit pour tout veteur ~r du plan, la fontionde densité disrète de type ±, dé�nie par les distributions disrètes suivantes :

θ±,d(~r) =
N∑

i=1

δ(~r − ~ri
±),30



3. Modélisation de la dynamique des densités de disloationsOn remarque que pour i = 1, . . . , N , nous avons :
d

dt
δ(~r − ~ri

±) = −∇ ·
[
d

dt
(~ri

±) δ(~r − ~ri
±)

]

, (3.1)De plus, d
dt
~ri

± = ±(~b v) où v est la vitesse de la disloation. Cette vitesse est pro-portionnelle à la fore de Peah-Koehler résolue s'exerçant sur la disloation. Dansle as où il n'y a pas de ontraintes extérieures, ette fore est simplement la foreréée par le hamp élastique généré par la disloation elle-même (voir M. Peah etJ. S. Koehler [118℄).En additionnant (3.1) pour i = 1, . . . , N , on onlut que
d

dt
θ±,d = ∓∇ ·

[

~b v θ±,d
]

, (3.2)Les densités de disloations ontinues θ± peuvent être onsidérées omme la régula-risation des densités disrètes θ±,d. Ii, nous supposons qu'elles véri�ent égalementla même équation d'évolution de θ±,d. Alors, nous avons :
d

dt
θ± = ∓∇ ·

[

~b vθ±
]

, (3.3)Nous allons maintenant aluler la fore de Peah-Koeller v. Tout d'abord, on onsi-dère un ristal représenté par l'espae tout entier, soumis à l'élastiité linéaire etdont les oe�ients d'élastiité sont donnés par Λ = (Λijkl)i,j,k=1,2,3. On suppose quees oe�ients satisfassent la propriété de symétrie suivante :
Λijkl = Λjikl = Λijlk = Λklij,et l'hypotèse de oeritivité suivante pour m > 0

∑

i,j,k=1,2,3

Λijklεijεkl ≥ m
∑

i,j,k=1,2,3

ε2
ij,pour toutes matries onstantes ε = (εij)i,j=1,2,3 symétriques, 'est-à-dire véri�ant

εij = εji.On note par u = (u1, u2, u3) : R
3 → R

3 le déplaement du ristal qu'on hoisit �àmoyenne nulle�. De plus on note par x = (x1, x2, x3) les oordonnés d'un point dansune base orthogonale (~b, ~n, ~e3). Nous dé�nissons maintenant la déformation totaledu ristal par :
ε(u) =

1

2
(∇u+ t∇u), -à-d εij(u) =

1

2

(
∂ui

∂xj

+
∂uj

∂xi

)

, i, j = 1, 2, 3. 31



Chapitre 1 : ModélisationCette déformation totale est déomposée de deux parties :
ε(u) = εe(u) + εp,telle que εe(u) est la déformation élastique et εp est la déformation plastique dumatériau, donnée par la formule suivante :

εp = ε0γ, (3.4)où ε0 est la matrie de isaillement dé�nie dans le as d'une seule diretion deglissement où les disloations se déplaent dans le plan {x3 = 0} par
ε0 =

1

2

(

~b⊗ ~n+ ~n⊗~b
)Ii, γ est la ontrainte plastique résolue, elle sera préisée plus tard.Les ontraintes d'élastiité σij pour i, j = 1, 2, 3 sont reliées à la déformation élas-tique par le loi de Hooke :

σ = Λ : εe(u), -à-d σij =
∑

k,l=1,2,3

Λijklε
e
kl(u), (3.5)et satisfont l'équation d'Euler-Lagrangediv σ = 0. (3.6)Nous onsidérons une solution partiulière où u3 = 0. Étant donné que nous sommesdans une géométrie partiulière où les disloations sont des droites parallèles à ladiretion e3, et en ayant onsidéré un problème invariant par translation dans ladiretion de x3, alors notre étude est réduite à un problème bidimensionnel ave

u1, u2 dépendant seulement de (x1, x2). Ainsi nous pouvons exprimer la ontrainteplastique résolue γ omme :
γ = ρ+ − ρ−, (3.7)où les quantités ρ+ et ρ− sont des salaires représentant respetivement les dison-tinuités de déplaement dûes aux disloations glissant dans les diretions +~b et −~b.Les quantités ~b · ∇ρ+ et ~b · ∇ρ− sont positives et représentent respetivement lesdensités de disloations de veteurs de Burgers +~b et −~b.Nous prenons en onsidération l'énergie élastique dé�nie par

Eel =
1

2

∫

R2

(Λ : εe(u)) : εe(u).32



3. Modélisation de la dynamique des densités de disloationsNous alulons formellement la variation de l'énégie élastique assoiée aux disloa-tions présentées ii par ρ±. Nous obtenons que la fore de Peah -Koeller est donnéepar (voir O. Alvarez et al. [7, Setion 2.6℄ pour plus de détails) :
v = ∇ρ±E

el = −(σ : ε0). (3.8)En injetant (3.8) dans (3.3) et en prenant en ompte les équations (3.6)-(3.5) et(3.4)-(3.7), on déduit que la dynamique des densités de disloations est dérite parle système bidimensionnel suivant (voir I. Groma, P. Balogh [71℄) :






div σ = 0 sur R
2 × (0, T ),

σ = Λ : (ε(u) − εp) sur R
2 × (0, T ),

ε(u) = 1
2
(∇u+ t∇u) sur R

2 × (0, T )
εp = ε0 (ρ+ − ρ−) sur R

2 × (0, T ),  (Élastiité)
θ± = ~b.∇ρ± sur R

2 × (0, T ),
∂θ±

∂t
= ±~b.∇

[
(σ : ε0)θ±

] sur R
2 × (0, T ).






(Transport) (3.9)

Dans notre étude nous avons traité le as où nous intègrons la dernière équationde e système (équation de transport) dans la diretion du hamp ~b.∇, e qui nousramène à l'étude du système suivant :






div σ = 0 sur R
2 × (0, T ),

σ = Λ : (ε(u) − εp) sur R
2 × (0, T ),

ε(u) = 1
2
(∇u+ t∇u) sur R

2 × (0, T )
εp = ε0 (ρ+ − ρ−) sur R

2 × (0, T ),  (Élastiité)
∂ρ±

∂t
= ±(σ : ε0)~b.∇ρ± + g sur R

2 × (0, T ).

} (Transport) (3.10)
où les inonnues sont ρ± et le déplaement u = (u1, u2). La fontion g donnée, véri-�ant ~b.∇g = 0 est supposée nulle pour simpli�er.En utilisant la transformation de Fourier et un alul expliite de la fontion deGreen, puisque le déplaement u est hoisi �à moyenne nulle�, nous pouvons résoudrel'équation d'élastiité linéaire et nous pouvons aluler u en fontion de ρ+ − ρ−.Cei nous permet d'éliminer l'équation d'élastiité en réérivant le hamp de vitesse
σ : ε0 de la manière suivante :

σ : ε0 = −c0 ∗ (ρ+ − ρ−), 33



Chapitre 1 : ModélisationNous renvoyons à O. Alvarez et al. [7, Setion 2.6℄ pour plus de détails sur le alulde c0 et sur ses propriétés. Finalement, nous pouvons déduire
∂ρ±

∂t
= ∓

(
c0 ∗ (ρ+ − ρ−)

)
~b · ∇ρ± sur R

2 × (0, T ).Ce système est équivalent à elui énoné dans l'introdution pour ~b = (1, 0).Dans le modèle de Groma-Balogh, les auteurs ont négligé les orrélations entredisloation-disloation et les e�ets de bords. Il est possible néanmoins de les prendreen ompte, voir I. Groma, F. Csikor et M. Zaiser [72℄. Plus préisément, e modèleorrespond à une généralisation du modèle de Groma-Balogh [71℄ et il s'agit d'unsystème ouplé hyperbolique/parabolique. Pour une étude mathématique du mo-dèle [72℄, H. Ibrahim a montré dans [78℄ l'existene et l'uniité d'une solution dansun adre géométrique partiulier unidimensionnel.Nous remarquons aussi que le modèle de Groma-Balogh dérit la dynamique desdensités de disloations dans le adre d'une seule diretion de glissement. Pour uneextension dans le as de plusieurs diretions de glissement, nous renvoyons à S. Ye�-mov [135, h. 5.℄ et S. Ye�mov, E. Van der Giessen [136℄. Voir aussi hapitre 4 de lathèse pour une étude mathématique ainsi que pour une modélisation physique pourun modèle unidimensionnel des densités de disloations ave plusieurs diretions deglissement.Conernant le as 3D général, A. El Azab [46℄, M. Zaiser, T. Hohrainer [75,137,138℄,M. Koslowski et al. [91℄ et R. Monneau [108℄, se sont réemment intéressés à la modé-lisation de la dynamique des densités de disloations dans l'espae tridimensionnel,mais il reste beauoup de questions ouvertes pour établir une théorie tridimensionnllede la dynamique des densités de disloations.
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Chapitre 2Existene et uniité de solution pourun système d'équations de typeBurgers dérivant la dynamique dedensités de disloationsCe hapitre est un artile à paraître dans SIAM Journal on Mathematial Analysis.
Dans e travail nous étudions un système unidimensionnel d'équations de type Bur-gers non-onservatives. Ce système provient de la modélisation de la dynamiquedes densités de disloations dans les ristaux. Nous prouvons l'existene globale etl'uniité d'une solution dans la lasse des fontions H1

loc(R × [0,+∞)) roissantes.L'approhe est faite en ajoutant un terme de visosité sur le système, puis nousmontrons une estimation d'énergie. Cette estimation assure assez de ompaité aupassage à la limite quand la visosité disparaît. Un prinipe de omparaison est mon-tré pour e système ainsi qu'une appliation sur l'équation de Burgers lassique.
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Chapitre 2 : Système d'équations de type Burgers
Well-posedness theory for a non-onservative Burger-type system arising in disloation dynamisAhmad. El HajjCERMICS, Éole Nationale des Ponts et Chaussées6 & 8, avenue Blaise Pasal, Cité Desartes,Champs sur Marne, 77455 Marne-La-Vallée Cedex 2, FRANCEAbstratIn this work we study a system of non-onservative Burgers type in one spae dimen-sion, arising in modeling the dynamis of disloations densities in rystals. Starting fromphysially relevant initial data that are of a speial form, namely non-dereasing, perio-di plus linear funtions, we prove the global existene and uniqueness of a solution in
H1

loc(R × [0, +∞)) that preserves the nature of the initial data. The approah is madeby adding some visosity to the system, obtaining energy estimates and passing to thelimit for vanishing visosity. A omparison priniple is shown for this system as well as anappliation in the ase of lassial Burgers equation.AMS Classi�ation : 35L45, 35Q53, 35Q72, 74H20, 74H25.Keywords : System of Burgers equations, system of nonlinear transport equations, non-linear hyperboli system, dynamis of disloations densities.
1 Introdution1.1 Physial motivations and presentation of the modelReal rystals omprise ertain defets in the organization of their rystallinestruture alled disloations. In a partiular ase where these defets are parallelstraight lines in the three-dimensional spae, they an be viewed as points in aplan. Under the e�et of exterior onstraints, disloations an move in a ertainrystallographi diretion alled the slip diretion. This slip diretion is given by avetor alled the �Burger's vetor�. The norm of this vetor represents the amplitudeof the generated deformation. (We refer to [74℄ for further physial explanation).In this work, we are interested in the study of a 1-D sub-model of a problem38



1. Introdutionintrodued by Groma and Balogh [71℄, initially proposed in the two-dimensionalase. In fat, this 1-D sub-model was de�ned by El Hajj, Foradel [48, Lemme 3.1℄.This two-dimensional model is haraterized by the fat that disloations propa-gate in the plane (x1, x2) following two Burger's vetors ±~b with ~b = (1, 0). In this1-D sub-model we suppose also that disloations densities depend only on the va-riable x = x1+x2, that transform the 2-D into a 1-D model (see El Hajj, Foradel [48℄for more modeling details).More preisely this 1-D model is given by the following oupled equations of non-onservative Burgers type :






∂ρ+

∂t
(x, t) = −

(

a(t) + (ρ+ − ρ−)(x, t) + α

∫ 1

0
(ρ+ − ρ−)(y, t)dy

)
∂ρ+

∂x
(x, t) in D′(R × (0, T )),

∂ρ−

∂t
(x, t) =

(

a(t) + (ρ+ − ρ−)(x, t) + α

∫ 1

0
(ρ+ − ρ−)(y, t)dy

)
∂ρ−

∂x
(x, t) in D′(R × (0, T )).(1.1)The unknowns ρ+ and ρ− are salar valued funtions, that we denote for simpliityby ρ±. Their spatial derivatives ∂ρ±

∂x
, are the disloations densities of Burger's vetor

±~b = ±(1, 0). The funtion a = a(t), representing the �eld of the imposed exterioronstraint, is supposed to be independent of x, and the onstant α depends on theelasti oe�ients and the material size.We onsider the following initial onditions for (1.1) :
ρ±(x, t = 0) = ρ±0 (x) = ρ±,per

0 (x) + L0x x ∈ R, (1.2)where ρ±,per
0 are 1-periodi funtions. We thus modelize a periodi distribution forthe ± disloations, with a spatial period of length 1. Note that eah type of ± dis-loations have a mean density equal to L0. In fat, the use of the periodi boundaryonditions is a way of regarding what is going on in the interior of the material awayfrom its boundary.1.2 A brief review of some related literatureFrom a mathematial point of view, system (1.1) is related to other similar mo-dels, suh as transport equations based on vetor �elds with low regularity. Suhequations were for instane studied by Diperna, Lions in [45℄. They proved theexistene and uniqueness of a solution (in the renormalized sense), for vetor �eldsin L1((0,+∞);W 1,1

loc (RN)) whose divergene are in L1((0,+∞);L∞(RN)). This studywas generalized by Ambrosio [8℄, who onsidered vetor �elds in L1((0,+∞);BVloc(R
N))with bounded divergene. In the present paper, we work in dimension N = 1 and39



Chapitre 2 : Système d'équations de type Burgersprove the existene and uniqueness of solutions of the system (1.1)-(1.2) with avetor �eld (i.e. the veloity) only in L∞((0,+∞), H1
loc(R)).We also refer to the works of LeFloh and Liu [99,100℄ in whih they onsidered thestudy in the framework of funtions of bounded variation for a system of the form :







∂u

∂t
(x, t) + A(u)

∂u

∂x
(x, t) = 0 u(x, t) ∈ U, x ∈ R, t ∈ (0, T ),

u(x, 0) = u0(x) x ∈ R,

(1.3)where the spae of states U is an open subset of R
p, and A is (p × p) matrixwhih of lass C1 on U . Moreover A(u) have p salar distint eigenvalues that wedenote by : λ1(u) < λ2(u) < ... < λp(u). We remark that this ondition on theeigenvalues does not enter in our framework even in the ase where α = a = 0,beause we have not sign property on ρ+ − ρ−. LeFloh and Liu proved that if theinitial ondition u0 is su�iently lose to a onstant state, and if the total variation

TV (u0) is assumed to be small enough, then system (1.3) admits a solution in
L∞(R × (0,+∞)) ∩ BV (R × (0,+∞)), in the sense of weak entropy solutions withrespet to admissible funtion (see LeFloh [99, De�nition 3.2℄).When the system is hyperboli and symmetri, this orresponds to the ase α =
a = 0 in our system (1.1), it is proved in Serre [123, Vol I, Th 3.6.1℄ a result ofloal existene and uniqueness in C([0, T );Hs(RN)) ∩ C1([0, T );Hs−1(RN)), with
s > N

2
+ 1, this result being only loal in time, even in dimension N = 1.The assumptions of inreasing initial onditions was also onsidered in the study ofthe Euler equation for ompressible �uids in dimension one. With regard to thesestudies, we refer to Chen and Wang [31, Th 3.1℄ for an existene and uniquenessresult in C1(R× [0,+∞)) based on the method of harateristi. The result of Chenand Wang shows that the Euler equation of ompressible �uids does not reateshoks, for suitable inreasing and C1(R) initial onditions. In our ase, we alreadyknew that solutions of (1.1), are Lipshitz ontinuous, see El Hajj and Foradel [48℄.Even if this regularity question is not onerned in the present paper, we may expetsome C1(R × [0,+∞)) regularity of the solution for C1(R) initial data.1.3 Main resultThe main result of this paper is the existene and uniqueness of global in timesolutions for the system (1.1)-(1.2), modeling the dynamis of disloations densities.This result ensures the mathematial well-posedness of the Groma-Balogh model [71℄in the partiular ase of our interest.Theorem 1.1 (Existene and uniqueness)For all T, L0 ≥ 0, α ∈ R and ρ±0 ∈ H1

loc(R) and under the following assumptions :40



1. Introdution(H1) ρ±0 (x+ 1) = ρ±0 (x) + L0, (1-periodi funtion + linear funtion)(H2) ∂ρ±0
∂x

≥ 0, a.e. in R, (ρ±0 non-dereasing)(H3) a ∈ L∞(0, T )the system (1.1)-(1.2) admits a unique solution ρ± ∈ H1
loc(R× [0, T )) suh that, fora.e. t ∈ (0, T ), the funtion ρ±(., t) : x 7−→ ρ±(x, t) veri�es (H1) and (H2).The preeding theorem gives a global existene and uniqueness result of the system(1.1). Its proof is based on the following steps. Firstly, we regularize the system (1.1),then we show a uniform a priori estimates in L∞((0, T );H1

loc(R)) for this regularizedsystem. These estimates lead to a result of existene for long time solution and assurethe passage to the limit by ompatness. Finally, the demonstration of uniquenessis done in a diret way.Theorem 1.2 (Comparison priniple for (1.1) with α = 0)Let a(·) satisfy (H3) and ρ±,
1 , ρ

±
2 ∈ H1

loc(R × [0, T )) be two solutions of the system(1.1) with α = 0. Moreover, let ρ±1 (., t), ρ±2 (., t) verify (H1) and (H2) for a.e.
t ∈ (0, T ). Then, if ρ±1 (·, 0) ≤ ρ±2 (·, 0) in R, we have ρ±1 ≤ ρ±2 a.e. in R × (0, T ).This omparison result was ruial in a previous work [48℄, for the demonstrationof existene and uniqueness of Lipshitz solution to problem (1.1), in the sense ofvisosity solution, for Lipshitz initial onditions. Here, the interest of this resultis a little bit seondary. Indeed, thanks to this omparison priniple, we have beenable to obtain indiretly H1

loc(R × [0, T )) estimates. These estimates in their turnlead to a result of existene in H1
loc(R × [0, T )).Our work fouses on the study of the dynamis of disloations densities. In a di�erentdiretion, let us quote some reent results on the dynamis of disloations lines, takenindividually, that are represented by non-loal Hamilton-Jaobi equations (see [7,55℄and [3,15℄ for loal and global in time results respetively).Remark 1.3 (Existene and uniqueness for Burgers equation)We remark that these tehnis an be applied to the ase of lassial Burgers equa-tions in W 1,p

loc (R × [0, T )) for all 1 ≤ p < +∞.Indeed, if we onsider for a given funtion f and initial data u0, the following equa-tion : 





∂u

∂t
+

∂

∂x
(f(u)) = 0 in D′(R × (0, T ))

u(x, 0) = u0(x) x ∈ R,

(1.4)then we have the following theorem : 41



Chapitre 2 : Système d'équations de type BurgersTheorem 1.4 Let T ≥ 0, p ∈ [1,+∞) and f loally lipshitz and onvex. Thenfor all initial data u0 ∈ W 1,p
loc (R), suh that ∂u0

∂x
∈ Lp(R) and satis�es (H1). Theequation (1.4) admits a solution u ∈W 1,p

loc (R×[0, T )), unique in the lass of solutionssatisfying (H1) a.e. t ∈ (0, T ).1.4 Organization of the paperIn setion 2, we regularize the funtion a(·) and the initial onditions and we provethat the system (1.1)-(1.2) modi�ed by the term (ε∂2ρ±

∂x2
) admits loal in time solu-tions (in the �Mild� sense). This will be ahieved by using an appliation of a �xedpoint theorem in the spae of funtions in C([0, T );H1

loc(R)) and verifying (H1) forall t ∈ (0, T ). In setion 3, we prove that the obtained solutions are regular andverify (H2) for all t ∈ (0, T ), with initial onditions verifying (H2). In setion 4,we prove some uniform a priori estimates on the regularized solution obtained insetion 3. Thanks to these estimates, we also prove the existene of global in timesolutions. In setion 5, we give the demonstration of Theorem 1.1 and in setion 6we prove a omparison priniple result of the system (1.1) in the ase α = 0. Finally,in setion 7 we give an appliation of the previous results in the ase of the lassialBurgers equation.2 Existene of solutions for an approximated sys-temIn this paragraph, we prove a theorem of existene of solutions, loal in time, forthe system (1.1) modi�ed by the term ε
∂2ρ±

∂x2
after the regularization of the funtion

a(·) and the initial onditions. This approximation brings us bak to the study, forevery 0 < ε < 1, of the following system :






∂ρ+,ε

∂t
− ε

∂2ρ+,ε

∂x2
= −

(

aε(t) + (ρ+,ε − ρ−,ε) + α

∫ 1

0
(ρ+,ε − ρ−,ε)(y, t)dy

)
∂ρ+,ε

∂x
in D′(R × (0, T )),

∂ρ−,ε

∂t
− ε

∂2ρ−,ε

∂x2
=

(

aε(t) + (ρ+,ε − ρ−,ε) + α

∫ 1

0
(ρ+,ε − ρ−,ε)(y, t)dy

)
∂ρ−,ε

∂x
in D′(R × (0, T )),(2.5)where aε = ã ∗ ηε,with ηε(·) = 1

ε
η( ·

ε
), suh that η ∈ C∞

c (R), positive, and ∫
R
η = 1.The funtion ã(·) is an extension in R of the funtion a(·) by 0.42



2. Existene of solutions for an approximated systemWe also onsider the regularized initial onditions of the system (2.5) :
ρ±,ε(x, 0) = ρ±,ε

0 (x) = ρ±,ε,per
0 (x) + L0x = ρ±,per

0 ∗T ηε(x) + L0x, (2.6)We have the following loal in time existene result for the approximated system :Theorem 2.1 (Short time existene) Assume (H1) and (H3). For all α ∈ Rand ρ±0 ∈ H1
loc(R) there exists

T ⋆(‖ρ±,per
0 ‖H1(T), ‖a‖L∞(0,T ), L0, α, ε) > 0,suh that the system (2.5)-(2.6) admits a solution ρ±,ε ∈ C([0, T ⋆);H1

loc(R)) with
ρ±,ε(., t) verifying (H1).For the proof of this theorem (see sub-setion 2.3). Before going on, we need to givesome notation and preliminary results that will be used througout the paper.2.1 NotationIn what follows, we are going to use the following notation :1. ρε = ρ+,ε − ρ−,ε,2. ρ±,ε,per = ρ±,ε − L0x,3. T = (R/Z) is the [0, 1) periodi interval,4. let f = (f1, f2) be a vetor suh that fi ∈ H1(T) for i ∈ {1, 2}. The norm of fin (H1(T))

2 will be de�ned by ‖f‖H1(T) = max(‖f1‖H1(T), ‖f2‖H1(T)).5. Let f be a funtion from R × (0, T ) to R. we note by f(t) = f(., t) : x 7−→
f(x, t).Remark 2.2 (Periodiity) Aording to (H1)-(H2), it is lear that ρε, ρ±,ε,per and

∂ρ±,ε

∂x
are 1-periodi in spae funtions.Under the notation of paragraph 2.1, we know that the system (2.5) is equivalentto :

∂ρ±,ε,per

∂t
−ε∂

2ρ±,ε,per

∂x2
= ∓

bilinear term
︷ ︸︸ ︷

Cα[ρε(t)]
∂ρ±,ε,per

∂x
∓

linear term
︷ ︸︸ ︷

aε(t)
∂ρ±,ε,per

∂x
∓ L0Cα[ρε(t)]∓L0a

ε(t) in T×(0, T ),(2.7)where Cα[ρε(t)](x) =

(

ρε(x, t) + α

∫ 1

0

ρε(y, t)dy

)

, 43



Chapitre 2 : Système d'équations de type Burgerswith the periodi initial onditions
ρ±,ε,per(x, 0) = ρ±,ε,per

0 (x) in T. (2.8)2.2 Preliminary resultsLemma 2.3 (Properties of the regularized sequene) Under the hypothesis
(H1) and (H3) and for every ρ±0 ∈ H1

loc(R), we have1. The funtions ρ±,ε,per
0 ∈ C∞(T) and verify the following estimate :

‖ρ±,ε,per
0 ‖H1(T) ≤ C‖ρ±,per

0 ‖H1(T).2. The funtion aε(·) ∈ C∞(R) ∩ L∞(R) and veri�es the following estimate :
‖aε‖L∞(R) ≤ ‖a‖L∞(0,T ).3. The sequene aε(·) strongly onverges to a(·) in L2(0, T ). The sequenes ρ±,ε,per

0strongly onverge to ρ±,per
0 in H1(T).The proof of this lemma is a lassial property of the regularizing sequene (ηε)ε.Lemma 2.4 (Mild solution) Assume (H3). For every T ≥ 0, if ρ±,ε,per ∈ C([0, T );H1(T))are solutions of the following equation :

ρ±,ε,per(x, t) = Sε(t)ρ
±,ε,per
0 ∓L0

∫ t

0

aε(s)ds∓
∫ t

0

Sε(t− s)

(

Cα[ρε(s)]
∂ρ±,ε,per

∂x
(s)

)

ds

∓
∫ t

0

Sε(t− s)

(

L0Cα[ρε(s)] + a(t)
∂ρ±,ε,per

∂x
(s)

)

ds,(2.9)where Sε(t) = eεt∆ is the heat semi-group, then ρ±,ε,per is a solution of the system(2.7)-(2.8) in the sense of distributions.For the proof of this lemma, we refer to Pazy [117, Th 5.2. Page 146℄.Lemma 2.5 (Fixed point) Let E be a Banah spae, B be a ontinuous bilinearappliation from E ×E to E and L be a ontinuous linear appliation from E to Esuh that :
‖B(x, y)‖E ≤ λ‖x‖E‖y‖E for all x, y ∈ E,

‖L(x)‖E ≤ µ‖x‖E for all x ∈ E,where λ > 0 and µ ∈ (0, 1) are given onstants. Then, for all x0 ∈ E suh that
‖x0‖E <

1

4λ
(µ− 1)2,the equation x = x0 +B(x, x) + L(x) admits a solution in E.44



2. Existene of solutions for an approximated systemFor the proof of this lemma we refer to Cannone [24, Lemma 4.2.14℄.In order to show the existene of a solution within the framework of Lemma 2.4, weapply Lemma 2.5 in the spae E = (L∞((0, T );H1(T)))
2, where x0, B and L arede�ned, for u = (u1, u2), v = (v1, v2) ∈ E, by :

x0 = Sε(t)ρ
ε
0,vec + L0

~i

∫ t

0

aε(s)ds, where ρε
0,vec = (ρ+,ε,per

0 , ρ−,ε,per
0 ), ~i =

(
−1
1

)

.(2.10)
B(u, v)(t) = Ī1

∫ t

0

Sε(t−s)
(

Cα[u1(s) − u2(s)]
∂v

∂x
(s)

)

ds, where Ī1 =

(
−1 0
0 1

)

.(2.11)
L(u)(t) = L0

~i

∫ t

0

Sε(t− s)Cα[u1(s) − u2(s)]ds+ Ī1

∫ t

0

Sε(t− s)

(

aε(s)
∂u

∂x
(s)

)

ds.(2.12)Lemma 2.6 (Dereasing estimates) If f ∈ Lq(T) with 2 ≤ q ≤ +∞ and g ∈
L2(T), then for all t > 0 we have the following estimates :(i)

‖Sε(t)(fg)‖L∞(T) ≤ Ct−
1
2‖f‖L2(T)‖g‖L2(T),(ii)

∥
∥
∥
∥

∂

∂x
(Sε(t)f)

∥
∥
∥
∥

L2(T)

≤ Ct−
1
2‖Sε(

t

2
)f‖L2(T),(iii)

∥
∥
∥
∥

∂

∂x
(Sε(t)(fg))

∥
∥
∥
∥

L2(T)

≤ Ct−
1
2
(1+ 1

q
)‖f‖Lq(T)‖g‖L2(T),where C = C(ε) is a positive onstant depending on ε.For the proof of this lemma, see Pazy [117, Lemma 1.1.8, Th 6.4.5℄.Proposition 2.7 (Bilinear operator) Let FT = (L∞((0, T );H1(T)))

2. Then forevery T ≥ 0, α ∈ R, u = (u1, u2) ∈ FT and v = (v1, v2) ∈ FT the bilinear operator
B de�ned in (2.11), is ontinuous from FT × FT to FT . Moreover, there exists apositive onstant C = C(α, ε) suh that for all u, v ∈ FT we have :

‖B(u, v)‖FT
≤ CT

1
2‖u‖FT

‖v‖FT
.Proof of Proposition 2.7Firstly, we know 45



Chapitre 2 : Système d'équations de type Burgers
‖B(u, v)(t)‖H1(T) =

∥
∥
∥
∥
Ī1

∫ t

0

Sε(t− s)

(

Cα[u1(s) − u2(s)]
∂v

∂x
(s)

)

ds

∥
∥
∥
∥

H1(T)

≤
∫ t

0

∥
∥
∥
∥
Sε(t− s)

(

Cα[u1(s) − u2(s)]
∂v

∂x
(s)

)∥
∥
∥
∥

H1(T)

dsThen, sine L∞(T) →֒ L2(T), we have
‖B(u, v)(t)‖H1(T) ≤

∫ t

0

∥
∥
∥
∥
Sε(t− s)

(

Cα[u1(s) − u2(s)]
∂v

∂x
(s)

)∥
∥
∥
∥

L∞(T)

ds

+

∫ t

0

∥
∥
∥
∥

∂

∂x
Sε(t− s)

(

Cα[u1(s) − u2(s)]
∂v

∂x
(s)

)∥
∥
∥
∥

L2(T)

ds.Using Lemma 2.6 (i) for the �rst term and Lemma 2.6 (iii) with q = ∞ for theseond term, we an onlude that :
‖B(u, v)(t)‖H1(T) ≤ C

∫ t

0

1

(t− s)
1
2

‖Cα[u1(s) − u2(s)]‖L∞(T)

∥
∥
∥
∥

∂v

∂x
(s)

∥
∥
∥
∥

L2(T)

ds

≤ C sup
0≤t<T

(‖u(t)‖H1(T)) sup
0≤t<T

(‖v(t)‖H1(T))

∫ t

0

1

(t− s)
1
2

ds.Then for all t ∈ (0, T ), we have :
‖B(u, v)(t)‖H1(T) ≤ Ct

1
2‖u‖L∞((0,T );H1(T))2‖v‖L∞((0,T );H1(T))2

≤ CT
1
2‖u‖L∞((0,T );H1(T))2‖v‖L∞((0,T );H1(T))2 .

(2.13)
2Proposition 2.8 (Linear operator) Let FT = (L∞((0, T );H1(T)))

2 and a(·) sa-tisfying (H3). Then for all L0, T ≥ 0 and u = (u1, u2) ∈ FT , the linear operator
L de�ned in (2.12), is ontinuous from FT to FT . Moreover, there exists a positiveonstant C = C(α, ε, ‖a‖L∞(0,T ), L0) suh that :

‖L(u)‖FT
≤ CT

1
2‖u‖FT

.The proof of Proposition 2.8 is similar of the one used in Proposition 2.7.Lemma 2.9 For all L0, T ≥ 0 and a(·) satisfying (H3), if
Xaε(t) = L0

~i

∫ t

0

aε(s)ds, t ∈ (0, T ),46



2. Existene of solutions for an approximated systemthen
‖Xaε‖(L∞(0,T ))2 ≤ L0T‖a‖L∞(0,T ).The proof of Lemma 2.9 is trivial (from Lemma 2.3 (2)).Lemma 2.10 (Continuity of the semi-group) For all f ∈W 2,2(T) and 0 ≤ θ <

t, we have the following estimates :(i)
‖(Sε(t− θ) − Id)f‖L2(T) ≤ C(t− θ)‖∂

2f

∂x2
‖L2(T),(ii)

‖(Sε(t− θ) − Id)f‖L2(T) ≤ 2‖f‖L2(T),where C = C(ε) is a positive onstant depending on ε.We refer to Pazy [117, Lemma 6.2 Page 151℄ for the proof of this lemma.Lemma 2.11 (Time ontinuity) Assume (H3). If ρ0,vec = (ρ+,per
0 , ρ−,per

0 ) ∈ (H1(T))2,then for all T ≥ 0 and u = (u1, u2) ∈ (L∞((0, T );H1(T)))
2, the following applia-tions :(A1) : t→ Xaε(t),(A2) : t→ Sε(t)ρ

ε
0,vec, where ρε

0,vec = (ρ+,ε,per
0 , ρ−,ε,per

0 ),(A3) : t→ B(u, u)(t),(A4) : t→ L(u)(t),are (C([0, T );H1(T)))
2. Where Xaε, B and L are de�ned in Lemma 2.9, (2.11)and (2.12) respetively.Proof of Lemma 2.11The ontinuity of (A1) is trivial sine a ∈ L∞(0, T ). From the fat that the semi-group Sε(·) is ontinuous from [0, T ) to (H1(T))2 we dedue the ontinuity of (A2).It remains to prove the ontinuity of (A3) and (A4). Indeed, the ontinuity of (A3)at 0 is a onsequene of inequality (2.13). Now, we are going to prove the ontinuityof (A3) for all θ ∈ (0, T ). For all t, suh that θ < t ≤ min(T, 3θ

2
), we write t = (1+γ)θand denote τ = (1 − γ)θ (where 0 < γ ≤ 1

2
) and we write

B(u, u)(t) −B(u, u)(θ) =

∫ τ

0

(S(t− s) − S(θ − s))

(

Cα[u1(s) − u2(s)]
∂u

∂x
(s)

)

ds

+

∫ θ

τ

(S(t− s) − S(θ − s))

(

Cα[u1(s) − u2(s)]
∂u

∂x
(s)

)

ds

+

∫ t

θ

S(t− s)

(

Cα[u1(s) − u2(s)]
∂u

∂x
(s)

)

ds 47
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=

I1
︷ ︸︸ ︷
∫ τ

0

((S(t− θ) − Id)S(θ − s))

(

Cα[u1(s) − u2(s)]
∂u

∂x
(s)

)

ds

+

I2
︷ ︸︸ ︷
∫ θ

τ

((S(t− θ) − Id)S(θ − s))

(

Cα[u1(s) − u2(s)]
∂u

∂x
(s)

)

ds

+

∫ t

θ

S(t− s)

(

Cα[u1(s) − u2(s)]
∂u

∂x
(s)

)

ds.We apply Lemma 2.10 (i) and Lemma 2.6 (ii) to �nd an upper bound to I1. We thenapply Lemma 2.10 (ii) to �nd an upper bound to I2. After that, we follow the samesteps of the proof of Proposition 2.7 to onlude that :
‖B(u, u)(t) −B(u, u)(θ)‖H1 ≤ C(t− θ)‖u‖2

(L∞((0,T );H1(T)))2

∫ τ

0

1

(θ − s)
3
2

ds

+C‖u‖2
(L∞((0,T );H1(T)))2

∫ θ

τ

1

(θ − s)
1
2

ds

+C‖u‖2
(L∞((0,T );H1(T)))2

∫ t

θ

1

(t− s)
1
2

ds.After the omputation of eah integral we dedue that :
‖B(u, u)(t) −B(u, u)(θ)‖H1 ≤ C(t− θ)

(

1

(θ−τ)
1
2
− 1

θ
1
2

)

‖u‖2
(L∞((0,T );H1(T)))2

+C
(

(θ − τ)
1
2 + (t− θ)

1
2

)

‖u‖2
(L∞((0,T );H1(T)))2

.Observing that t− θ = θ − τ = γθ we �nally obtain the following inequality :
‖B(u, u)(t) −B(u, u)(θ)‖H1 ≤ C(θ, γ)

(

(t− θ)
1
2 + (t− θ)

)

‖u‖2
(L∞((0,T );H1(T)))2

,hene the ontinuity of (A3). In the same way we get the ontinuity in time of (A4).
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2. Existene of solutions for an approximated system2.3 Proof of Theorem 2.1Proof of Theorem 2.1We rewrite the system (2.9) in the following vetorial form :
ρε

vec(·, t) = Sε(t)ρ
ε
0,vec + L0

~i

∫ t

0

aε(s)ds+ Ī1

∫ t

0

Sε(t− s)

(

Cα[ρε(s)]
∂ρε

vec

∂x
(s)

)

ds

+L0
~i

∫ t

0

Sε(t− s)Cα[ρε(s)]ds+ Ī1

∫ t

0

Sε(t− s)

(

aε(s)
∂ρε

vec

∂x
(s)

)

ds.Suh that ρε
vec is the vetor (ρ+,ε,per, ρ−,ε,per) and ρε

0,vec is the vetor (ρ+,ε,per
0 , ρ−,ε,per

0 ).
~i and Ī1 are de�ned in (2.10) and (2.11) respetively.This altogether leads to the following equation :

ρε
vec(·, t) = Sε(t)ρ

ε
0,vec +Xaε(t) +B(ρε

vec, ρ
ε
vec)(t) + L(ρε

vec)(t), (2.14)where B is the bilinear appliation and L is the linear appliation de�ned in (2.11)and (2.12) respetively and Xaε is de�ned in Lemma 2.9. Moreover, aording toLemmas 2.9 and 2.3 we know that :
‖S(t)ρε

0,vec +Xaε(t)‖(L∞((0,T );H1(T)))2 ≤ ‖ρε
0,vec‖H1(T) + L0T‖aε‖L∞(R)

≤ C0|ρ0,vec‖H1(T) + L0T‖a‖L∞(0,T ).In order to apply Lemma 2.5, we want, for a well hosen time T , that the followinginequality holds :
C0‖ρ0

vec‖H1(T) + L0T‖a‖L∞(0,T ) <
1

4CT
1
2

(CT
1
2 − 1)2, and CT 1

2 < 1, (2.15)where C is the largest onstant between the two onstants omputed in Propositions2.8 and 2.7. For :
(T ⋆)

1
2 (‖ρ0,vec‖H1(T), ‖a‖L∞(0,T ), L0, ε) = min

(

1,
1

2C
,

1

16C(C0‖ρ0
vec‖H1(T) + L0‖a‖L∞(0,T ))

)

,(2.16)we an easily verify that T ⋆ satis�es the inequality (2.15). We apply Lemma 2.5 overthe spae FT ⋆ = (L∞((0, T ⋆);H1(T)))
2, to prove the existene of a solution for thesystem (2.14) in FT ⋆ .Then, aording to Lemma 2.11, we dedue that the obtained solution is (C([0, T ⋆);H1(T)))

2.This proves, by Lemma 2.4, the existene of a solution in the sense of distributionsfor the system (2.5)-(2.6) in C([0, T ⋆);H1
loc(R)) that veri�es (H1). 249



Chapitre 2 : Système d'équations de type Burgers3 Properties of the solution to the approximatedsystemIn this setion we show that, the solutions of system (2.5)-(2.6) obtained in theprevious setion, are regular and verify (H2), provided with initial onditions verify
(H2).Lemma 3.1 (Regularity of the solution) Assume (H1), (H3) and ρ±0 ∈ H1

loc(R),if ρ±,ε ∈ C([0, T );H1
loc(R)) are solutions of the system (2.5)-(2.6), then ρ±,ε ∈

C∞(R × [0, T )).Proof of Lemma 3.1If we denote the seond term of the system (2.7) by
f±

aε,α[ρε(t)] = ∓aε(t)

(

L0 +
∂ρ±,ε,per

∂x

)

∓ Cα[ρε(t)]

(
∂ρ±,ε,per

∂x
+ L0

)

,we know that f±
aε,α[ρε] ∈ L2(T×(0, T )). Moreover, we know that the initial onditions

ρ±,ε,per
0 ∈ C∞(T), whih allows us to apply the L2 regularity of the heat equationover the system (2.7)-(2.8) (see Lions-Magenes [105, Th.8.2℄). Then we dedue byindution that the solution is C∞(T × [0, T )). 2Lemma 3.2 (Monotoniity of the solution in spae) Assume (H1), (H2),

(H3) and ρ±0 ∈ H1
loc(R), if ρ±,ε ∈ C∞(R × [0, T )) are solutions of the system (2.5)-(2.6), then ρ±,ε(., t) veri�es (H2) for all t ∈ (0, T ).Proof of Lemma 3.2First, we remark that if ∂ρ±0

∂x
≥ 0, then ∂ρ±,ε

0

∂x
≥ 0. Indeed, we have

∂ρ±,ε
0

∂x
=
∂ρ±,per

0

∂x
∗ ηε + L0 =

(
∂ρ±,per

0

∂x
+ L0

)

∗ ηε

=

(
∂ρ±0
∂x

)

∗ ηε ≥ 0, beause η is positive.We apply the maximum priniple over the derived system of (2.5)-(2.6) :






∂θ±,ε

∂t
− ε

∂2θ±,ε

∂x2
± (Cα[ρε(t)] + aε(t))

∂θ±,ε

∂x
± (θ+,ε − θ−,ε)θ±,ε = 0 in T × (0, T ),

θ±,ε(x, 0) =
∂ρ±,ε

0

∂x
,

,50



4. A priori estimates and long time existene for the approximatedsystemwhere θ±,ε =
∂ρ±,ε

∂x
(see Gilbarg-Trudinger [63, Th.8.1℄)). Sine ρ±,ε ∈ C∞(R ×

[0, T )), we dedue that θ±,ε ≥ 0 belongs to T × (0, T ). 2Corollary 3.3 (Short time existene of non-dereasing regular solutions)For all α ∈ R and ρ±0 ∈ H1
loc(R), under the assumptions (H1), (H2) and (H3), thereexists

T ⋆(‖ρ±,per
0 ‖H1(T), ‖a‖L∞(0,T ), L0, α, ε) > 0,suh that the system (2.5)-(2.6) admits a solution ρ±,ε ∈ C∞(R × [0, T ⋆)) with

ρ±,ε(., t) verifying (H1) and (H2).The proof of Corollary 3.3 is a onsequene of Theorem 2.1 and Lemmas 3.1 and3.2 (with T = T ⋆).Remark 3.4 Here, we remark that the ase of non-dereasing solutions orrespondsto a non-shok ase in Burgers equation. On the other hand, the dereasing solutionsrepresent the shok ase.4 A priori estimates and long time existene for theapproximated systemIn this paragraph, we are going to show some ε-uniform estimates on the solutionsof the system (2.5)-(2.6). These estimates will be used in setion 4 for the passageto the limit as ε tends to zero.Lemma 4.1 (L2 estimates over the spae derivatives of the solutions) As-sume (H1), (H2), (H3) and ρ±0 ∈ H1
loc(R), if ρ±,ε ∈ C∞(R× [0, T )) is a solution ofthe system (2.5)-(2.6) for all T ≥ 0, then

∥
∥
∥
∥

∂ρ+,ε

∂x

∥
∥
∥
∥

2

L∞((0,T );L2(T))

+

∥
∥
∥
∥

∂ρ−,ε

∂x

∥
∥
∥
∥

2

L∞((0,T );L2(T))

≤ CB0,with B0 =

(∥
∥
∥
∥

∂ρ+
0

∂x

∥
∥
∥
∥

2

L2(T)

+

∥
∥
∥
∥

∂ρ−0
∂x

∥
∥
∥
∥

2

L2(T)

).Proof of Lemma 4.1If we denote ρε = ρ+,ε −ρ−,ε and kε = ρ+,ε +ρ−,ε then, aording to (H1), it is learthat ρε, ∂ρε

∂x
and ∂kε

∂x
are 1-periodi funtions. Moreover, by Lemma 3.2, we knowthat ∂kε

∂x
≥ 0.If we take into onsideration the equations of the system (2.5), we an onlude that

ρε and kε verify the following system : 51



Chapitre 2 : Système d'équations de type Burgers






∂ρε

∂t
− ε

∂2ρε

∂x2
= −

(

ρε + α

∫ 1

0

ρεdx+ aε(t)

)
∂kε

∂x
in D′(R × (0, T )),

∂kε

∂t
− ε

∂2kε

∂x2
= −

(

ρε + α

∫ 1

0

ρεdx+ aε(t)

)
∂ρε

∂x
in D′(R × (0, T )).(4.17)We derive the �rst equation of the system (4.17) with respet to x, then we multiplythe result by ∂ρε

∂x
and �nally we integrate in spae. For all t ∈ (0, T ), we then obtain :

1

2

d

dt

∥
∥
∥
∥

∂ρε

∂x
(t)

∥
∥
∥
∥

2

L2(T)

+ ε

∥
∥
∥
∥

∂2ρε

∂x2
(t)

∥
∥
∥
∥

2

L2(T)

= −
∫ 1

0

(
∂ρε

∂x
)2∂k

ε

∂x
−
∫ 1

0

ρε∂ρ
ε

∂x

∂2kε

∂x2

−
(

α

∫ 1

0

ρε + aε(t)

)∫ 1

0

∂2kε

∂x2

∂ρε

∂x
.Now, we proeed in the same way as for the previous equation, but we multiply theseond equation of the system (4.17) by ∂kε

∂x
. For every t ∈ (0, T ), we obtain :

1

2

d

dt

∥
∥
∥
∥

∂kε

∂x
(t)

∥
∥
∥
∥

2

L2(T)

+ ε

∥
∥
∥
∥

∂2kε

∂x2
(t)

∥
∥
∥
∥

2

L2(T)

= −
∫ 1

0

(
∂ρε

∂x
)2∂k

ε

∂x
−
∫ 1

0

ρε∂k
ε

∂x

∂2ρε

∂x2

−
(

α

∫ 1

0

ρε + aε(t)

)∫ 1

0

∂2ρε

∂x2

∂kε

∂x
.Adding the two previous equations, thanks to the periodiity of ρε and ∂kε

∂x
, we inferthat :

1

2

d

dt

∥
∥
∥
∥

∂ρε

∂x
(t)

∥
∥
∥
∥

2

L2(T)

+
1

2

d

dt

∥
∥
∥
∥

∂kε

∂x
(t)

∥
∥
∥
∥

2

L2(T)

≤ −
∫ 1

0

(
∂ρε

∂x
)2∂k

ε

∂x
−
∫ 1

0

∂

∂x

(

ρε∂ρ
ε

∂x

∂kε

∂x

)

−
(

α

∫ 1

0

ρε + aε(t)

)∫ 1

0

∂

∂x

(
∂ρε

∂x

∂kε

∂x

)

≤ −
∫ 1

0

(
∂ρε

∂x
)2∂k

ε

∂x
≤ 0.We integrate in time and we use the fat that ρ±,ε ∈ C∞(R × [0, T )) and Lemma52



4. A priori estimates and long time existene for the approximatedsystem2.3. We obtain in partiular
sup

t∈(0,T )

∥
∥
∥
∥

∂ρε

∂x
(t)

∥
∥
∥
∥

2

L2(T)

+ sup
t∈(0,T )

∥
∥
∥
∥

∂kε

∂x
(t)

∥
∥
∥
∥

2

L2(T)

≤ C

(∥
∥
∥
∥

∂(ρ+
0 − ρ−0 )

∂x

∥
∥
∥
∥

2

L2(T)

+

∥
∥
∥
∥

∂(ρ+
0 + ρ−0 )

∂x

∥
∥
∥
∥

2

L2(T)

)

.That leads to the desired result. 2Lemma 4.2 (L2 estimates of the solutions ) Assume (H1), (H2), (H3) and
ρ±0 ∈ H1

loc(R), if ρ±,ε ∈ C∞(R × [0, T )) are solutions of the system (2.5)-(2.6) forevery T ≥ 0, then
∥
∥ρ+,ε

∥
∥

2

L∞((0,T );L2(0,1))
+
∥
∥ρ−,ε

∥
∥

2

L∞((0,T );L2(0,1))
≤ C

(
M0 + (B0 + ‖a‖2

L∞(0,T ))
)
e4L0(1+α2)T ,where B0 is de�ned in Lemma 4.1, and M0 =

(∥
∥ρ+

0

∥
∥

2

L2(0,1)
+
∥
∥ρ−0

∥
∥

2

L2(0,1)

).Proof of Lemma 4.2We will use the same proedure of the proof of Lemma 4.1. We multiply the �rstequation of the system (4.17) by ρε then we integrate in spae. For every t ∈ (0, T ),we obtain :
1

2

d

dt
‖ρε(t)‖2

L2(T)+ε

∥
∥
∥
∥

∂ρε

∂x
(t)

∥
∥
∥
∥

2

L2(T)

= −
∫ 1

0

(ρε)2∂k
ε

∂x
−
(

α

∫ 1

0

ρε + aε(t)

)∫ 1

0

ρε∂k
ε

∂x
.Similarly, we multiply the seond equation of the system (4.17) by kε and we inte-grate in spae. For every t ∈ (0, T ), we obtain :

1

2

d

dt
‖kε(t)‖2

L2(0,1)+ε

∥
∥
∥
∥

∂kε

∂x
(t)

∥
∥
∥
∥

2

L2(T)

= −
∫ 1

0

ρε∂ρ
ε

∂x
kε−

(

α

∫ 1

0

ρε + aε(t)

)∫ 1

0

kε∂ρ
ε

∂x
.Now, we add the two previous equations and get :

1

2
(
d

dt
‖ρε(t)‖2

L2(T) +
d

dt
‖kε(t)‖2

L2(0,1)) ≤ −
∫ 1

0

(

(ρε)2∂k
ε

∂x
+

1

2
kε∂(ρε)2

∂x

)

−
(

α

∫ 1

0

ρε + aε(t)

)(∫ 1

0

kε∂ρ
ε

∂x
+

∫ 1

0

ρε∂k
ε

∂x

)

≤ −1

2

∫ 1

0

(ρε)2∂k
ε

∂x
− 1

2

∫ 1

0

∂((ρε)2kε)

∂x

−
(

α

∫ 1

0

ρε + aε(t)

)∫ 1

0

∂(kερε)

∂x
. 53



Chapitre 2 : Système d'équations de type BurgersReall that ρε is periodi and kε is non-dereasing, we see that
1

2
(
d

dt
‖ρε(t)‖2

L2(T) +
d

dt
‖kε(t)‖2

L2(0,1)) ≤ −
(

α

∫ 1

0

ρε + aε(t)

)∫ 1

0

∂(kερε)

∂x
.But we know from (H1) that ρε and (kε − 2L0x) are 1-periodi funtions, whihimplies that :

∫ 1

0

∂(kερε)

∂x
=

∫ 1

0

∂((kε − 2L0x)ρ
ε)

∂x
+ 2L0

∫ 1

0

∂(xρε)

∂x
= 2L0

∫ 1

0

x
∂ρε

∂x
+ 2L0

∫ 1

0

ρε.We use Lemmas 4.1, 2.3, and the fat that (ab ≤ 1
2
(a2+b2) and (a+b)2 ≤ 2(a2+b2)),to dedue that :

d

dt

(

‖kε(t)‖2
L2(0,1) + ‖ρε(t)‖2

L2(T)

)

≤ 4L0

(

|α| ‖ρε(t)‖L2(T) + ‖a‖L∞(0,T )

)
(∥
∥
∥
∥

∂ρε

∂x
(t)

∥
∥
∥
∥

L2(T)

+ ‖ρε(t)‖L2(T)

)

≤ 4L0

(

‖a‖2
L∞(0,T ) + (1 + α2)‖ρε(t)‖2

L2(T) +

∥
∥
∥
∥

∂ρε

∂x
(t)

∥
∥
∥
∥

2

L2(T)

)

≤ 4L0

(

CB0 + ‖a‖2
L∞(0,T )

)

+4L0(1 + α2)
(

‖ρε(t)‖2
L2(T) + ‖kε(t)‖2

L2(0,1)

)

,Using the previous estimate and the fat that ρ±,ε ∈ C∞(R × [0, T )), we �nallyobtain :
‖ρε‖2

L∞((0,T );L2(T)) + ‖kε‖2
L∞((0,T )L2(0,1)) ≤ C

(
M0 +B0 + ‖a‖2

L∞(0,T )

)
e4L0(1+α2)T .This leads to the desired result. 2Lemma 4.3 (L2 estimate on the time derivatives of the solutions) As-sume (H1), (H2), (H3) and ρ±0 ∈ H1

loc(R), if ρ±,ε ∈ C∞(R × [0, T )) is a so-lution of the system (2.5)-(2.6) for every T ≥ 0, then there exists a onstant
C
(
T, L0, α, ‖a‖L∞(0,T ),M0, B0

) independent of ε suh that :
∥
∥
∥
∥

∂ρ±,ε

∂t

∥
∥
∥
∥

L2(T×(0,T ))

≤ C.54



4. A priori estimates and long time existene for the approximatedsystemProof of Lemma 4.3For the proof of Lemma 4.3, it is su�ient to show that the seond term of thesystem (2.5)
f±

aε,α[ρε(t)] = ∓
(

aε(t) + ρε + α

∫ 1

0

ρεdx

)
∂ρ±,ε

∂x
,is bounded in L∞((0, T );L2(T)) uniformly in ε. Indeed,

∥
∥f±

aε,α[ρε]
∥
∥

L∞((0,T ⋆);L2(T))
≤
∥
∥
∥
∥

(

aε(·) + ρε + α

∫ 1

0

ρεdx

)
∂ρ±,ε

∂x

∥
∥
∥
∥

L∞((0,T );L2(T))

≤ C
(
‖ρε‖L∞(T×(0,T )) + ‖a‖L∞(0,T )

)
∥
∥
∥
∥

∂ρ±,ε

∂x

∥
∥
∥
∥

L∞((0,T );L2(T))

.We use the Lemmas 4.1, 4.2 and the Sobolev injetions to dedue that there existsa onstant C (T, L0, α, ‖a‖L∞(0,T ),M0, B0

) suh that
∥
∥f±

aε,α[ρε]
∥
∥

L∞((0,T );L2(T))
≤ C.To end up, we multiply the �rst and the seond equations of the system (2.5) by

∂ρ+,ε

∂t
, ∂ρ−,ε

∂t
respetively and we integrate in spae. We dedue that for every t ∈

(0, T ) we have :
∥
∥
∥
∥

∂ρ±,ε

∂t
(t)

∥
∥
∥
∥

2

L2(T)

+
ε

2

d

dt

∥
∥
∥
∥

∂ρ±,ε

∂x
(t)

∥
∥
∥
∥

2

L2(T)

=

∫ 1

0

f±
aε,α[ρε(t)]

∂ρ±,ε

∂t
.We integrate in time and we use the fat that ρ±,ε ∈ C(R× [0, T )) for all T ≥ 0, weget :

∥
∥
∥
∥

∂ρ±,ε

∂t

∥
∥
∥
∥

2

L2(T×(0,T ))

+
ε

2

∥
∥
∥
∥

∂ρ±,ε

∂x
(T )

∥
∥
∥
∥

2

L2(T)

=

∫ T

0

∫ 1

0

f±
aε,α[ρε(t)]

∂ρ±,ε

∂t
+
ε

2

∥
∥
∥
∥

∂ρ0
±,ε

∂x

∥
∥
∥
∥

2

L2(T)

.We apply Hölder's inequality and the fat that ε < 1 and ab ≤ 1
2
(a2 + b2), to obtainthat :

∥
∥
∥
∥

∂ρ±,ε

∂t

∥
∥
∥
∥

2

L2(T×(0,T ))

≤
∥
∥f±

aε,α[ρε]
∥
∥

L2(T×(0,T ))

∥
∥
∥
∥

∂ρ±,ε

∂t

∥
∥
∥
∥

L2(T×(0,T ))

+
1

2

∥
∥
∥
∥

∂ρ0
±,ε

∂x

∥
∥
∥
∥

2

L2(T)

≤ C

2

(

∥
∥f±

aε,α[ρε]
∥
∥

2

L2(T×(0,T ))
+

∥
∥
∥
∥

∂ρ±,ε

∂t

∥
∥
∥
∥

2

L2(T×(0,T ))

+

∥
∥
∥
∥

∂ρ0
±

∂x

∥
∥
∥
∥

2

L2(T)

)
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Chapitre 2 : Système d'équations de type Burgersthat leads to
∥
∥
∥
∥

∂ρ±,ε

∂t

∥
∥
∥
∥

2

L2(T×(0,T ))

≤ C

(

∥
∥f±

aε,α[ρε]
∥
∥

2

L2(T×(0,T ))
+

∥
∥
∥
∥

∂ρ0
±

∂x

∥
∥
∥
∥

2

L2(T)

)

≤ C

(

T
∥
∥f±

aε,α[ρε]
∥
∥

2

L∞((0,T );L2(T))
+

∥
∥
∥
∥

∂ρ0
±

∂x

∥
∥
∥
∥

2

L2(T)

)

≤ C,where C (T, L0, α, ‖a‖L∞(0,T ),M0, B0

). 2Remark 4.4 (The sense of the initial onditions) Aording to Lemma 4.3,we have ρ±,ε,per ∈ C([0, T ), L2(T)) uniformly in ε. This will give a sense to the limitof the initial onditions.Theorem 4.5 (Long time existene) Assume (H1), (H2) and (H3), for all
L0, T ≥ 0, α ∈ R and ρ±0 ∈ H1

loc(R), the system (2.5)-(2.6) admits the solutions
ρ±,ε ∈ C∞(R×[0, T )), with ρ±,ε(., t) verifying (H1) and (H2). Moreover, there existsa onstant C (T, L0, α, ‖a‖L∞(0,T ),M0, B0

) independent of ε, with B0 and M0 de�nedin Lemmas 4.1 and 4.2 respetively, suh that :
∥
∥ρ±,ε,per

∥
∥

L∞((0,T );L2(T))
+

∥
∥
∥
∥

∂ρ±,ε

∂x

∥
∥
∥
∥

L∞((0,T );L2(T))

+

∥
∥
∥
∥

∂ρ±,ε

∂t

∥
∥
∥
∥

L2(T×(0,T ))

≤ C, (4.18)where ρ±,ε,per = ρ±,ε − L0x.Proof of Theorem 4.5We are going to prove that loal time solutions obtained by Corollary 3.3 an beextended to global time solutions for the same system.We argue by ontradition : Assume that there exists a maximum time Tmax suhthat, we have the existene of solutions of the system (2.5)-(2.6) in the funtionspae C∞(R × [0, Tmax)).For every δ > 0, we onsider the system (2.5) with the initial onditions
ρ±,ε

δ,max = ρ±,ε(x, Tmax − δ).We apply for the seond time the same tehni of Corollary 3.3 to dedue that thereexists a time
T ⋆

δ,max(‖ρ±,ε,per
δ,max ‖H1(T), ‖a‖L∞(0,T ), L0, α, ε) > 0, where ρ±,ε,per

δ,max = ρ±,ε
δ,max − L0x,suh that the system (2.5)-(2.6) admits a solution de�ned until the time

T0 = (Tmax − δ) + T ⋆
δ,max.56



5. Existene and uniqueness of the solution of (1.1)-(1.2)Moreover, aording to Lemmas 4.1 and 4.2, we know that ρ±,ε,per
δ,max are δ-uniformlybounded in H1(T). We use (2.16) to dedue that there exists a onstant

C(ε, Tmax, α, ‖a‖L∞(0,T ), L0) > 0,independent of δ suh that T ⋆
δ,max ≥ C > 0, then lim

δ→0
T ⋆

δ,max ≥ C > 0 whih impliesthat T0 > Tmax and so a ontradition.The estimation (4.18) is a onsequene of Lemmas 4.1, 4.2 and 4.3. 25 Existene and uniqueness of the solution of (1.1)-(1.2)In this paragraph, we are going to prove that the system (1.1)-(1.2) admits aunique solution ρ± (in the distribution sense) whih is the limit as ε → 0 of ρ±,εgiven by Theorem 4.5. In order to do that, we pass to the limit when ε tends to 0in the system (2.7)-(2.8), and we use (4.18) in order to assure the ompatness. Theproof of the uniqueness uses diret arguments.Proof of Theorem 1.1We �rst prove the existene and then establish the uniqueness.Step 1 (Existene) :Let ρ±,ε be the solution of the system (2.5) given by Theorem 4.5. Aording to(4.18) we know that ρ±,ε,per are ε-uniformly bounded in H1(T × (0, T )), then wean extrat a sub-sequene that onverges weakly in H1(T × (0, T )). Knowing that
H1(T× (0, T )) is ompat in L2(T× (0, T )), this sub-sequene strongly onverges in
L2(T×(0, T )). If we denote by ρ±,per the limit of this sub-sequene, we have to provethat ρ±,per + L0x is a solution of the system (1.1)-(1.2) in the sense of distribution.Indeed, by Lemma 2.3, the term ∓ (L0a

ε) of the equation (2.7) onverges stronglyto (∓L0a) in L2(0, T ).The linear term
∓
(

L0Cα[ρε] + aε(t)
∂ρ

∂x

±,ε,per)of the equation (2.7), weakly onverges in L1(T × (0, T )) and the reason is, in theone hand that ∂ρ

∂x

±,ε,per are ε-uniformly bounded in L2(T × (0, T )) that gives usthe weak onvergene in L2(T × (0, T )) and on the other hand, that aε stronglyonverges in L2(0, T ). Then, the linear term onverges in the sense of distributions(i.e. in D′(T × (0, T ))). It remains to prove that the bilinear term
Cα[ρε]

∂ρ

∂x

±,ε,per 57



Chapitre 2 : Système d'équations de type Burgersof the equation (2.7), also onverges in the sense of distributions. We have :1. The sequene Cα[ρε] is ompat in L2(T × (0, T )).2. The funtions ∂ρ
∂x

±,ε,per are ε-uniformly bounded in L2(T × (0, T )),that gives us a strong onvergene in L2(T × (0, T )) times a weak onvergene in
L2(T× (0, T )) and hene a weak onvergene of the produt in L1(T× (0, T )). Thisleads, as a onsequene, to the onvergene in the distribution sense. This, altoge-ther, shows that ρ±,per + L0x is a solution in the sense of distribution of the system(1.1)-(1.2) and ρ±,per veri�es estimate (4.18).It remains to prove that the initial ondition is satis�ed by the limit funtion ρ±,per.In fat, aording to the estimate (4.18) on ρ±,ε,per, ∂ρ

∂t

±,ε and ∂ρ

∂x

±,ε, we see that
ρ±,ε,per is ε-uniformly bounded in H1(T × (0, T )).From the fat that the injetion of H1(T × (0, T )) in C([0, T );L2(T)) is ontinuousand ompat by lassial arguments, we see that, for all v ∈ L2(T), the appliation
γ : U 7−→

∫ 1

0

U(0)v is a ontinuous linear form for U ∈ C([0, T );L2(T)) and hene
γ(ρ±,ε,per) → γ(ρ±,per) as ε → 0, beause up to a subsequene ρ±,ε,per onvergesstrongly in C([0, T );L2(T)). This altogether proves that the solution veri�es theinitial onditions (1.2).Step 2 (Uniqueness) :Let ρ±1 and ρ±2 be two solutions of the system (1.1), suh that ρ±1 (·, 0) = ρ±2 (·, 0) = ρ±0and ρ±i (·, t) verify (H1), (H2) and estimate (4.18) for i = 1, 2, t ∈ (0, T ).If we denote ρi = ρ+

i − ρ−i , ki = ρ+
i + ρ−i for i = 1, 2, then it is lear that (ρ1 − ρ2)and (k1 − k2) are 1-periodi funtions in spae and ρi, ki verify the following systemfor i = 1, 2 :







∂ρi

∂t
= −

(

ρi + α

∫ 1

0

ρidx+ a(t)

)
∂ki

∂x
in D′(R × (0, T )),

∂ki

∂t
= −

(

ρi + α

∫ 1

0

ρidx+ a(t)

)
∂ρi

∂x
in D′(R × (0, T )).

(5.19)
We subs-trat the two systems to obtain that :58



5. Existene and uniqueness of the solution of (1.1)-(1.2)






∂(ρ1 − ρ2)

∂t
= −

(

ρ1 + α

∫ 1

0

ρ1dx

)
∂k1

∂x
+

(

ρ2 + α

∫ 1

0

ρ2dx

)
∂k2

∂x
− a(t)

∂(k1 − k2)

∂x
,

∂(k1 − k2)

∂t
= −

(

ρ1 + α

∫ 1

0

ρ1dx

)
∂ρ1

∂x
+

(

ρ2 + α

∫ 1

0

ρ2dx

)
∂ρ2

∂x
− a(t)

∂(ρ1 − ρ2)

∂x
.The previous system is equivalent to :







∂(ρ1 − ρ2)

∂t
= −

(

(ρ1 − ρ2) + α

∫ 1

0

(ρ1 − ρ2)dx

)
∂k1

∂x
−
(

ρ2 + α

∫ 1

0

ρ2dx

)
∂(k1 − k2)

∂x

−a(t)∂(k1 − k2)

∂x
,

∂(k1 − k2)

∂t
= −

(

(ρ1 − ρ2) + α

∫ 1

0

(ρ1 − ρ2)dx

)
∂ρ1

∂x
−
(

ρ2 + α

∫ 1

0

ρ2dx

)
∂(ρ1 − ρ2)

∂x

−a(t)∂(ρ1 − ρ2)

∂x
.We multiply the �rst equation of this system by (ρ1 − ρ2) and we integrate in spaeto obtain, for almost every t, that :

1

2

d

dt
‖(ρ1 − ρ2)(t)‖2

L2(T) = −
∫ 1

0

(

(ρ1 − ρ2)
2∂k1

∂x

)

− α

(∫ 1

0

(ρ1 − ρ2)

)∫ 1

0

(

(ρ1 − ρ2)
∂k1

∂x

)

−
∫ 1

0

(

(ρ1 − ρ2)

(

ρ2 + α

∫ 1

0

ρ2

)
∂(k1 − k2)

∂x

)

−a(t)
∫ 1

0

(

(ρ1 − ρ2)
∂(k1 − k2)

∂x

)

.Similarly, we multiply the seond equation by (k1 − k2) and we integrate in spae toget for almost every time t :
1

2

d

dt
‖(k1 − k2)(t)‖2

L2(T) = −
∫ 1

0

(

(ρ1 − ρ2)(k1 − k2)
∂ρ1

∂x

)

−α
(∫ 1

0

(ρ1 − ρ2)

)∫ 1

0

(k1 − k2)
∂ρ1

∂x

−
∫ 1

0

(

(k1 − k2)

(

ρ2 + α

∫ 1

0

ρ2

)
∂(ρ1 − ρ2)

∂x

)

−a(t)
∫ 1

0

(

(k1 − k2)
∂(ρ1 − ρ2)

∂x

)

. 59



Chapitre 2 : Système d'équations de type BurgersWe add the two previous equations to obtain, for almost every time t :
1

2

d

dt

(

‖(ρ1 − ρ2)(t)‖2
L2(T) + ‖(k1 − k2)(t)‖2

L2(T)

)

= −
∫ 1

0

(

(ρ1 − ρ2)
2∂k1

∂x

)

− α

(∫ 1

0

(ρ1 − ρ2)

)∫ 1

0

(

(ρ1 − ρ2)
∂k1

∂x

)

−α
(∫ 1

0

(ρ1 − ρ2)

)∫ 1

0

(

(k1 − k2)
∂ρ1

∂x

)

−
∫ 1

0

(
∂

∂x

(

(ρ1 − ρ2)(k1 − k2)

(

ρ2 + α

∫ 1

0

ρ2

)))

−
∫ 1

0

(

(ρ1 − ρ2)(k1 − k2)
∂(ρ1 − ρ2)

∂x

)

− a(t)

∫ 1

0

(
∂

∂x
((ρ1 − ρ2)(k1 − k2))

)

.From the fat that ρi, i = 1, 2 and (k1 − k2) are 1-periodi funtions in spae, theprevious equation beomes :
=

I1
︷ ︸︸ ︷

−
∫ 1

0

(

(ρ1 − ρ2)
2∂k1

∂x

)

I2
︷ ︸︸ ︷

− α

(∫ 1

0

(ρ1 − ρ2)

)∫ 1

0

(

(ρ1 − ρ2)
∂k1

∂x

)

I3
︷ ︸︸ ︷

−α
(∫ 1

0

(ρ1 − ρ2)

)∫ 1

0

(

(k1 − k2)
∂ρ1

∂x

)

I4
︷ ︸︸ ︷

−
∫ 1

0

(

(ρ1 − ρ2)(k1 − k2)
∂(ρ1 − ρ2)

∂x

)

.And sine ∂ki

∂x
≥ 0 for i = 1, 2, we know that :

I1 + I4 = −
∫ 1

0

(

(ρ1 − ρ2)
2∂k1

∂x

)

− 1

2

∫ 1

0

(

(k1 − k2)
∂

∂x

(
(ρ1 − ρ2)

2
)
)

= −
∫ 1

0

(

(ρ1 − ρ2)
2∂k1

∂x

)

+
1

2

∫ 1

0

(

(ρ1 − ρ2)
2∂(k1 − k2)

∂x

)

= −1

2

∫ 1

0

(

(ρ1 − ρ2)
2∂(k1 + k2)

∂x

)

≤ 0.Moreover, from (4.18), we have for almost every t :
I2 ≤ |α|‖(ρ1 − ρ2)(t)‖L2(T)‖(ρ1 − ρ2)(t)‖L2(T)

∥
∥
∥
∥

∂k1

∂x
(t)

∥
∥
∥
∥

L2(T)

≤ C‖(ρ1 − ρ2)(t)‖2
L2(T).60



6. Further properties : omparison priniple with ase α = 0Similarly, from (4.18), we have, for almost every t, that :
I3 ≤ |α|‖(ρ1 − ρ2)(t)‖L2(T)‖(k1 − k2)(t)‖L2(T)

∥
∥
∥
∥

∂ρ1

∂x
(t)

∥
∥
∥
∥

L2(T)

≤ C
(

‖(ρ1 − ρ2)(t)‖2
L2(T) + ‖(k1 − k2)(t)‖2

L2(T)

)Then
d

dt

(

‖(ρ1 − ρ2)(t)‖2
L2(T) + ‖(k1 − k2)(t)‖2

L2(T)

)

≤ C
(

‖(ρ1 − ρ2)(t)‖2
L2(T) + ‖(k1 − k2)(t)‖2

L2(T)

)

.Now, we integrate in time and we use the fat that ρi, ki ∈ C([0, T ), L2
loc(R)),

ρ1(·, 0) = ρ2(·, 0) and k1(·, 0) = k2(·, 0) to obtain that :
sup

t∈(0,T )

‖(ρ1 − ρ2)(t)‖2
L2(T) + sup

t∈(0,T )

‖(k1 − k2)(t)‖2
L2(T) ≤ 0.This ahieves the proof of uniqueness. 2Remark 5.1 In Theorem 1.1, we have proved a result of existene and uniqueness in

H1
loc(R× [0, T )) depending on some uniform estimates in this spae. These estimatesgive a su�ient ompatness in order to ensure the passage to the limit as ε tendsto 0 in the bilinear term. However, the spae W 1,1

loc (R × [0, T )) does not give enoughompatness. On the other hand, the spae of funtions L2
loc(R× [0, T )) having theirderivatives in L∞((0, T ); (L1 logL1)loc (R)) requires the minimal properties to ensurethe passage to the limit in the bilinear term. The result of existene in this spae willbe the ore of a paper in preparation.6 Further properties : omparison priniple withase α = 0In this setion, we are going to prove a omparison priniple result of the system(1.1) in the ase α = 0 (i.e. the Theorem 1.2). In order to do this, �rst we prove inthe following subsetion the same result for the approximate system (2.5). Then, wegive the proof of Theorem 1.2.6.1 Comparison priniple for the regularized system withase α = 0Lemma 6.1 (Comparison priniple) Let a(·) satis�es (H3) and ρ±,ε

1 , ρ±,ε
2 ∈

C∞(R × [0, T )) be two solutions of the system (2.5) with α = 0. Moreover, let
ρ±,ε

1 (., t), ρ±,ε
2 (., t) verify (H1) and (H2) for all t ∈ [0, T ). Then, if ρ±,ε

1 (·, 0) ≤
ρ±,ε

2 (·, 0) in R, we have ρ±,ε
1 ≤ ρ±,ε

2 on R × [0, T ). 61



Chapitre 2 : Système d'équations de type BurgersProof of Lemma 6.1We know that ρ±,ε
1 and ρ±,ε

2 verify the following systems :






∂ρ+,ε
1

∂t
− ε

∂2ρ+,ε
1

∂x2
= −

(
ρ+,ε

1 − ρ−,ε
1 + aε(t)

) ∂ρ+,ε
1

∂x
in D′(R × (0, T )),

∂ρ−,ε
1

∂t
− ε

∂2ρ−,ε
1

∂x2
=

(
ρ+,ε

1 − ρ−,ε
1 + aε(t)

) ∂ρ−,ε
1

∂x
in D′(R × (0, T )),







∂ρ+,ε
2

∂t
− ε

∂2ρ+,ε
2

∂x2
= −

(
ρ+,ε

2 − ρ−,ε
2 + aε(t)

) ∂ρ+,ε
2

∂x
in D′(R × (0, T )),

∂ρ−,ε
2

∂t
− ε

∂2ρ−,ε
2

∂x2
=

(
ρ+,ε

2 − ρ−,ε
2 + aε(t)

) ∂ρ−,ε
2

∂x
in D′(R × (0, T )),respetively.If we denote w±,ε by ρ̃±,ε

2 − ρ̃±,ε
1 , where,

ρ̃±,ε
2 = ρ±,ε

2 e−γt, and ρ̃±,ε
1 = ρ±,ε

1 e−γt with γ > 0,we an easily hek that w±,ε are solutions of the following system :






∂w+,ε

∂t
− ε

∂2w+,ε

∂x2
+ γw+,ε = −eγt (w+,ε − w−,ε)

∂ρ̃+,ε
2

∂x
− eγt

(
ρ̃+,ε

1 − ρ̃−,ε
1 + e−γtaε(t)

) ∂w+,ε

∂x
,

∂w−,ε

∂t
− ε

∂2w−,ε

∂x2
+ γw−,ε = eγt (w+,ε − w−,ε)

∂ρ̃−,ε
2

∂x
+ eγt

(
ρ̃+,ε

1 − ρ̃−,ε
1 + e−γtaε(t)

) ∂w−,ε

∂x
.(6.20)We are interested in the min

(k,x,t)∈{+,−}×T×(0,T )

(
wk,ε(x, t)

). Our result follows if we anprove that this minimum is positive. However, this minimum is attained at a point
(k0, x0, t0) ∈ {+,−} × T × [0, T ] (beause w+,ε et w−,ε are C∞(T × (0, T ))).Two ases may our :1. Case t0 = 0. We have

min
(k,x,t)∈{+,−}×T×(0,T )

(wk,ε(x, t)) = wk0,ε(x0, t0) =
(

ρk0,ε
2 (x0, 0) − ρk0,ε

1 (x0, 0)
)

e−γt0 ≥ 0;and we are done.62



6. Further properties : omparison priniple with ase α = 02. Case t0 ∈ (0, T ]. We have : (k0, x0, t0) is a minimum point, then :
∂2wk0,ε

∂x2
(x0, t0) ≥ 0, (6.21)

∂wk0,ε

∂t
(x0, t0) ≤ 0, (6.22)

∂wk0,ε

∂x
(x0, t0) = 0. (6.23)We ombine (6.21), (6.22), (6.23) and we take into onsideration that w±,ε veri�esthe system (6.20), we obtain that :

γwk0,ε(x0, t0) ≥ eγt0sign(w+,ε(x0, t0) − w−,ε(x0, t0))(w
+,ε(x0, t0) − w−,ε(x0, t0))

∂ρ̃k0,ε
2

∂x

≥ eγt0|w+,ε(x0, t0) − w−,ε(x0, t0)|
∂ρ̃k0,ε

2

∂x
≥ 0.Then ρ̃±,ε

1 ≤ ρ̃±,ε
2 in R × (0, T ), whih gives ρ±,ε

1 ≤ ρ±,ε
2 . 2We now give the proof of Theorem 1.2 :6.2 Proof of Theorem 1.2Let

ρ±1 (x, 0) = ρ±1,0(x) = ρ±,per
1,0 (x) + L0x and ρ±2 (x, 0) = ρ±2,0(x) = ρ±,per

2,0 (x) + L0x.If we denote
ρ±,ε

1,0 (x) = ρ±,per
1,0 ∗ ηε(x) + L0x and ρ±,ε

2,0 (x) = ρ±,per
2,0 ∗ ηε(x) + L0x,where ηε is a regularization sequene, we an easily hek that ρ±,ε

1,0 ≤ ρ±,ε
2,0 .Moreover, aording to the uniqueness of the solution, we know that there exist

ρ±,ε
1 , ρ±,ε

2 ∈ C∞(R × [0, T )), verifying (H2) for all t ∈ (0, T ), that are solutions ofthe system (2.5), suh that
ρ±1 = lim

ε→0
ρ±,ε

1 , ρ±2 = lim
ε→0

ρ±,ε
2 ,

ρ±,ε
1 (x, 0) = ρ±,ε

1,0 (x) and ρ±,ε
2 (x, 0) = ρ±,ε

2,0 (x).We apply Lemma 6.1 to obtain that ρ±,ε
1 ≤ ρ±,ε

2 . We pass to the limit as ε → 0 todedue that ρ±1 ≤ ρ±2 a.e. in R × (0, T ). 2Remark 6.2 Thanks to this omparison result, we proved in a previous paper [48℄the existene and the uniqueness of a solution (in the visosity sense). Here, thisomparison result is an indiret explanation of our estimates obtained in Lemmas4.1, 4.2 and 4.3 that have ensured our prinipal Theorem 1.1. 63



Chapitre 2 : Système d'équations de type Burgers7 Appliation in the ase of lassial Burgers equa-tionIn this paragraph we are going to prove that this tehni an be also applied tothe lassial Burgers equation, even in the frame of funtions inW 1,p
loc (R× (0, T )) forall 1 ≤ p < +∞, onstituting the proof of Theorem 1.4 :Proof of Theorem 1.4First, we remark that the existene of solution to the regularized problem on brdone thanks to the ontinuous injetion W 1,p(R) in L∞(R).Now, for the proof of this theorem, it su�es to show an estimation over the spaederivatives of the solution (i.e. a result similar to that of Lemma 4.1).First of all, we put ourselves in the hypothesis of Lemma 4.1. We derive the equation(1.4) with respet to x, then we multiply it by (∂u

∂x

)p−1 and �nally we integrateover R, sine u veri�es (H2), we obtain that :
1

p

d

dt
‖∂u
∂x

(t)‖p
Lp(R) = −

∫

R

f ′′(u)
∂u

∂x

(
∂u

∂x

)p

−
∫

R

f ′(u)
∂2u

∂x2

(
∂u

∂x

)p−1

= −
∫

R

∂(f ′(u))

∂x

(
∂u

∂x

)p

− 1

p

∫

R

f ′(u)
∂

∂x

(
∂u

∂x

)p

= −1

p

∫

R

∂

∂x

(

f ′(u)

(
∂u

∂x

)p)

− (1 − 1

p
)

∫

R

f ′′(u)
∂u

∂x

(
∂u

∂x

)p

≤ 0,beause f is onvex, u veri�es (H2) and p ≥ 1. To terminate the demonstration, wefollow the same steps of the proof of Theorem 1.1. We remark that here we do notneed the L2 bound over the solution and also the ompatness in the passage to thelimit, beause the equation (1.4) is in the onservative form whih was not the aseof our study. 28 AknowledgementsThe author would like to thank M. Cannone, R. Monneau, and F. Ribaud forfruitful disussions in the preparation of this paper. We thank also N. Foradel andH. Ibrahim with the seond reading for this paper. This work was supported by theontrat JC 1025 alled �ACI jeunes herheuses et jeunes herheurs� of the FrenhMinistry of Researh (2003-2005).64



Chapitre 3Convergene d'un shéma pour unsystème ouplé non-loal modélisantla dynamique de densités dedisloationsCe hapitre est une version rallongée d'un travail en ollaboration ave N. Foradel,il s'agit d'un artile à paraître dans Mathematis of Computation.
Dans e papier, nous étudions un système ouplé non-loal qui intervient dans lathéorie de la dynamique des densités de disloations. Dans le adre des solutionsvisosité, nous prouvons un résultat d'existene et d'uniité en temps long pour lasolution du modèle. Nous proposons également un shéma numérique et nous mon-trons une estimation d'erreur de type Crandall-Lions entre la solution ontinue etson approximation numérique. À notre onnaissane, il s'agit de la première estima-tion de type Crandall-Lions pour un système d'Hamilton-Jaobi. Nous présentonségalement quelques simulations numériques.
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Chapitre 3 : Convergene du shéma
onvergent sheme for a non-loal oupled systemmodelling disloations densities dynamisA. El Hajj, N. ForadelCERMICS, Éole Nationale des Ponts et Chaussées6 & 8, avenue Blaise Pasal, Cité Desartes,Champs sur Marne, 77455 Marne-La-Vallée Cedex 2, FRANCEAbstratIn this paper, we study a non-loal oupled system that arises in the theory of disloationsdensities dynamis. Within the framework of visosity solutions, we prove a long time exis-tene and uniqueness result for the solution of this model. We also propose a onvergentnumerial sheme and we prove a Crandall-Lions type error estimate between the onti-nuous solution and the numerial one. As far as we know, this is the �rst error estimate ofCrandall-Lions type for Hamilton-Jaobi systems. We also provide some numerial simu-lations.AMS Classi�ation : 35Q72, 49L25, 35F25, 35L40, 65M06, 65M12, 65M15, 74H20,74H25.Keywords : Hamilton Jaobi equations, visosity solutions, disloations densities dyna-mis, numerial sheme, error estimate, system.
1 Introdution1.1 Presentation and physial motivationsA disloation is a rystal defet whih orresponds to a disontinuity in therystalline struture organisation. This onept has been introdued by Polanyi,Taylor and Orowan in 1934 as the main explanation at the mirosopi sale ofplasti deformation. A disloation reates around it a perturbation that an beseen as an elasti �eld. Under an exterior strain, a disloation moves aording toits Burgers vetor whih araterize the intensity and the diretion of the defetdisplaement (see Hirth and Lothe [74℄ for an introdution to disloations).66



1. IntrodutionHere, we are interested in disloations densities dynamis. More preisely, weonsider edge disloations, i.e the Burgers vetors and disloations are in the sameplane. These disloations are moving with the Burgers vetors ±~b (see �gure 3.1).This model has been introdued by Groma, Balogh as a oupled system, namely atransport problem where the veloity is given by the elastiity equations in the 2-Dase (see [71℄).
dislocation of type +

dislocation of type −

⊤

⊤⊥

⊥

⊥

−~b

x2

x1

~b

Fig. 3.1 � The ross-setion of the disloations lines.If the 2-D domain is 1-periodi in x1 and x2, and if the disloations densitiesdepend only on the variable x = x1 + x2 (where (x1, x2) are the oordinates of apoint in R
2), when ~b = (1, 0), the 2-D model of [71℄ redues to the system of oupled1-D non loal Hamilton-Jaobi equations (see Setion 3)







(ρ+)t = −
(

ρ+ − ρ− +

∫ 1

0

(ρ+(x, t) − ρ−(x, t)) dx+ L(t)

)

|Dρ+|
on R × (0, T )

(ρ−)t =

(

ρ+ − ρ− +

∫ 1

0

(ρ+(x, t) − ρ−(x, t)) dx+ L(t)

)

|Dρ−|
on R × (0, T )

(1.1)
where ρ+, ρ− are the unknown salars suh that (ρ+ − ρ−) represents the plastideformation, their spae derivatives Dρ± := ∂ρ±

∂x
are the disloations densities and

L(t) represents the exterior shear stress �eld. From a physial viewpoint, Dρ± ≥
0, however, here we do not make this assumption to remain on a more generalframework. The initial onditions for the system (1.1) are de�ned as follows :

ρ±(x, 0) = ρ0
±(x) = P 0

±(x) + L0x on R (1.2)where P 0
± are periodi of period 1 and Lipshitz ontinuous. In partiular, ρ0

+ − ρ0
−is a 1-periodi funtion. L0 is a given onstant whih is the total densities of type

±, i.e. we suppose that initially, we have the same total density of type + and −.67



Chapitre 3 : Convergene du shéma1.2 Main ResultsThe �rst goal of our paper is to prove the existene and uniqueness for thesolution of the non-loal system (1.1)-(1.2). A natural framework for our study isthe visosity solution theory. We refer to Barles [12℄, Bardi, Capuzzo-doletta [10℄and Crandall, Ishii, Lions [37℄ for a good introdution to this theory in the salarase. We also refer to Ishii, Koike [83℄ and Ishii [82℄ for the vetorial ase and toEngler, Lenhart [50℄, Ishii, Koike [84℄, Lenhart [101℄, Lenhart, Belbas [102℄, Lenhart,Yamada [103℄ and Yamada [134℄ for some appliations.We have the following existene and uniqueness result for the non loal system :Theorem 1.1 (Existene and uniqueness for the non-loal problem) For all
T > 0, for all L0 ∈ R, suppose that ρ0

± ∈ Lip(R) satisfy (1.2) and L ∈ W 1,∞ (R+).Then, the system (1.1)-(1.2) admits a unique visosity solution ρ = (ρ+, ρ−). Mo-reover, this solution is uniformly Lipshitz ontinuous in spae and time.Remark 1.2 If at initial time, we have Dρ0
± ≥ 0, then this remains true for t ≥ 0,i.e., Dρ±(x, t) ≥ 0 for all (x, t) ∈ R × [0, T ]. This allows to treat the physial asewhere Dρ± ≥ 0.The main di�ulty omes from the fat that the omparison priniple does nothold beause of the non-loal term. In order to overome this problem, we lassiallyuse a �xed point method by freezing the non-loal term. In a �rst time, we give anexistene and uniqueness result for the loal problem (this is a simple adaptationof [83℄). Then, we use Lipshitz estimates on the solution to prove the short timeexistene and uniqueness for the non-loal system. In the third step, we obtainedthe result for all time by iterating the proess.Here, we are interested in the disloations densities dynamis. Some others mo-dels have been proposed to desribe the dynamis of disloations lines. We reallsome reent results. A non-loal Hamilton-Jaobi equation have been proposed byAlvarez, Hoh, Le Bouar and Monneau [7℄ [6℄ for modelling disloation dynamis.They also proved a short time existene and uniqueness result for this model. Wealso refer to Alvarez, Cardaliaguet, Monneau [3℄ and Barles, Ley [15℄ for a long timeresult under ertain monotony assumptions and to Foradel [55℄ for a short timeresult for disloations dynamis with a mean urvature term.The seond result is a numerial analysis of the non-loal system (1.1). We pro-pose a numerial sheme for our non-loal system. Then, we give an error estimatebetween the ontinuous solution and the numerial one.We want to approximate the solution of (1.1)-(1.2). Given a mesh size ∆x, ∆t,we de�ne

Ξ = {i∆x, i ∈ Z} ΞT = Ξ × {0, ..., (∆t)NT}68



1. Introdutionwhere NT is the integer part of T/∆t. We refer generially to the lattie by ∆ inthe sequel. The disrete running point is (xi, tn) with xi = i(∆x), tn = n(∆t).We assume that ∆x + ∆t ≤ 1. The approximation of the solution ρk at the node
(xi, tn) is written indi�erently as vk(xi, tn) or vn

k,i aording to whether we view itas a funtion de�ned on the lattie or as a sequene.Now, we will introdue the numerial sheme. The main di�ulty is due to thenon-loal term, whih requires the availability of the solution we are intending toapproximate. To solves this problem, we �x the solution vn
i = (vn

+,i, v
n
−,i) at eahtime step on the interval [tn, tn+1] and we apply the following monotone sheme,

v0
i = (v0

+,i, v
0
−,i) = ρ̃0(xi) = (ρ̃0

+, ρ̃
0
−), (1.3)where ρ̃0

±(xi) is an approximation of ρ0
±(xi) ; and ∀k ∈ {+,−}

vn+1
k,i = vn

k,i + ∆tC∆
k [v](xi, tn)

{
E+
(
D+vn

k,i, D
−vn

k,i

) if C∆
k [v](xi, tn) ≥ 0

E−
(
D+vn

k,i, D
−vn

k,i

) if not (1.4)where
C∆

k [v](xi, tn) = −k
(
vn

+,i − vn
−,i + a∆[v](tn)

)and the non-loal term a∆[v](tn) is given by
a∆[v](tn) =

Nx−1∑

i=0

∆x (v+(xi, tn) − v−(xi, tn)) + L(tn) (1.5)where Nx is the integer part of 1/∆x. E± are the approximation of the Eulideannorm proposed by Osher and Sethian [116℄ :
E+(P,Q) =

(
max(P, 0)2 + min(Q, 0)2

) 1
2 , (1.6)

E−(P,Q) =
(
min(P, 0)2 + max(Q, 0)2

) 1
2and D+vn

k,i, D
−vn

k,i are the disrete gradient for all n ∈ {0, ..., NT}, i ∈ Z and
k ∈ {+,−} :

D+vn
k,i =

vn
k,i+1 − vn

k,i

∆x
, (1.7)

D−vn
k,i =

vn
k,i − vn

k,i−1

∆x
.Finally, we assume the following uniform CFL ondition (see the beginning ofSetion 5.2 for more details)

∆t ≤ 1

2L2

∆x (1.8)69



Chapitre 3 : Convergene du shémawhere
L2 = 2M + 2with M = ‖P 0

+ − P 0
−‖L∞(R).We then have the following error estimate :Theorem 1.3 (Disrete-ontinuous error estimate) Let T ≥ 0. Assume that

∆x + ∆t ≤ 1, L ∈ W 1,∞(R × [0, T )) and that the CFL ondition (1.8) holds. Thenthere exists a onstant K > 0 depending only on ‖P 0
+ − P 0

−‖L∞(R), ‖L‖W 1,∞(0,T ) and
maxk∈{+,−} ‖Dρ0

k‖L∞(R) suh that the error estimate between the ontinuous solution
ρ of the system (1.1)-(1.2) and the disrete solution v of the �nite di�erene sheme(1.3)-(1.4) is given by

max
k∈{+,−}

sup
ΞT

|ρk − vk| ≤ K

(

(T +
√
T ) (∆x+ ∆t)1/2 + max

k∈{+,−}
sup

Ξ
|ρ0

k − v0
k|
)provided K ((T +

√
T )(∆x+ ∆t)

1
2 + max

k∈{+,−}
sup

Ξ
(ρ0

k − v0
k)

)

≤ 1.Remark 1.4 In the ondition K ((T +
√
T )(∆x+ ∆t)

1
2 + max

k∈{+,−}
sup

Ξ
(ρ0

k − v0
k)

)

≤
1, we an replae the right hand side by any positive onstant.In fat in the proof of this theorem, we mimi the ontinuous problem by onsi-dering the approximate solution of (1.1) as a �xed point of a loal system. We areinspired by [5℄ to prove a Crandall-Lions rate of onvergene [40℄, between the onti-nuous solution of (1.1) and the numerial one. As far as we know, this is the �rsterror estimate of Crandall-Lions type for Hamilton-Jaobi systems. We also refer toJakobsen, Karlsen [86℄ and Jakobsen, Karlsen, Risebro [87℄ where they proved anerror estimate for a weakly oupled system of the form

(ui)t +Hi(t, x, ui, Dui) = Gi(t, x, u) in R
N × (0, T ) (1.9)for i = 1, ...,M . Their error estimate is in O(∆t) for a semi-disrete splitting algo-rithm that they propose to approah the solution of (1.9). However, we obtain anerror estimate in O(

√
∆t+ ∆x) beause we also disretize in spae.In the dynamis of disloations lines ase, the model have also been numeriallystudied by Alvarez, Carlini, Monneau and Rouy [4,5℄. In their paper, they proposeda numerial sheme for the non-loal Hamilton-Jaobi equation and they proved aCrandall-Lions type rate of onvergene.Let us now explain how the paper is organised. In Setion 2, we �x some notations.We present the formal derivation of the model in Setion 3. Then, in Setion 4,we study the ontinuous problem. First in Subsetion 4.1, we give an existene and70



2. Notationuniqueness result for a loal system. Then, in Subsetion 4.2, we prove Theorem1.1 by using a �xed point method. In Setion 5, we prove a Crandall-Lions typeerror estimate for the loal problem and then we prove Theorem 1.3 on the non-loal problem. Some numerial examples are displayed in Setion 6 where we showsome tests illustrating our error estimate and then an evolution approximation ofdisloation densities.2 NotationFor simpliity of presentation, we �x some notations :1. Order relation : for r = (r1, r2) , s = (s1, s2) ∈ R
2, we say that r ≤ s if

rk ≤ sk for k ∈ {1, 2}.2. Addition vetor-salar : for r = (r1, r2) ∈ R
2, λ ∈ R, we denote by r + λ thevetor (r1 + λ, r2 + λ).3. P -periodi plus L0-linear funtion : we say that ρ is P−periodi plus L0−linearif there exists a vetorial periodi in spae funtion P ρ = (P ρ

+, P
ρ
−) of period

P and a onstant L0 suh that
ρ(x, t) = P ρ(x, t) + L0x = (P ρ

+(x, t) + L0x, P
ρ
−(x, t) + L0x) .3 ModellingWe denote by X the vetor X = (x1, x2). We onsider a rystal with per-iodi deformation, namely the ase where the total displaement of the rystal

U = (U1, U2) : R × R
+ → R

2 an be deomposed in a 1-periodi displaement
u = (u1, u2) and a linear displaement A(t)t

X with A(t) a given 2× 2 matrix whihrepresents the shear stress
A(t) =

(
A11(t) A12(t)
A21(t) A22(t)

)

.The displaement U is then given by
U(X, t) = u(X, t) + A(t)t

Xand we de�ne the total strain by
ε(U) =

1

2
(∇U + t∇U) =

1

2

(
∇u+ t∇u+ A(t) + tA(t)

)
. 71



Chapitre 3 : Convergene du shémawhere the oe�ients of ∇u are (∇u)ij =
∂ui

∂xj

, i, j ∈ {1, 2}.This total strain is deomposed in the form
ε(U) = εe(U) + εp,where εe(U) is the elasti deformation and εp the plasti deformation whih isonneted to the densities of disloations by
εp = ε0 (ρ+ − ρ−) , (3.10)where ρ± represent the edge disloation of type ±, suh that ~b.∇ρ± ≥ 0 is thedensity of disloation of type ±, ~b = (b1, b2) is the Burgers vetor and

ε0 =
1

2

(

~b⊗~b⊥ +~b⊥ ⊗~b
) (3.11)where ~b⊥ is a vetor orthogonal to ~b and (~b⊗~b⊥)

ij
= bib

⊥
j .The stress is then given by

σ = Λ : εe(U), (3.12)i.e. the oe�ients of the matrix σ are :
σij =

∑

k,l∈{1,2}

Λijklε
e
kl(U) i, j ∈ {1, 2}with Λ = (Λijkl)ijkl, i, j, k, l = 1, 2, Λijkl are the elasti onstant oe�ients of thematerial, satisfying for m > 0 :

∑

ijkl=1,2

Λijklεijεkl ≥ m
∑

ij=1,2

ε2
ij (3.13)for all symmetri matrix ε = (εij)ij i.e. suh that εij = εji.The funtions ρ± and u are then solutions of the oupled system (see Groma,Balogh [71℄, [70℄ and Groma [69℄) :







div σ = 0 in R
2 × (0 T ),

σ = Λ : (ε(U) − εp) in R
2 × (0 T ),

ε(U) = 1
2
(∇u+ t∇u+ A(t) + tA(t)) in R

2 × (0 T ),
εp = ε0 (ρ+ − ρ−) in R

2 × (0 T ),

(ρ±)t = ±(σ : ε0)~b.∇ρ± in R
2 × (0 T ),

(3.14)
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3. Modellingi.e. in the oordinates






∑

j=1,2

∂σij

∂xj

= 0 in R
2 × (0 T ),

σij =
∑

k,l∈{1,2}

Λijkl (εkl(U) − εp
kl) in R

2 × (0 T ),

εij(U) = 1
2

(

(∇u)ij + (∇u)ij + Aij(t) + Aji(t)
) in R

2 × (0 T ),

εp
ij = ε0

ij (ρ+ − ρ−) in R
2 × (0 T ),

(ρ±)t = ±




∑

i,j∈{1,2}

σijε
0
ij



~b.∇ρ± in R
2 × (0 T ),

(3.15)
where the unknowns of the system are ρ± and the displaement u = (u1, u2) andwith ε0 de�ned by (3.11). The sign ± omes from ± in ±~b.To simplify, we onsider the homogeneous ase. The oe�ients Λijkl are suhthat

σ = 2µεe(U) + λtr(εe(U))Id, (3.16)where µ > 0 and λ+ µ > 0 (onsequene of (3.13)) are the Lamé oe�ients and Idthe identity matrix. Then, the following lemma holds :Lemma 3.1 (Equivalene between 2-D and 1-D models) If we assume thatthe Burger vetor is ~b = (1, 0), and that the densities of disloations and u onlydepend on one variable x = x1 + x2 (as shown in Figure 3.2), the 2-D problem(3.14), with Λ de�ned by (3.16) is equivalent to the 1-D problem






(ρ+)t = −C1

(

(ρ+ − ρ−) + C2

∫ 1

0

(ρ+ − ρ−) + L(t)

)

Dρ+ in R × (0 T )

(ρ−)t = C1

(

(ρ+ − ρ−) + C2

∫ 1

0

(ρ+ − ρ−) + L(t)

)

Dρ− in R × (0 T )(3.17)where L(t) = − (λ+2µ)
(λ+µ)

(A12(t) + A21(t)), C1 = (λ+µ)µ
λ+2µ

, and C2 = µ
(λ+µ)

.Proof of lemma 3.1We an rewrite the �rst equation of (3.14) and (3.16) asdiv (2µε(U) + λtr(ε(U))Id) = div (2µεp + λtr(εp)Id) . 73
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PSfrag replaements
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⊤⊤⊤⊤⊤⊤⊤Fig. 3.2 � 1D sub-model for invariane by translation in the diretion (-1,1)This implies by (3.10)
µ∆u+ (λ+ µ)∇(div u) = µ








∂(ρ+ − ρ−)

∂x2

∂(ρ+ − ρ−)

∂x1







.Using the fat that x = x1 + x2, yields

2µ








∂2u1

∂x2

∂2u2

∂x2








+ (λ+ µ)








∂2(u1 + u2)

∂x2

∂2(u1 + u2)

∂x2








= µ








∂(ρ+ − ρ−)

∂x

∂(ρ+ − ρ−)

∂x







.Now, by adding the two above equations, we obtain

∂2(u1 + u2)

∂x2
=

µ

λ+ 2µ

(
∂(ρ+ − ρ−)

∂x

)

.Integrating the above equation yields, sine u is 1-periodi :
∂(u1 + u2)

∂x
=

µ

λ+ 2µ

(

(ρ+ − ρ−) −
∫ 1

0

(ρ+ − ρ−)

)

. (3.18)Using the fat that
(σ : ε0) = σ12 = 2µ(εe(U))12 = µ

(
∂(u1 + u2)

∂x
+ A12(t) + A21(t) − (ρ+ − ρ−)

)and (3.18) yields
(σ : ε0) = −(λ+ µ)µ

λ+ 2µ

(

(ρ+ − ρ−) +
µ

2(λ+ µ)

∫ 1

0

(ρ+ − ρ−) + L(t)

)74



4. The ontinuous problemwhere L(t) = −(λ+ 2µ)

(λ+ µ)
(A12(t) + A21(t)). We then dedue, if ~b = (1, 0), that thesystem (3.14) an be rewritten as (3.17). As the onstant C1, C2 are positive, tosimplify the notations, we an put them to 1 in the following without lost of gene-rality on the system (1.1). 24 The ontinuous problemTo prove the existene and uniqueness result for the non-loal problem, we use a�xed point method. In order to do that we freeze the non-loal term and we studythe following loal problem







(ρ+)t = − (ρ+ − ρ− + a(t)) |Dρ+| on R × (0, T ),
(ρ−)t = (ρ+ − ρ− + a(t)) |Dρ−| on R × (0, T ),
ρ+(·, 0) = ρ0

+ on R,
ρ−(·, 0) = ρ0

− on R.

(4.19)The assumptions are the following :(H1) a ∈ W 1,∞(R+),(H2) ρ0 = (ρ0
+, ρ

0
−) is 1−periodi plus L0−linear, i.e., ρ0

±(x) = P 0
±(x) + L0x where

P 0
± are periodi of period 1 and L0 is a onstant.(H3) P 0
± ∈ Lip(R).4.1 The loal problemIn this subsetion, we will show some existene and uniqueness results for theloal Hamilton-Jaobi system (4.19) within the framework of visosity solution. Wedenote by USC(R×(0, T )) (resp. LSC(R×(0, T ))) the set of loally bounded upper(resp. lower) semi-ontinuous funtions. For k ∈ {+,−}, we de�ne the followingHamiltonian

Hk(t, ρ, p) = k(ρ+ − ρ− + a(t))|p|.We reall the de�nition of visosity solution for Problem (4.19), proposed by Ishii,Koike [83℄.De�nition 4.1 (Subsolutions, supersolutions, solutions) : A funtion ρ ∈
USC(R×]0, T [) is a visosity subsolution of (4.19), if� ρ(·, t = 0) ≤ ρ0� for all k ∈ {+,−} and for any test-funtion φ ∈ C1(R×]0, T [) suh that ρk−φreahes a loal maximum at a point (x0, t0) ∈ R×]0, T [, we have

φt(x0, t0) +Hk(t0, ρ(x0, t0), Dφ(x0, t0)) ≤ 0 75



Chapitre 3 : Convergene du shémaIn a similar way, a funtion ρ ∈ LSC(R×]0, T [) is a visosity supersolution of (4.19)if � ρ(·, t = 0) ≥ ρ0� for all k ∈ {+,−} and for any test-funtion φ ∈ C1(R×]0, T [) suh that ρk−φreahes a loal minimmum at a point (x0, t0) ∈ R×]0, T [, we have
φt(x0, t0) +Hk(t0, ρ(x0, t0), Dφ(x0, t0)) ≥ 0Finally, ρ is a visosity solution of (4.19) if and only if ρ is sub- and supersolutionof (4.19).The key point is that our system is quasi monotone in the sense of Ishii, Koike [83,(A.1)℄, (see Lemma 4.2 below) and so we an extend their results to our systemin unbounded domain and with unbounded initial ondition using the well-knownarguments of the salar ase.Lemma 4.2 (Quasi-monotony of the Hamiltonian)The Hamiltonian H is quasi-monotone, i.e., for all vetors r and s suh that

rj − sj = max
k∈{+,−}

(rk − sk) ≥ 0then
H1

j (t, r, p) −H1
j (t, s, p) ≥ 0. (4.20)Proof of Lemma 4.2 :Let r and s be two vetors suh that rj − sj = max

k∈{+,−}
(rk − sk) ≥ 0. We have

Hj(t, r, p) −Hj(t, s, p) = j(r+ − r− + a(t))|p| − j(s+ − s− + a(t))|p|

= j|p|((r+ − s+) − (r− − s−))

= |p|sign((r+ − s+) − (r− − s−))((r+ − s+) − (r− − s−))

= |p||(r+ − s+) − (r− − s−)| ≥ 0.This ends the proof. 2Proposition 4.3 (Comparison priniple)Let ρ ∈ USC(Ω×]0, T [) and v ∈ LSC(Ω×]0, T [) be respetively sub and supersolu-tions of (1.1). We assume that there exists C > 0 suh that
ρ0(x) − Ct ≤ ρ, v ≤ ρ0(x) + Ct. (4.21)Then if ρ(·, 0) ≤ v(·, 0) in R then ρ ≤ v in R×]0, T [.76



4. The ontinuous problemProof of Proposition 4.3Let us denote by Msup = max
k

sup
R×[0,T ]

(ρk −vk). It is su�ient to prove that this maxi-mum is non positive. Let us suppose by ontradition the positivity of Msup. Wedupliate the variables by onsidering, for all ε, β, η and α positive
ψ(x, y, t, s, k) = ρk(x, t) − vk(y, s) −

|x− y|2
2ε

− |t− s|2
2β

− η

T − t
− α(|x|2 + |y|2).We note that ψ(x, y, t, s, k) is USC in (R× [0, T [)2, beause of the term |x−y|2

2ε
+ |t−s|2

2β
.We an think that the maximum of ψ noted M(ε, β, α, η) = sup

x,y,t,s,k
ψ(x, y, t, s, k), issimilar with Msup.This idea is justify by the following lemmaLemma 4.4 : Let (x̄, ȳ, t̄, s̄, k̄) be a maximum of ψ. If we de�neM ′ = lim

h→0
Mh, where

Mh = sup
|x−y|≤h

|t−s|≤h

(ρ(x, t) − v(y, s)) Then the following properties hold1. lim
α→0

α|x̄| = lim
α→0

α|ȳ| = 02. lim sup
(ε,β,α,η)→0

M(ε, β, α, η) = M ′3. lim sup
(ε,β,α,η)→0

uk̄(x̄, t̄) − vk̄(ȳ, s̄) = M ′4. |x̄−ȳ|2

2ε
→ 0 and |t̄−s̄|2

2β
→ 0 when (ε, β, α, η) → 05. t̄, s̄ are positive if ε, β, α and η are su�iently small.The proof is postponed.We take ε, β, α and η small enough suh that t̄ > 0 and s̄ > 0 (see Lemma 4.4).Using the fat that ρ and v are sublinear, we dedue that

lim inf
|x|,|y|→∞

ψ(x, y, t, s) = −∞and so the funtion ψ reahes a maximum at a point (x̄, ȳ, t̄, s̄, k̄). We then deduethat the funtion
(x, t) → ρk̄(x, t) −

[

vk̄(ȳ, s̄) +
|x− ȳ|2

2ε
+

|t− s̄|2
2β

+
η

T − t
+ α(|x|2 + |ȳ|2)

]reahes a maximum at (x̄, t̄). By using the test-funtion
φ(x, t) = vk̄(ȳ, s̄) +

|x− ȳ|2
2ε

+
|t− s̄|2

2β
+

η

T − t
+ α(|x|2 + |ȳ|2) 77



Chapitre 3 : Convergene du shémaand the fat that ρ is a subsolution of (4.19), we dedue
(t̄− s̄)

β
+

η

(T − t̄)2
+Hk̄

(

t̄, u(x̄, t̄),
(x̄− ȳ)

ε
+ 2αx̄

)

≤ 0. (4.22)In the same way, we have
(t̄− s̄)

β
+Hk̄

(

s̄, v(ȳ, s̄),
(x̄− ȳ)

ε
− 2αȳ

)

≥ 0. (4.23)By subtrating (4.23) to (4.22), we dedue
η

(T − t̄)2
+Hk̄

(

t̄, ρ(x̄, t̄),
(x̄− ȳ)

ε
+ 2αx̄

)

−Hk̄

(

s̄, v(ȳ, s̄),
(x̄− ȳ)

ε
− 2αȳ

)

≤ 0.(4.24)By using Lemma 4.4, we have, up to extrat a subsequene
lim
β→0

x̄ = x̃, lim
β→0

ȳ = ỹ,

lim
β→0

t̄ = lim
β→0

s̄ = τ.Sending β to 0 in (4.24), we dedue
η

(T − τ)2
+Hk̃

(

τ, ρ(x̃, τ),
(x̃− ỹ)

ε
+ 2αx̃

)

−Hk̃

(

τ, v(ỹ, τ),
(x̃− ỹ)

ε
− 2αỹ

)

≤ 0.(4.25)with k̃ = lim
β→0

k̄.Moreover, we have
ρk̃(x̃, τ) − vk̃(ỹ, τ) ≥ ρk(x̃, τ) − vk(ỹ, τ) ≥ 0.By adding and by subtrating the term Hk̃

(

τ, ρ(x̃, τ),
(x̃− ỹ)

ε
− 2αỹ

) in the in-equality (4.25) and by using Lemma 4.2, we dedue that
η

(T − τ)2
+Hk̃

(

τ, ρ(x̃, τ),
(x̃− ỹ)

ε
+ 2αx̃

)

−Hk̃

(

τ, ρ(x̃, τ),
(x̃− ỹ)

ε
− 2αỹ

)

≤ 0and so
η

(T − τ)2
+ k̃(ρ+(x̃, τ)− ρ−(x̃, τ) + a(τ))

(∣
∣
∣
∣

(x̃− ỹ)

ε
+ 2αx̃

∣
∣
∣
∣
−
∣
∣
∣
∣

(x̃− ỹ)

ε
− 2αỹ

∣
∣
∣
∣

)

≤ 0.Using the fat that k̃((ρ+(x̃, τ)−ρ−(x̃, τ)+a(τ)) is bounded (see (4.21)), and sending
α → 0, we obtain using Lemma 4.4

η

(T − τ)2
≤ 0,78



4. The ontinuous problemthis ontradition ends the proof of the proposition. 2Proof of lemma 4.4Thanks to the positivity of Msup, we have
M(ε, β, α, η) > 0for η and α small enough. We then dedue

α(|x̄|2 + |ȳ2|) ≤ ρk̄(x̄, t̄) − vk̄(ȳ, s̄) −
|x̄− ȳ|2

2ε

≤ ρk̄,0(x̄) − ρk̄,0(ȳ) + C(t̄+ s̄) − |x̄− ȳ|2
2ε

≤ K(1 + |x̄− ȳ|) − |x̄− ȳ|2
2ε

≤ K + 1
2
(K2 + |x̄− ȳ|2) − |x̄− ȳ|2

2ε
≤ K1for ε ≤ 1, where we have used (4.21) for the seond line. Multiplying the previousinequality by α, yields
lim
α→0

α|x̄| = lim
α→0

α|ȳ| = 0. (4.26)In the same way, we have
|x̄− ȳ|2

4ε
+

|t̄− s̄|2
2β

≤ K1 (4.27)and so
lim
ε→0

|x̄− ȳ|2 = lim
β→0

|t̄− s̄|2 = 0. (4.28)We reall that Mh = sup
|x−y|≤h

|t−s|≤h

(ρ(x, t) − v(y, s)). Let (xh
n, y

h
n, t

h
n, s

h
n) be suh that

ρ(xh
n, t

h
n) − v(yh

n, s
h
n) ≥Mh −

1

nwith |xh
n − yh

n| ≤ h and |thn − sh
n| ≤ h. We then have

Mh −
1

n
− h2

2ε
− h2

2β
− α

(
|xh

n|2 + |yh
n|2
)

≤ρ(xh
n, t

h
n) − v(yh

n, s
h
n) − |xh

n − yh
n|2

2ε
− |thn − sh

n|2
2β

− α
(
|xh

n|2 + |yh
n|2
)

≤M(ε, β, α, η)

≤ρ(x̄, t̄) − v(ȳ, s̄). 79



Chapitre 3 : Convergene du shémaWe send β → 0 and then α → 0 and we obtain
Mh −

1

n
− h2

2ε
− h2

2β
≤ lim inf

α→0
lim inf

β→0
ρ(x̄, t̄) − v(ȳ, s̄)

≤ lim sup
α→0

lim sup
β→0

ρ(x̄, t̄) − v(ȳ, s̄).Passing to the limit in h, yields
M ′ − 1

n
≤ lim inf

α→0
lim inf

β→0
ρ(x̄, t̄) − v(ȳ, s̄)

≤ lim sup
α→0

lim sup
β→0

ρ(x̄, t̄) − v(ȳ, s̄).We then take lim
ε→0

and get
M ′ − 1

n
≤ lim inf

ε→0
lim inf

α→0
lim inf

β→0
ρ(x̄, t̄) − v(ȳ, s̄)

≤ lim sup
ε→0

lim sup
α→0

lim sup
β→0

ρ(x̄, t̄) − v(ȳ, s̄)

≤ lim sup
ε→0

lim sup
α→0









sup
|x−y|≤K

√
ε

|t−s|≤K
√

β

ρ(x, t) − v(y, s)









≤ lim
h→0

sup
|x−y|≤h

|t−s|≤h

ρ(x, t) − v(y, s)

≤M ′.We then dedue that
lim inf

ε→0
lim inf

α→0
lim inf

β→0
ρ(x̄, t̄) − v(ȳ, s̄) = lim sup

ε→0
lim sup

α→0
lim sup

β→0
ρ(x̄, t̄) − v(ȳ, s̄) = M ′.In the same way, we get

lim inf
ε→0

lim inf
α→0

lim inf
β→0

M(ε, β, α, η) = lim sup
ε→0

lim sup
α→0

lim sup
β→0

M(ε, β, α, η) = M ′and we dedue that
lim sup

ε→0
lim sup

α→0
lim sup

β→0

( |x̄− ȳ|2
2ε

+
|t̄− s̄|2

2β

)

= 080



4. The ontinuous problemFinally, let us suppose, for example, that t̄ = 0, then, beause of u0 ≤ v0, wehave
uk̄(x̄, 0) − vk̄(ȳ, s̄) ≤ uk̄(x̄, 0) − vk̄(x̄, 0) + vk̄(x̄, 0) − vk̄(ȳ, s̄)

≤ vk̄(x̄, 0) − vk̄(ȳ, s̄).However M ′ > 0 and when ε, β, α and η are su�iently small, we get a ontra-dition. When s̄ = 0, a similar proof ould be given whih ends the proof of theLemma 4.4. 2We now prove existene for the problem (4.19). We use the Perron's method forsystems proved by Ishii and Koike in [83℄. We then have the following theoremTheorem 4.5 (Existene for the loal problem)Assume (H1)-(H2)-(H3), then there exists a unique visosity solution ρ of problem(4.19). Moreover, the solution satis�es
ρ±,0(x) − (M + ‖a‖L∞)B0t ≤ ρ±(x, t) ≤ ρ±,0(x) + (M + ‖a‖L∞)B0t, (4.29)where M = ‖P+,0 − P−,0‖L∞ and B0 = ‖Dρ0‖L∞.Proof of Theorem 4.5By Perron's method, it su�es to onstrut visosity sub and supersolution of (4.19).We laim that ρ = ρ0+(M+‖a‖L∞)B0t and ρ = ρ0−(M+‖a‖L∞)B0t are respetivelysuper and subsolution. Indeed, formally

−k
(
ρ+ − ρ− + a(t)

)
|Dρk| ≤

∣
∣P 0

+ − P 0
− + a(t)

∣
∣ |Dρk,0|

≤
(
‖P 0

+ − P 0
−‖L∞ + ‖a‖L∞

)
‖Dρ0‖L∞

≤(M + ‖a‖L∞)B0 = (ρ̄k)t.The proof for the subsolution is exatly the same and we skip it. To ahieve theproof, it su�es to use the omparison priniple to obtain the uniqueness. 2Proposition 4.6 (Regularity of the solution)The solution ρ of (4.19) is Lipshitz ontinuous in spae and time. More preisely,
ρ satis�es :

‖Dρ±‖L∞ ≤ B0 (4.30)and
‖(ρ±)t‖L∞ ≤ (LaT +M + ‖a‖L∞)B0, (4.31)where La is the Lipshitz onstant of a, B0 = ‖Dρ0‖L∞ and M = ‖ρ+,0 − ρ−,0‖L∞.81



Chapitre 3 : Convergene du shémaProof of Proposition 4.6We set ρh
±(x, t) = ρ±(x + h, t). Sine Problem (4.19) is invariant in spae, ρh and

ρh + ‖ρ±,0(·)− ρ±,0(·+ h)‖L∞ are still solutions . Using omparison priniple, yields
|ρ± − ρh

±| ≤‖ρ±,0(·) − ρ±,0(· + h)‖L∞

≤B0h.So, ρ is Lipshitz ontinuous in spae.For the estimate in time, we onsider v(x, t) = ρ(x, t + h). It is easy to hekthat v is a supersolution of
{

(v+)t = − (v+ − v− + a(t)) |Dv+| − LaB0h
(v−)t = (v+ − v− + a(t)) |Dv−| − LaB0h.

(4.32)Indeed, formally
(vk)t(x, t) =(ρk)t(x, t+ h)

= − k (ρ+(x, t+ h) − ρ−(x, t+ h) + a(t+ h)) |Dρk(x, t+ h)|
= − k (v+(x, t) − v−(x, t) + a(t)) |Dvk(x, t)| + k(a(t) − a(t+ h)||Dvk|
≥ − k (v+(x, t) − v−(x, t) + a(t)) |Dvk(x, t)| − LahB0.Moreover, ρ̃ = ρ−LaB0ht− (M + ‖a‖L∞)B0h is a solution of the same equationand satis�es v(·, 0) ≥ ρ̃(·, 0) (see Theorem 4.5). So, by omparison priniple for(4.32), we dedue that

ρ(x, t) − ρ(x, t+ h) ≤ (Lat+M + ‖a‖L∞)B0h ≤ (LaT +M + ‖a‖L∞)B0h.Using the same arguments with ρ(x, t− h), we dedue that ρ is Lipshitz ontinuousin time. 2Proposition 4.7 (Caraterization of the solution)The solution ρ is (1, L0)−periodi plus linear, i.e.
ρ =

(
P ρ

+ + L0x
P ρ
− + L0x

)

,where the linear part L0 is the same of the one of ρ0 and the period of P ρ
± is 1.Proof of Poposition 4.7We set P ρ

k = ρk − L0x. It su�es to show that P ρ
k are periodi of period 1. Thevetor funtion P ρ satis�es







(P ρ
+)t = − (P ρ

+ − P ρ
− + a(t)) |DP ρ

+ + L0|
(P ρ

−)t = (P ρ
+ − P ρ

− + a(t)) |DP ρ
− + L0|

P ρ
+(·, 0) = P 0

+

P ρ
−(·, 0) = P 0

−.82



4. The ontinuous problemWe then set v(x, t) = P ρ(x+1, t). By the periodiity of P 0
±, we obtain that v satis�esthe same problem as P ρ and so, by uniqueness, v = P ρ. This ahieves the proof ofthe proposition. 2Finally, we proved the following theorem :Theorem 4.8 (The loal problem) Let T ≥ 0. Assume (H1)-(H2)-(H3). We set

M = ‖P 0
+ − P 0

−‖L∞(R) and B0 = max
k∈{+,−}

‖Dρ0
k‖L∞(R). Then, the following holds :(i) Comparison priniple. Let ρ ∈ USC(R×(0, T )) and v ∈ LSC(R×(0, T )) berespetively sub and super-solution of (1.1)-(1.2). We assume that there existsa onstant C > 0 suh that (4.21) holds. If ρ(·, 0) ≤ v(·, 0) in R then ρ ≤ v in

R × [0, T ].(ii) Existene. There exists a unique visosity solution ρ of problem (4.19) satis-fying (4.29). Moreover, the solution is 1−periodi plus L0−linear.(iii) Regularity. The solution ρ of (4.19) is Lipshitz ontinuous in spae and timeand satis�es
max

k∈{+,−}
‖Dρk‖L∞(R×(0,T )) ≤ B0,

max
k∈{+,−}

‖(ρk)t‖L∞(R×(0,T )) ≤ B0(M + ‖a‖L∞(0,T )).(iv) Estimate on the solution. The solution ρ satis�es
‖ρ+ − ρ−‖L∞(R×(0,T )) ≤ ‖ρ0

+ − ρ0
−‖L∞(R).Proof of Theorem 4.8The omparison priniple is just an extension of the one of Ishii, Koike [83, Th4.7℄ for quasi-monotone Hamiltonians. For the existene, it su�es to use Perron'smethod by remarking that ρ± (M +‖a‖L∞(0,T ))B0t are resp. super and sub-solutionof (4.19). The fat that ρ is 1−periodi plus L0−linear omes from the fat that

ρ(x+ 1, t) + L0 is also solution of (iv).The Lipshitz estimate in spae omes from the fat that Problem (4.19) isinvariant by spae translation. To obtain the Lipshitz estimate in time, it is su�ientto bound the veloity using (4.29).We now prove (iv). We set
m+(t) = sup

x∈(0,1)

ρ+(x, t) and m−(t) = inf
x∈(0,1)

ρ−(x, t).It is easy to heh that m+ (resp. m−) is subsolution (resp. supersolution) of ut = 0whih implies the upper bound of (iv). The lower bound is proved similarly. Thisends the proof of the theorem. 283



Chapitre 3 : Convergene du shéma4.2 The non-loal problemBefore to prove Theorem 1.1, we need the following lemma :Lemma 4.9 (Stability of the solution with respet to the veloity) Let
T ≥ 0. We onsider for i = 1, 2 two di�erent equations

{
(ρi

k)t = −k
(
ρi

+ − ρi
− + ai(t)

)
|Dρi

k| for k ∈ {+,−}
ρi

k(·, 0) = ρ0
k for k ∈ {+,−} (4.33)where the oe�ients ai satisfy (H1) and the initial onditions ρ0 = (ρ0

+, ρ
0
−) satisfy(H2)-(H3). Then, we have

max
k∈{+,−}

‖ρ2
k − ρ1

k‖L∞(R×(0,T )) ≤ B0T‖a2 − a1‖L∞(0,T ),where ρi for i = 1, 2 are the solutions of (4.33) given by Theorem 4.8.Proof of Lemma 4.9We set K = ‖a2 − a1‖L∞(0,T ). We remark that ρ2 is a sub-solution of
(ρk)t + k (ρ+ − ρ− + a1(t)) |Dρk| −KB0 = 0.Moreover ρ1 +KB0t is solution of the same problem. By omparison priniple, wethen dedue

max
k∈{+,−}

‖ρ2
k − ρ1

k‖L∞(R×(0,T )) ≤ KB0T.This is the estimate we want. 2We have the following lemma whose proof is trivial :Lemma 4.10 (Stability of the veloity a) Let ρ1, ρ2 be 1-periodi plus L0-linear.We set a[ρi](t) =

∫ 1

0

ρi
+(x, t) − ρi

−(x, t)dx+ L(t). Then the following holds
‖a[ρ2] − a[ρ1]‖L∞(0,T ) ≤ 2 max

k∈{+,−}
‖ρ2

k − ρ1
k‖L∞(R×(0,T )).We now prove Theorem 1.1.Proof of Theorem 1.1We de�ne the set :

UT =







ρ =

(
ρ+

ρ−

)

∈ (L∞
Loc)

2 , s.t.

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

‖ρ+ − ρ−‖L∞ ≤M
ρ is 1−periodi plus L0−linear
max

k∈{+,−}
‖Dρk‖L∞ ≤ B0

max
k∈{+,−}

‖(ρk)t‖L∞ ≤ B0(2M + ‖L‖L∞(0,T ))







,84



4. The ontinuous problemwhere L0 is de�ned in (H2), B0 = max
k∈{+,−}

‖Dρ0
k‖L∞(R) and M = ‖P 0

+ − P 0
−‖L∞(R).For ρ ∈ UT , we set

a[ρ](t) =

∫ 1

0

ρ+(x, t) − ρ−(x, t)dx+ L(t). (4.34)We see that for any ρ ∈ UT , a[ρ] satis�es (H1) with ‖a[ρ]‖L∞(0,T ) ≤M +‖L‖L∞(0,T ).For ρ ∈ UT , we then de�ne v = G(ρ) = (G+(ρ), G−(ρ)) as the unique visositysolution for k = 1, 2 (see Theorem 4.8) of
{

(vk)t = −k (v+ − v− + a[ρ](t)) |Dvk| on (0, T ) × R,
vk(·, 0) = ρ0

k on R.
(4.35)We will show that G : UT → UT is a strit ontration for T small enough. First, wewill prove that G is well de�ned. By Theorem 4.8, we know that v is 1− periodiplus L0−linear. Moreover, we have

max
k∈{+,−}

‖Dvk‖L∞(R×(0,T )) ≤ B0,

max
k∈{+,−}

‖(v±)t‖L∞(R×(0,T )) ≤B0(M + ‖a‖L∞(0,T )) ≤ B0(2M + ‖L‖L∞(0,T ))and
‖v+ − v−‖L∞(R×(0,T )) ≤Mand so v ∈ UT .It thus remains to show that G is a ontration. For vi = G(ρi), aording toLemma 4.9 and Lemma 4.10, we have

‖v2 − v1‖L∞(R×(0,T )) = sup
{k∈{+,−}}

‖v2
k − v1

k‖L∞ ≤ B0T‖a[ρ2] − a[ρ1]‖L∞(0,T )

≤2B0T‖ρ1 − ρ2‖L∞(R×(0,T )) ≤
1

2
‖ρ1 − ρ2‖L∞(R×(0,T ))for T ≤ T ∗ =

1

4B0

. And so G is a ontration on UT whih is a losed set. So, thereexists a unique visosity solution of (1.1)-(1.2) in UT on (0, T ∗) where T ∗ =
1

4B0

. Byiterating this proess, one an onstrut a solution for all T > 0. Indeed, T ∗ dependsonly on B0 whih does not hange with time. 2Proposition 4.11 (Estimate for the non-loal solution) Let T ≥ 0. The solu-tion ρ of (1.1)-(1.2) satis�es
‖ρ+ − ρ−‖L∞(R×(0,T )) ≤Mwhere M = ‖P 0

+ − P 0
−‖L∞(R).The proof is the same of the one of the loal ase, see Theorem 4.8 (iv). 85



Chapitre 3 : Convergene du shéma5 Numerial sheme5.1 Approximation of the loal systemIn this subsetion, we propose a �nite di�erene sheme for the loal system(4.19). Given a disrete veloity a∆, we onsider the disrete solution v that ap-proximates the solution of (4.19), given by the following expliit sheme for all
k ∈ {+,−}

v0
k,i = ρ̃0

k(xi), (5.36)
vn+1

k,i = vn
k,i + ∆t

(

C∆,Loc
k [v](xi, tn)

){
E+
(
D+vn

k,i, D
−vn

k,i

) if C∆,Loc
k [v](xi, tn) ≥ 0

E−
(
D+vn

k,i, D
−vn

k,i

) if not (5.37)where ρ̃0(xi) are de�ned in (1.3), E± are the approximation of the Eulidean normproposed by Osher and Sethian [116℄ de�ned in (1.6) (we also an use the oneproposed by Rouy, Tourin [121℄), D+vn
k , D

−vn
k are the disrete gradient de�ned in(1.7) and

C∆,Loc
k [w](xi, tn) = −k(w+(xi, tn) − w−(xi, tn) + a∆(tn)) (5.38)where a∆ is an approximation of a satisfying

a∆(tn) = a(tn). (5.39)In partiular, the funtions E± are Lipshitz ontinuous with respet to the disretegradients, i.e.
∣
∣E±(P,Q) − E±(P ′, Q′)

∣
∣ ≤ (|P − P ′| + |Q−Q′|) . (5.40)They are onsistent with the Eulidean norm

E±(P, P ) = |P | (5.41)and enjoy suitable monotoniity with respet to eah variable
∂E+

∂P+
≥ 0,

∂E+

∂P−
≤ 0,

∂E−

∂P+
≥ 0,

∂E−

∂P−
≤ 0. (5.42)Denoting by Sk the operator on the right-hand side of (5.37), we an rewrite thesheme more ompatly as

v0
k,i = ρ̃0

k(xi), vn+1
k = Skvn.Finally, we also assume that the mesh satis�es the following CFL ondition (fRemark 5.2)

∆t ≤ 1

2L1

∆x (5.43)where
L1 = ‖a‖L∞(0,T ) +M + 2.86



5. Numerial shemeTheorem 5.1 (Crandall-Lions rate of onvergene) Let T ≤ 1. Assume that
∆x+ ∆t ≤ 1. Assume that a ∈ W 1,∞(R× [0, T )) and that the CFL ondition (5.43)holds. Then there exists a onstantK > 0 depending only on ‖P 0

+−P 0
−‖L∞(R), ‖a‖W 1,∞(0,T )and maxk∈{+,−} ‖Dρ0

k‖L∞(R) suh that the error estimate between the ontinuous so-lution ρ of the system (4.19) and the disrete solution v of the �nite di�erenesheme (5.36)-(5.37) is given by
max

k∈{+,−}
sup
ΞT

|ρk(xi, tn) − vn
k,i| ≤ K

√
T (∆x+ ∆t)1/2 + max

k∈{+,−}
sup

Ξ
|ρ0

k(xi) − v0
k,i|provided K(∆x+ ∆t)

1
2 + max

k∈{+,−}
sup

Ξ
(ρ0

k(xi) − v0
k,i) ≤ 1.Remark 5.2 (Monotony of the sheme) Under the assumptions of Theorem5.1, we have

|vn
+,i − vn

−,i| ≤|vn
+,i − ρ+(xi, tn)| + |ρ+(xi, tn) − ρ−(xi, tn)| + |ρ−(xi, tn) − vn

−,i|
≤2 +Mwhere we have used Theorem 4.8 (iv) for the seond term. We then dedue that thedisrete veloity is uniformly bounded :

C∆,Loc
k [v] ≤ ‖a‖L∞(0,T ) +M + 2 = L1.Then, one an show that the sheme is monotone in the following sense : let v and

w be two disrete funtions suh that vn
i ≤ wn

i ; then
Sk(vn)(xi) ≤ Sk(wn)(xi), for k ∈ {+,−}.For the proof of Theorem 5.1, we need the following lemma :Lemma 5.3 If vn

i is the numerial solution of (5.36)-(5.37), then
−Ktn − µ0 ≤ ρ0(xi) − v(xi, tn) ≤ Ktn + µ0 (5.44)where K = 2(‖P 0

+ − P 0
−‖L∞(R) + ‖a‖L∞(0,T )) maxk∈{+,−} ‖Dρ0

k‖L∞(R) and
µ0 = max

k∈{+,−}
sup

Ξ
|ρ0

k(xi) − v0
k,i| ≥ 0. (5.45)Proof of Lemma 5.3To prove this, we set w±(xi, tn) = ρ0

±(xi) −Ktn − µ0 and we show that for K largeenough w is a disrete sub-solution. Indeed, we have
wn+1

±,i − (S±wn)i

= −K∆t− ∆tC∆,Loc
± [ρ0](xi, tn)Esgn(C∆,Loc

± [ρ0](xi,tn))(D+ρ0
±(xi), D

−ρ0
±(xi))

= − ∆t
(

K ∓ (ρ0
+(xi) − ρ0

−(xi) + a∆(tn))Esgn(C∆,Loc
± [ρ0](xi,tn))(D+ρ0

±(xi), D
−ρ0

±(xi))
)

≤− ∆t

(

K − 2(‖P 0
+ − P 0

−‖L∞(R) + ‖a‖L∞(0,T )) max
k∈{+,−}

‖Dρ0
k‖L∞(R)

) 87



Chapitre 3 : Convergene du shémawhere C∆,Loc
k [w](xi, tn) is de�ned in (5.38) and sgn(f) is the sign of f .So, for every K ≥ 2(‖P 0

+ − P 0
−‖L∞(R) + ‖a‖L∞(0,T )) maxk∈{+,−} ‖Dρ0

k‖L∞(R), w isa disrete sub-solution. Moreover
w0

±,i(xi) = ρ0
±(xi) − µ0 ≤ v0

±(xi).Using the monotony of the sheme, we dedue wn
i ≤ vn

i and so
ρ0(xi) − vn

i ≤ Ktn + µ0.The lower bound is proved similarly. 2We now give the proof of Theorem 5.1Proof of Theorem 5.1The proof is an adaptation for systems of the one of Crandall Lions [40℄, revisitedby Alvarez et al. [4℄. The proof splits into three steps. We denote throughout by Kvarious onstant depending only on ‖P 0
+ − P 0

−‖L∞(R), maxk∈{+,−} ‖Dρ0
k‖L∞(R) and

‖a‖W 1,∞(0,T ) .We �rst assume that
ρ0(xi) ≥ v0

i (5.46)and we set
µ0 = max

k∈{+,−}
sup

Ξ
|ρ0

k(xi) − v0
k,i| ≥ 0. (5.47)We set a few notations. We put

µ = max
k∈{+,−}

sup
ΞT

(ρk(xi, tn) − vn
k,i).For every 0 < α ≤ 1, 0 < ε ≤ 1 and σ > 0, we set

Mα,ε
σ = sup

R×[0,T ]×ΞT×{+,−}

Ψα,ε
σ (x, t, xi, tn, k),with

Ψα,ε
σ (x, t, xi, tn, k) = ρk(x, t)− vk(xi, tn)− |x− xi|2

2ε
− |t− tn|2

2ε
− σt− α|x|2 − α|xi|2.We shall drop the super and subsripts on Ψ when no ambiguity arises as onerningthe value of the parameter.Sine ρ0 is Lipshitz ontinuous and T ≤ 1, we have by (4.29)

|ρ±(x, t)| ≤ K(1 + |x|). (5.48)88



5. Numerial shemeMoreover by Lemma 5.3 we have
|v±(xi, tn)| ≤|v±(xi, tn) − ρ0

±(xi)| + |ρ0
±(xi)|

≤Ktn +K(1 + |xi|)
≤K(1 + |xi|).We then dedue that Ψ ahieves its maximum at some point that we denote by

(x∗, t∗, x∗i , t
∗
n, k

∗).Step 1 : Estimates for the maximum point of ΨThe maximum point of Ψ enjoys the following estimates
α|x∗| + α|x∗i | ≤ K, (5.49)and

|x∗ − x∗i | ≤ Kε, |t∗ − t∗n| ≤ (K + 2σ)ε. (5.50)Indeed, by inequality Ψ(x∗, t∗, x∗i , t
∗
n, k

∗) ≥ Ψ(0, 0, 0, 0, k∗) ≥ 0, we obtain
α|x∗|2 + α|x∗i |2 ≤ρk∗(x∗, t∗) − vk∗(x∗i , t

∗
n) ≤ K(1 + |x∗| + |x∗i |)

≤K +
K2

α
+
α

2
|x∗|2 +

α

2
|x∗i |2.This implies (5.49), sine α ≤ 1.The �rst bound of (5.50) follows from the Lipshitz in spae regularity of ρ (seeTheorem 4.8 (iii)), from the inequalityΨ(x∗, t∗, x∗i , t

∗
n, k

∗) ≥ Ψ(x∗i , t
∗, x∗i , t

∗
n, k

∗)and from (5.49). Indeed, this implies
|x∗ − x∗i |2

2ε
≤ρk∗(x∗, t∗) − ρk∗(x∗i , t

∗) − α|x∗|2 + α|x∗i |2

≤K|x∗ − x∗i | + α|x∗ − x∗i |(|x∗| + |x∗i |) ≤ K|x∗ − x∗i |.The seond bound of (5.50) is obtained in the same way, using the inequality
Ψ(x∗, t∗, x∗i , t

∗
n, k

∗) ≥ Ψ(x∗, t∗n, x
∗
i , t

∗
n, k

∗) and Theorem 4.8 (iii).Step 2 : A better estimate for the maximum point of ΨInequality (5.49) an be strengthened to
α|x∗|2 + α|x∗i |2 ≤ K. (5.51)Indeed, using the Lipshitz regularity of ρ, the inequality Ψ(x∗, t∗, x∗i , t

∗
n, k

∗) ≥
Ψ(0, 0, 0, 0, k∗) and equations (4.29), (5.44) and (5.50), yields

α|x∗|2 + α|x∗i |2 ≤ρk∗(x∗, t∗) − vk∗(x∗i , t
∗
n) + ρ(x∗i , 0) − ρ(x∗i , 0)

≤K(|x∗ − x∗i | + t∗) +Kt∗n + µ0 ≤ K. 89



Chapitre 3 : Convergene du shémaStep 3 : Upper bound of µWe have the bound µ ≤ K
√
T (∆x+ ∆t)

1
2 + µ0 if ∆x+ ∆t ≤ 1

K2 .First, we laim that for σ large enough, we have either t∗ = 0 or t∗n = 0.Suppose the ontrary. Then the funtion (x, t) 7→ Ψ(x, t, x∗i , t
∗
n, k

∗) ahieves itsmaximum at a point of R × (0, T ]. Using the fat that ρ is a sub-solution ofthe ontinuous problem, we obtain the inequality
σ + p∗t ≤ −k∗(ρ+ − ρ− + a(t∗))|p∗x + 2αx∗| (5.52)with p∗t = t∗−t∗n

ε
, p∗x =

x∗−x∗
i

ε
.Sine t∗n > 0, we also have Ψ(x∗, t∗, x∗i , t

∗
n, k

∗) ≥ Ψ(x∗, t∗, xi, t
∗
n − ∆t, k∗). Thisimplies

vk∗(·, t∗n − ∆t) ≥ ϕ(·, t∗n − ∆t) + vk∗(x∗i , t
∗
n) − ϕ(x∗i , t

∗
n)for ϕ(xi, tn) = − |x∗−xi|

2

2ε
− |t∗−tn|2

2ε
− α|xi|2. Using the fat that the sheme ismonotone and ommutes with the addition of onstants, yields

vk∗(x∗i , t
∗
n)

=Sk∗
(vk∗(·, t∗n − ∆t)) (x∗i )

≥ϕ(x∗i , t
∗
n − ∆t) + vk∗(x∗i , t

∗
n) − ϕ(x∗i , t

∗
n)

+ ∆t
(

c∆,Loc
k∗ [v](x∗i , t

∗
n)
)

El∗(D+ϕ(x∗i , t
∗
n − ∆t), D−ϕ(x∗i , t

∗
n − ∆t))where l∗ = sgn

(

c∆,Loc
k∗ [v](x∗i , t

∗
n)
). We set

c[v] = −c∆,Loc
k∗ [v](x∗i , t

∗
n), c[ρ] = k∗ (ρ+(x∗, t∗) − ρ−(x∗, t∗) + a(t∗)) .We then obtain the super-solution inequality :

ϕ(x∗i , t
∗
n) − ϕ(x∗i , t

∗
n − ∆t)

∆t
≥ −c[v]El∗(D+ϕ(x∗i , t

∗
n − ∆t), D−ϕ(x∗i , t

∗
n − ∆t)).Straightforward omputations of the disrete derivative of ϕ yield

p∗t +
∆t

2ε
≥ −c[v]El∗

(

p∗x −
∆x

2ε
− α(2x∗i + ∆x), p∗x +

∆x

2ε
− α(2x∗i − ∆x)

)

.Subtrating the above inequality to (5.52), we dedue
σ ≤∆t

2ε
− c[ρ]|p∗x + 2αx∗| + c[v]El∗

(

p∗x − ∆x

2ε
− α(2x∗

i + ∆x), p∗x +
∆x

2ε
− α(2x∗

i − ∆x)

)

≤∆t

2ε
− (c[ρ] − c[v]) |p∗x| + αK|x∗|

+ |c[v]|
∣
∣
∣
∣
El∗

(

p∗x − ∆x

2ε
− α(2x∗

i + ∆x), p∗x +
∆x

2ε
− α(2x∗

i − ∆x)

)

− El∗ (p∗x, p∗x)

∣
∣
∣
∣

≤∆t

2ε
− (c[ρ] − c[v]) |p∗x| + Kα|x∗| + K

∆x

ε
+ 2αK|x∗

i | + 2αK∆x90



5. Numerial shemewhere we have used, for the seond line, the fat that
c[ρ] ≤M + 2B0(M + ‖a‖L∞(0,T ))T ≤ Kwith M = ‖P 0

+ − P 0
−‖L∞(R) and B0 = max

k∈{+,−}
‖Dρ0

k‖L∞(R) (see Theorem 4.8).Now, sine ρk∗(x∗, t∗) − vk∗(x∗i , t
∗
n) = max

k∈{+,−}
(ρk(x

∗, t∗) − vk(x
∗
i , t

∗
n)) ≥ 0, byLemma 4.2, we obtain

−(c[ρ] − c[v])|p∗x| = − k∗ (ρ+(x∗, t∗) − ρ−(x∗, t∗) + a(t∗)) |p∗x|
+ k∗ (v+(x∗i , t

∗
n) − v−(x∗i , t

∗
n) + a(t∗)) |p∗x|

+ k∗
(
a∆(t∗n) − a(t∗)

)
|p∗x|

≤
∣
∣a∆(t∗n) − a(t∗)

∣
∣ |p∗x| ≤ K|t∗n − t∗||p∗x|where we have used (5.39). This implies

σ ≤∆t

2ε
+K|t∗ − t∗n||p∗x| +Kα|x∗| +K

∆x

ε
+ 2αK|x∗i | + 2αK∆x

≤K∆x+ ∆t

ε
+Kα1/2 +Kε.Putting

σ∗ = σ∗(∆x+ ∆t, ε, α) = K
∆x+ ∆t

ε
+K(α1/2 + ε),we therefore onlude that we must have t∗ = 0 or t∗n = 0 provided σ ≥ σ∗.Whenever t∗ = 0, we dedue from Lemma 5.3 and from (5.50) that

Mα,ε
σ =Ψ(x∗, 0, x∗i , t

∗
n, k

∗) ≤ ρ0
k∗(x∗) − vk∗(x∗i , t

∗
n)

≤ρ0
k∗(x∗) − ρ0

k∗(x∗i ) +Kt∗n + µ0

≤K (|x∗ − x∗i | + t∗n) + µ0 ≤ K(1 + σ)ε+ µ0.Similarly, whenever t∗n = 0, we dedue from the Lipshitz regularity of ρ andfrom (5.50) that
Mα,ε

σ =Ψ(x∗, t∗, x∗i , 0, k
∗) ≤ ρk∗(x∗, t∗) − vk∗(x∗i , 0)

≤K (|x∗ − x∗i | + t∗) + µ0 ≤ K(1 + σ)ε+ µ0.To sum up, we have shown that
Mα,ε

σ ≤ K(1 + σ)ε+ µ0 ≤ Kε+ µ0provided σ∗ = K∆x+∆t
ε

+K(α1/2 + ε) ≤ σ ≤ 1.We then dedue that, for every
(xi, tn) and for every k, we have

ρk(xi, tn) − vk(xi, tn) −
(

K
∆x+ ∆t

ε
+K(α1/2 + ε)

)

T − 2α|xi|2 ≤Mα,ε
σ

≤Kε+ µ0. 91



Chapitre 3 : Convergene du shémaSending α → 0, taking the supremum over (xi, tn), the maximum over k andhoosing ε = T 1/2 (∆x+ ∆t)1/2, we onlude that
max

k∈{+,−}
sup
ΞT

(ρk(xi, tn) − vn
k,i) =µ

≤K (∆x+ ∆t)1/2
√
T + max

k∈{+,−}
sup

Ξ
(ρ0

k(xi) − v0
k,i),(5.53)provided that ∆x, ∆t are small enough T ≤ 1, µ0 ≤ 1 and (5.46) is assumed.In the general ase, we onsider ρ = ρ + µ1 with µ1 = max

k∈{+,−}
sup

Ξ
(v0

k,i − ρ0
k(xi)).We remark that ρ is solution of (4.19) and satis�es ρ0(xi) ≥ v0

i . Then (5.53) is truewith ρ in plae of ρ, i.e.
max

k∈{+,−}
sup
ΞT

(ρk(xi, tn)+µ1−vn
k,i) ≤ K (∆x+ ∆t)1/2

√
T+ max

k∈{+,−}
sup

Ξ
(ρ0

k(xi)+µ
1−v0

k,i),whih still implies (5.53) with max
k∈{+,−}

sup
Ξ

|ρ0
k(xi) − v0

k,i|. 2The lower bound for the error estimate is obtained by exhanging ρ and v. Asthe proof is similar to the above, we omit it.5.2 Approximation of the non-loal systemTo solve numerially the non-loal system (1.1)-(1.2), we use the �nite di�erenesheme (1.3)-(1.4)-(1.5). We also assume the CFL ondition (1.8). In partiular,using Proposition 4.11, we dedue that the CFL ondition (5.43) is satis�ed uni-formly for all a de�ned by (1.5) beause
‖a[ρ]‖L∞(0,T ) ≤M + ‖L‖L∞(0,T )and so L1 ≤ L2.Let T̄ ≥ 0 whih will be hosen later. To prove our onvergene result, we mimithe ontinuous ase and we rewrite the sheme (1.3)-(1.4)-(1.5) as a �xed point.Before proving Theorem 1.3 we need to introdue some notations and lemmata.De�ning X1,∆

T = R
{0,...,NT } and X2,∆

T = (R2)Z×{0,...,NT }, the set of disrete funtionsde�ned on {0, ..., NT} and on the mesh ΞT respetively, we denote by G∆ : X1,∆

T̄
→

X2,∆

T̄
the operator that gives the disrete solution v of the loal Problem (5.37) fora given veloity a∆ ∈ X1,∆

T̄
, i.e.

(G∆
+(a∆), G∆

−(a∆)) = G∆(a∆) = v.92



5. Numerial shemeIn partiular, the sheme (1.3)-(1.4)-(1.5) an be rewritten as a �xed point of
G∆(a∆[·]), i.e.

v = G∆(a∆[v])with a∆[·] de�ned in (1.5). We set, for all T ≤ T̄ :
U∆

T =







w ∈ X2,∆
T :

∣
∣
∣
∣
∣
∣
∣
∣
∣

sup
ΞT

|D+
x w±| ≤ B0,

sup
ΞT

|D+
t w±| ≤ 2B0(2M + ‖L‖L∞(0,T ) + 4),

sup
ΞT

|w+ − w−| ≤M + 2





and
V ∆

T =
{

a∆ ∈ X1,∆
T :

∣
∣
∣

sup
{0,...,NT ∆t}

|a∆| ≤M + ‖L‖L∞ + 2
}where M = ‖P 0

+ − P 0
−‖L∞(R). One an easily hek that

{(ρ)∆ | ρ ∈ UT} ⊂ U∆
Tand

{
(a)∆ :

∣
∣ ‖a‖L∞(0,T ) ≤M + ‖L‖L∞(0,T )

}
⊂ V ∆

Twhere (f)∆ is the restrition to ΞT of the ontinuous funtion f . We have the follo-wing Lemma :Lemma 5.4 Assume that (1.8) holds. Then for all T ≤ T̄ , the following inlusionholds(i) a∆[U∆
T ] ⊂ V ∆

T ,(ii) G∆(V ∆
T ) ⊂ U∆

T .Proof of Lemma 5.4The proof of (i) is just a simple omputation. We prove (ii).Let a∆ ∈ V ∆
T and v = G∆(a∆). We set w(xi, tn) = v(xi+1, tn)−∆xB0. Then w isstill solution of the disrete sheme (5.37) and satis�es w0 ≤ v0. Using the monotonyof the sheme yields

v±(xi+1, tn) − v±(xi, tn)

∆x
≤ B0.Using Theorem 4.8, we dedue

|v+ − v−| ≤M + 2. (5.54)For the estimate in time, we have, using (5.54),
∣
∣
∣
∣

vn+1
i − vn

i

∆t

∣
∣
∣
∣
≤2B0|C∆,Loc

k [v](xi, tn)|

≤2B0(M + 2 + sup
{0,...,NT ∆t}

|a∆|)

≤2B0(2M + ‖L‖L∞(0,T ) + 4). 93



Chapitre 3 : Convergene du shémaSo G∆(V ∆
T ) ⊂ U∆

T . This ends the proof of the lemma. 2We now have to prove some onsisteny and stability results for the veloity a∆and for the operator G∆.Lemma 5.5 (Consisteny for the disrete veloity a∆[·]) There is a onstant
K = 2B0 +M suh that, for every mesh ∆, for every 0 ≤ T ≤ T̄ and for ρ ∈ UT ,we have

sup
{0,...,NT ∆t}

| (a[ρ])∆ − a∆[(ρ)∆]| ≤ K∆xwhere (ρ)∆ is the restrition to ΞT of the ontinuous funtion ρ and a[·] is de�nedin (4.34).Proof of Lemma 5.5We set ρ̃(x, t) = ρ+(x, t) − ρ−(x, t). The following holds :
∣
∣a[ρ](tn) − a∆[(ρ)∆](tn)

∣
∣ =

∣
∣
∣
∣
∣

∫ 1

0

ρ̃(x, tn)dx−
Nx−1∑

i=0

∆xρ̃(xi, tn)

∣
∣
∣
∣
∣

≤
Nx−1∑

i=0

∣
∣
∣
∣
∣

∫ (i+1)∆x

i∆x

ρ̃(x, tn)dx− ∆xρ̃(xi, tn)

∣
∣
∣
∣
∣

+

∫ 1

Nx∆x

ρ̃(x, tn)dx

≤∆x
Nx−1∑

i=0

sup
[i∆x,(i+1)∆x]

|ρ̃(·, tn) − ρ̃(xi, tn)| +M∆x

≤∆x(2B0 +M).

2We have the following lemma whih proof is just a simple omputationLemma 5.6 (Stability property of the veloity a∆[·]) For every mesh ∆, forevery 0 ≤ T ≤ T̄ and every v1, v2 ∈ U∆
T , the following holds

sup
{0,...,NT ∆t}

|a∆[v2] − a∆[v1]| ≤ 2 max
k∈{+,−}

sup
ΞT

|v2 − v1|.Lemma 5.7 (Stability property of the operator G∆) There is a onstant K =
2B0 so that, for every mesh ∆ satisfying the uniform CFL ondition (1.8), for all
0 ≤ T ≤ T̄ and all a∆

1 , a
∆
2 ∈ V ∆

T

max
k∈{+,−}

sup
ΞT

|G∆
k (a∆

2 ) −G∆
k (a∆

1 )| ≤ KT sup
{0,...,NT ∆t}

|a∆
2 − a∆

1 |.94



5. Numerial shemeProof of Lemma 5.7We set vi = G∆
(
a∆

i

). Using the fat that
c1E

sgn(c1) − c2E
sgn(c2) ≤ |c1 − c2|max(E+, E−)yields

vn+1
2,k − vn

2,k + k∆t
(
vn

2,+ − vn
2,− + a∆

1 (tn)
)
Esgn(vn

2,+−vn
2,−+a∆

1 (tn))(D+vn
2 , D

−vn
2 )

≤∆t|a∆
2 (tn) − a∆

1 (tn)|max(E+(D+vn
2 , D

−vn
2 ), E−(D+vn

2 , D
−vn

2 ))

≤2B0∆t sup
{0,...,NT ∆t}

|a∆
1 − a∆

2 |.Moreover ṽ1(xi, tn) = v1(xi, tn) + 2B0 sup
{0,...,NT ∆t}

|a∆
1 − a∆

2 |tn is solution of the samedisrete equation. Sine the sheme is monotone, one dedues that
max

k∈{+,−}
sup
ΞT

|G∆
k (a∆

2 ) −G∆
k (a∆

1 )| ≤ 2B0T sup
{0,...,NT ∆t}

|a∆
2 − a∆

1 |.This ahieves the proof. 2We now prove Theorem 1.3.Proof of Theorem 1.3We use the main idea of Alvarez et al. [4℄.We �rst assume that T ≥ T̄ and we set, for every l ≥ 1 :
Q∆

l = ∆xZ × {∆tNl, ...,∆tNl+1}where Nl is the integer part of lT̄
∆t

. As in the ontinuous ase, on eah interval
(lT̄ , (l + 1)T̄ ), we an iterate the proess (sine T̄ depends only on B0 whih doesnot hange with time) and onstrut, using a �x point method (denoting by G and
G∆), ρ and v respetively solution of (1.1)-(1.2) and (1.3)-(1.4)-(1.5). We then havethe inequality

max
k∈{+,−}

sup
Q∆

l

|ρk − vk| ≤ max
k∈{+,−}

sup
Q∆

l

|Gk,l(a[ρ]) −G∆
k,l(a

∆[v])|

≤ max
k∈{+,−}

sup
Q∆

l

∣
∣Gk,l(a[ρ]) −G∆

k,l

(
(a[ρ])∆

)
)
∣
∣

+ max
k∈{+,−}

sup
Q∆

l

∣
∣G∆

k,l

(
(a[ρ])∆

)
−G∆

k,l

(
a∆[v]

)∣
∣ ,where the funtion G∆

l

(
(a[ρ])∆

)
=
(
G∆

+,l

(
(a[ρ])∆

)
, G∆

−,l

(
(a[ρ])∆

)) (resp. Gl(a[ρ]))is simply the disrete solution of (5.36) (resp. the ontinuous solution of (1.1)) with95



Chapitre 3 : Convergene du shémathe veloity a[ρ] and initial ondition vNl (resp. ρ(·, NlDt)). >From Theorem 5.1,we then dedue
max

k∈{+,−}
sup
Q∆

l

∣
∣Gk,l(a[ρ]) −G∆

k,l

(
(a[ρ])∆

)
)
∣
∣ ≤K

√

T̄∆x+ max
k∈{+,−}

sup
∆xZ×Nl∆t

|ρk − vk|

≤lK
√

T̄∆x+ max
k∈{+,−}

sup
Ξ

|ρ0
k − v0

k|. (5.55)For the seond term, we use Lemmata 5.5, 5.6 and 5.7 to obtain
max

k∈{+,−}
sup
Q∆

l

∣
∣G∆

k,l

(
(a[ρ])∆

)
−G∆

k,l

(
a∆[v]

)∣
∣

≤KT̄ sup
{Nl∆t,...,Nl+1∆t}

∣
∣
∣(a[ρ])

∆ − a∆[v]
∣
∣
∣

≤KT̄ sup
{Nl∆t,...,Nl+1∆t}

(

| (a[ρ])∆ − a∆
[
(ρ)∆

]
| + |a∆

[
(ρ)∆

]
− a∆[v]|

)

≤KT̄
(

∆x+ max
k∈{+,−}

sup
Q∆

l

|ρk − vk|
)

.This implies, for T̄∆x ≤ 1 and KT̄ < 1,
max

k∈{+,−}
sup
Q∆

l

|ρk − vk| ≤
lK

1 −KT̄

√

T̄∆x+

(

max
k∈{+,−}

sup
Ξ

|ρ0
k − v0

k|
)

1

1 −KT̄
.We now take l̄ ≥ 1 suh that

l̄T̄ ≤ T ≤ (l̄ + 1)T̄ .Then the following holds :
max

k∈{+,−}
sup
ΞT

|ρk − vk| ≤
l̄K

1 −KT̄

√

T̄∆x+

(

max
k∈{+,−}

sup
Ξ

|ρ0
k − v0

k|
)

1

1 −KT̄

≤KT
√

∆x+K

(

max
k∈{+,−}

sup
Ξ

|ρ0
k − v0

k|
)

, if T ≥ T̄ .where we have used the fat that T̄ depends only on B0.Notie that, in the ase where T ≤ T̄ , from Theorem 5.1, (5.55) is replaed by
max

k∈{+,−}
sup
ΞT

∣
∣Gk(a[ρ]) −G∆

k

(
(a[ρ])∆

)
)
∣
∣ ≤ K

√
T∆x+ max

k∈{+,−}
sup

Ξ
|ρ0

k − v0
k|96



6. Numerial resultsand so we obtain
max

k∈{+,−}
sup
ΞT

|ρk − vk| ≤ K
√
T∆x+K

(

max
k∈{+,−}

sup
Ξ

|ρ0
k − v0

k|
)

, if T ≤ T̄ .This ends the proof of the theorem. 26 Numerial resultsIn this Setion, we present some numerial simulations of the 1-D Groma-Baloghproblem (1.1)-(1.2) disretized by the numerial sheme (1.3)-(1.4)-(1.5).6.1 Numerial error estimateHere, we show a numerial test in order to on�rm our error estimate for loalsystem. Let us �x L(t) = 0 even if it is not physialy relevant, let us hoose thefollowing initial onditions : ρ0
+(x) = −|x − 1/2| + 1/2, and ρ0

−(x) = −|2x − 1| + 1on [0, 1[ (and extend it by periodiity on R).
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Fig. 3.3 � log(L∞ − error) of |uNT
− uNT−1| versus log(Nx) at T = 1

2Figure (3.3) show the behaviour of the L∞-error versus the disretization para-meter ∆x. The regression slope is lose to 0.7 and the ideal regression is 1
2
. Hene,the behaviour of this errors on�rms that our error seems optimal.6.2 Disloation density dynamisIn this paragraph, we are interested by the evolution of disloations densities forthe 1-D Groma-Balogh model (1.1)-(1.2) under the uniformly applied shear stress

L(t) = 3t. 97



Chapitre 3 : Convergene du shémaIn this simulations, we hoose an example of onentrated disloations densities,i.e. where disloations densities are initially periodi, and equal to zero on somesub-intervals of [0, 1[ (see Figure 3.4).This initial ondition means that there exists some regions without disloations,and others with onentrated disloations.Intuitively, disloations are intended to be uniformly distributed in the wholerystal as shown in (Figure 3.6) where �nally a uniform distribution in all the rystalis observed, i.e. the density of disloations beomes a onstant.We remark that when L(t) is non-stationary, our system behaves as a di�usionequation (see [22℄ for further details). But evidently when L(t) = 0, with the sameinitial ondition, the system does not evolve.
0 10 20 30 40 50 60 70 80 90 100

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Fig. 3.4 � disloations density (Dρ0
+(.) = Dρ0

−(.))
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Fig. 3.5 � On the left : density (Dρ+(., 1
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)) ; on the right : disloations density(Dρ−(., 1
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6. Numerial results
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Chapitre 3 : Convergene du shéma
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Chapitre 4Existene globale de solutionsontinues pour un systèmehyperbolique diagonalisable ave desdonnées initiales grandes etmonotonesCe hapitre est un travail en ollaboration ave R. Monneau.
Dans e travail, nous nous intéressons à l'étude des systèmes hyperboliques diago-nalisables en dimension 1. En se basant sur une nouvelle estimation sur l'entropiedu gradient des solutions, nous prouvons l'existene globale d'une solution onti-nue, pour des données initiales grandes et roissantes. De plus, nous montrons dansun as partiulier quelques résultats d'uniité. Nous remarquons également que esrésultats ouvrent le as des systèmes qui sont hyperboliques mais pas stritementhyperboliques. Physiquement, e genre de systèmes hyperboliques diagonalisablesapparaît naturellement dans la modélisation de la dynamique des densités de dislo-ations.
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Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisable
Global ontinuous solutions to diagonalizable hyper-boli systems with large and monotone dataA. El Hajj ∗†,R. Monneau∗

∗CERMICS, Éole Nationale des Ponts et Chaussées6 & 8, avenue Blaise Pasal, Cité Desartes,Champs sur Marne, 77455 Marne-La-Vallée Cedex 2, FRANCE
†Université de Marne-la-Vallée 5, boulevard DesartesCité Desartes - Champs-sur-Marne 77454 Marne-la-Vallée edex 2AbstratIn this paper, we study diagonalizable hyperboli systems in one spae dimension. Based ona new gradient entropy estimate, we prove the global existene of a ontinuous solution, forlarge and nondereasing initial data. Moreover, we show in partiular ases some uniquenessresults. We also remark that these results over the ase of systems whih are hyperboli butnot stritly hyperboli. Physially, this kind of diagonalizable hyperboli systems appearsnaturally in the modelling of the dynamis of disloation densities.AMS Classi�ation : 35L45, 35Q35, 35Q72, 74H25.Key words : Global existene, system of Burgers equations, system of nonlinear trans-port equations, nonlinear hyperboli system, dynamis of disloation densities.

1 Introdution and main result1.1 Setting of the problemIn this paper we are interested in ontinuous solutions to hyperboli systems indimension one. Our work will fous on solution u(t, x) = (ui(t, x))i=1,...,M , where Mis an integer, of hyperboli systems whih are diagonal, i.e.
∂tu

i + ai(u)∂xu
i = 0 on (0, T ) × R and for i = 1, ...,M, (P)102



1. Introdution and main resultwith the initial data :
ui(0, x) = ui

0(x), x ∈ R, for i = 1, . . . ,M. (ID)For real numbers αi ≤ βi, let us onsider the box
U = ΠM

i=1[α
i, βi]. (1.1)We onsider a given funtion a = (ai)i=1,...,M : U → R

M , whih satis�es the followingregularity assumption :
(H1)







the funtion a ∈ C∞(U),there exists M0 > 0 suh that for i = 1, ...,M,
|ai(u)| ≤M0 for all u ∈ U,there exists M1 > 0 suh that for i = 1, ...,M,
|ai(v) − ai(u)| ≤M1|v − u| for all v, u ∈ U.We assume, for all u ∈ R

M , that the matrix
(ai

,j(u))i,j=1,...,M , where ai
,j =

∂

∂uj
ai,is non-negative in the positive one, namely

(H2)

∣
∣
∣
∣
∣
∣
∣
∣

for all u ∈ U, we have
∑

i,j=1,...,M

ξiξja
i
,j(u) ≥ 0 for every ξ = (ξ1, ..., ξM ) ∈ [0,+∞)M .In (ID), eah omponent ui
0 of the initial data u0 = (u1

0, · · · , uM
0 ) is assumed satisfythe following property :

(H3)







ui
0 ∈ L∞(R),
ui

0 is nondereasing,
∂xu

i
0 ∈ L logL(R),

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

for i = 1, · · · ,M ,where L logL(R) is the following Zygmund spae :
L logL(R) =

{

f ∈ L1(R) suh that ∫
R

|f | ln (1 + |f |) < +∞
}

. 103



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisableThis spae is equipped by the following norm :
‖f‖L log L(R) = inf

{

λ > 0 :

∫

R

|f |
λ

ln

(

1 +
|f |
λ

)

≤ 1

}

,This norm is due to Luxemburg (see Adams [2, (13), Page 234℄).Our purpose is to show the existene of a ontinuous solution, suh that ui(t, ·)satis�es (H3) for all time.1.2 Main resultIt is well-known that for the lassial Burgers equation, the solution stays ontinuouswhen the initial data is Lipshitz-ontinuous and non-dereasing. We want somehowto generalize this result to the ase of diagonal hyperboli systems.Theorem 1.1 (Global existene of a nondereasing solution)Assume (H1), (H2) and (H3). Then, for all T > 0, we have :i) Existene of a weak solution :There exists a funtion u solution of (P)-(ID) (in the distributional sense), where
u ∈ [L∞((0, T ) × R)]M ∩ [C([0, T );L logL(R))]M and ∂xu ∈ [L∞((0, T );L logL(R))]M ,suh that for a.e t ∈ [0, T ) the funtion u(t, ·) is nondereasing in x and satis�es thefollowing L∞ estimate :

‖ui(t, ·)‖L∞(R) ≤ ‖ui
0‖L∞(R), for i = 1, . . . ,M, (1.2)and the gradient entropy estimate :

∫

R

∑

i=1,...,M

f
(
∂xu

i(t, x)
)
dx+

∫ t

0

∫

R

∑

i,j=1,...,M

ai
,j(u)∂xu

i(s, x)∂xu
j(s, x) dx ds ≤ C1,(1.3)where

f(x) =

{
x ln(x) + 1

e
if x ≥ 1/e,

0 if 0 ≤ x ≤ 1/e,
(1.4)and C1(T,M,M1, ‖u0‖[L∞(R)]M , ‖∂xu0‖[L log L(R)]M ).ii) Continuity of the solution :The solution u onstruted in (i) belongs to C([0, T )×R) and there exists a modulusof ontinuity ω(δ, h), suh that for all (t, x) ∈ (0, T ) × R and all δ, h ≥ 0, we have :104



1. Introdution and main result
|u(t+ δ, x+ h)− u(t, x)| ≤ C2 ω(δ, h) with ω(δ, h) =

1

ln(1
δ

+ 1)
+

1

ln( 1
h

+ 1)
. (1.5)where C2(T,M1,M0, ‖u0‖[L∞(R)]M , ‖∂xu0‖[L log L(R)]M ).Remark 1.2Here, we an easily extend the solution u of (P)-(ID), given by Theorem 1.1, on thetime interval [0,+∞).Our method is based on the following simple remark : if the initial data satis�es

(H3) then the solution satis�es (H3) for all t. What seems new is the gradient en-tropy inequality. The prove of Theorem 1.1 is rather standard. First we regularizethe initial data and the system with the addition of a visosity term, then we showthat this regularized system admits a lassial solution for short time. We prove thebounds (1.2) and the fundamental gradient entropy inequality (1.3) whih allow toget a solution for all time. Finally, these a priori estimates ensure enough ompat-ness to pass to the limit when the regularization varnishes and to get the existeneof a solution.Remark 1.3To guarantee the L logL bound on the gradient of the solutions. We assumed in (H2)a sign on the left hand side of gradient entropy inequality (1.3).In the ase of 2 × 2 stritly hyperboli systems, whih orresponds in (P) to thease of a1(u1, u2) < a2(u1, u2). Lax [98℄ proved the existene of smooth solution of(P)-(ID). This result was also proven by Serre [123, Vol II℄ in the ase of M ×Mrih hyperboli systems (see also Subsetion 1.4 for more related referenes). Theirresult is limited to the ase of stritly hyperboli systems, here in Theorem 1.1, wetreated the ase of systems whih are hyperboli but not stritly hyperboli. See thefollowing Remark for a quite detailed example.Remark 1.4 (Crossing eigenvalues)Condition (1.9) on the eigenvalues is required in our framework (Theorem 1.1).Here is a simple example of a 2× 2 hyperboli but not stritly hyperboli system. Weonsider solution u = (u1, u2) of






∂tu
1 + cos(u2)∂xu

1 = 0,

∂tu
2 + u1sin(u2)∂xu

2 = 0,

∣
∣
∣
∣
∣
∣

on (0, T ) × R. (1.6)105



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisableAssume :i) u1(−∞) = 0, u1(+∞) = 1 and ∂xu
1 ≥ 0,ii) u2(−∞) = −π

2
, u2(+∞) = π

2
and ∂xu

2 ≥ 0.Here the eigenvalues λ1(u
1, u2) = cos(u2) and λ2(u

1, u2) = u1sin(u2) ross eahother at the initial time (and indeed for any time). Nevertheless for a1(u1, u2) =
cos(u2) and a2(u1, u2) = u1sin(u2), we an ompute

(ai
,j(u

1, u2))i,j=1,2 =

(
0 −sin(u2)

sin(u2) u1cos(u2)

)

,whih satis�es (H2) (under assumptions (i) and (ii)). Therefor Theorem 1.1 givesthe existene of a solution to (1.6) with (i) and (ii).Based on the same type of gradient entropy inequality (1.3), it was proved in Can-none et al. [25℄ the existene of a solution in the distributional sense for a two-dimensional system of two transport equations, where the veloity vetor �eld isnon-loal.The uniqueness of the solution is strongly related to the existene of regular (Lip-shitz) solutions (see Theorem 7.7). Let us remark that equation (P)-(ID) does notreate shoks beause the solution (given in Theorem 1.1) is ontinuous. In this si-tuation, it seems very natural to expet the uniqueness of the solution. Indeed thenotion of entropy solution (in partiular designed to deal with the disontinuitiesof weak solutions) does not seem so helpful in this ontext. Nevertheless the uni-queness of the solution is an open problem in general (even for suh a simple system).We ask the following Open question :Is there uniqueness of the solution given in Theorem 1.1 ?Now we give the following existene and uniqueness result in [W 1,∞([0, T ) × R)]M ,in a speial ase to simplify the presentation. More preisely we assume
(H1′) ai(u) =

∑

j=1,...,M

Aiju
j for i = 1, . . . ,M and for all u ∈ U ,

(H2′)
∑

i,j=1,...,M

Aijξiξj ≥ 0 for every ξ = (ξ1, ..., ξM) ∈ [0,+∞)M .Theorem 1.5 (Existene and uniqueness of W 1,∞ solution for a partiular
A = (Aij)i,j=i=1,...,M)106



1. Introdution and main resultAssume (H1′). For T > 0 and all nondereasing initial data u0 ∈ [W 1,∞(R)]M , thesystem (P)-(ID) admits a unique solution u ∈ [W 1,∞([0, T ) × R)]
M , in the followingases :i) M ≥ 2 and Aij ≥ 0, for all j ≥ i.ii) M ≥ 2 and Aij ≤ 0, for all i 6= j and (H2′). And then for all (t, x) ∈ [0, T ) × Rwe have

∑

i=1,...,M

∂xu
i(t, x) ≤ sup

y∈R

∑

i=1,...,M

∂xu
i
0(y). (1.7)Remark 1.6 (Case of M = 2)In partiular forM = 2, if (H1′), (H2′) and (H3) satis�ed then we have, by Theorem1.5 the existene and uniqueness of a solution in [W 1,∞([0, T ) × R)]

2 of (P)-(ID).In these partiular ases of the matrix A, we an prove that ∂xu
i for i = 1, . . . ,M ,are bounded on [0, T )×R. Thanks to this better estimates on ∂xu
i, and then on theveloity vetor �eld Au, we prove here the uniqueness of the solution.In the ase of the matrix A =

(
1 −1
−1 1

), it was proved in El Hajj, Foradel [48℄,the existene and uniqueness of a Lipshitz visosity solution, and in A. El Hajj [47℄,the existene and uniqueness of a strong solution in W 1,2
loc ([0, T ) × R).1.3 Appliation to diagonalizable systemsLet us �rst onsider a smooth funtion u = (u1, . . . , uM), solution of the followingnon-onservative hyperboli system :







∂tu(t, x) + F (u)∂xu(t, x) = 0, u(t, x) ∈ U, x ∈ R, t ∈ (0, T ),

u(x, 0) = u0(x) x ∈ R,
(1.8)where the spae of states U is now an open subset of R

M , and for eah u, F (u) is a
M ×M -matrix and the map F is of lass C1(U). We assume that F (u) has M realeigenvalues λ1(u), . . . , λM(u), and we suppose that we an selet bases of right andleft eigenvetors ri(u), li(u) normalized so that

|ri| ≡ 1 and li · rj = δij 107



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisableRemark 1.7 (Riemann invariant)Reall that loally a neessary and su�ient ondition to write
li(u) = ∇uϕi(u),is the Frobenius ondition li ∧ dli = 0. In that ase the funtion ϕi(u) is solution ofthe following equation

(ϕi(u))t + λi(u)(ϕi(u))x = 0.We reall that then ϕi(u) is alled a i-Riemann invariant (see Sevenne [124℄ andSerre [123, Vol II℄)). If this is true for any i, we say that the system (1.8) is diago-nalizable.Our theory is naturally appliable to this more general lass of systems.1.4 A brief review of some related literatureNow we reall some well known results for system (1.8).For a salar onservation law, this orresponds in (1.8) to the ase M = 1 and
F (u) = h′(u) is the derivative of some �ux funtion h, the global existene anduniqueness of BV solution established by Oleinik [113℄ in one spae dimension. Thefamous paper of Kruzhkov [93℄ overs the more general lass of L∞ solutions, inseveral spae dimension. For another alternative approah based on the notion ofentropy proess solutions, see Eymard et al. [52℄, see also the kineti formulation P.L. Lions et al. [106℄.We now reall some well-known results for a lass of 2×2 stritly hyperboli systemsn one spae dimension. Here i.e F (u) has two real, distint eigenvalues

λ1(u) < λ2(u).Lax [98℄ proved the existene and uniqueness of nondereasing and smooth solutionsof the 2× 2 stritly hyperboli systems. Also in ase of 2× 2 stritly hyperboli sys-tems DiPerna [43, 44℄ showed the global existene of a L∞ solution. The proof ofDiPerna relies on a ompensated ompatness argument, based on the representa-tion of the weak limit in terms of Young measures, whih must redue to a Diramass due to the presene of a large family of entropies. This results is based on theidea of Tartar [127℄. D. Serre [122℄ has studied the ase of (2 × 2) Temple systemsfor whih one has global existene for data with bounded variation.For generalM×M stritly hyperboli systems ; i. e. where F (u) hasM real, distinteigenvalues108



1. Introdution and main result
λ1(u) < · · · < λM(u), (1.9)Bianhini and Bressan proved in [17℄ a striking global existene and uniqueness re-sult of BV solutions to system (1.8), assuming that the initial data has small totalvariation. Their existene result is a generalization of Glimm result [64℄, proved inthe onservation ase ; i.e. F (u) = Dh(u) is the Jaobin of some �ux funtion h andgeneralized by LeFloh and Liu [99,100℄ in the non-onservative ase.We an also mention that, our system (P) is related to other similar models, suhas salar transport equations based on vetor �elds with low regularity. Suh equa-tions were for instane studied by Diperna and Lions in [45℄. They have proved theexistene (and uniqueness) of a solution (in the renormalized sense), for given vetor�elds in L1((0,+∞);W 1,1

loc (RN)) whose divergene is in L1((0,+∞);L∞(RN)). Thisstudy was generalized by Ambrosio [8℄, who onsidered vetor �elds in L1((0,+∞);BVloc(R
N))with bounded divergene. In the present paper, we work in dimension N = 1 andprove the existene (and some uniqueness results) of solutions of the system (P)-(ID) with a veloity vetor �eld ai(u), i = 1, . . . ,M . Here, in Theorem 1.1, thedivergene of our vetor �eld is only in L∞((0,+∞), L logL(R)). In this ase weproved the existene result thanks to the gradient entropy estimate (1.3), whihgives a better estimate on the solution. However, in Theorem 1.5, the divergeneof our vetor �eld is bounded, whih allows us to get a uniqueness result for thenon-linear system (P).We also refer to Ishii, Koike [83℄ and Ishii [82℄, who showed existene and uniquenessof visosity solutions for Hamilton-Jaobi systems of the form :







∂tu
i +Hi(u,Du

i) = 0 with u = (ui)i ∈ R
M , for x ∈ R

N , t ∈ (0, T ),

ui(x, 0) = ui
0(x) x ∈ R,

(1.10)where the HamiltonianHi is quasi-monotone in u (see Ishii, Koike [83, Th.4.7℄). Thisdoes not over our study sine our Hamiltonian is not neessarily quasi-monotone.For hyperboli and symmetri systems, Gȧrding has proved in [59℄ a loal existeneand uniqueness result in C([0, T );Hs(RN)) ∩ C1([0, T );Hs−1(RN)), with s > N
2

+ 1(see also Serre [123, Vol I, Th 3.6.1℄), this result being only loal in time, even indimension N = 1.1.5 Misellaneous extensions to explore in a futur work1. In Theorem 1.1 we have onsidered the study of a partiular system only tosimplify the presentation. This result ould be generalized to the following system109



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisable
∂tu

i + ai(u, x, t)∂xu
i = hi(u, x, t) on (0, T ) × R and for i = 1, ...,M, (P')with suitable onditions on ai and hi.2. If we onsider the ase where the system (P) is stritly hyperboli. Based in theresult of Bianhini, Bressan [17℄, we ould also prove the uniqueness of the solution,whose existene is given by Theorem 1.1.3. We ould also extend Theorem 1.5 to system (P'), where we replae (i) and (ii)by the following onditioni') For M ≥ 2, ai

j(u, x, t) ≥ 0 for j ≥ i and for all (u, x, t) ∈ U × R × [0, T ).ii') For M ≥ 2,
ai

,j(u, x, t) ≤ 0 for all (u, x, t) ∈ U × R × [0,+∞), for all i 6= j,and we assume that for any vi ∈ R
M , xi ∈ R, the matrix

bij(t) = ai
,j(vi, xi, t)satis�es for all t ≥ 0

(H2′′)
∑

i,j=1,...,M

bij(t)ξiξj ≥ 0 for all ξ = (ξ1, ..., ξM ) ∈ [0,+∞)M .4. We ould also prove the uniqueness result in ase of W 1,∞ solution among weaksolution. (and in partiular any weak solution is a visosity solution in the sense ofCrandall-Lions [38,39℄).5. We ould propose a numerial sheme and try to prove its onvergene.6. Appliations to other equations : Euler, p-systems.1.6 Organization of the paperThis paper is organized as follows : in the Setion 2, we approximate the system(P) and the initial onditions. Then we prove a loal in time existene for thisapproximated system. In Setion 3, we prove the global in time existene for theapproximated system. In the Setion 4, we prove that the obtained solutions areregular and non-dereasing in x for all t ∈ (0, T ). In Setion 5, we prove the gradiententropy inequality and some other ε-uniform a priori estimates. In Setion 6, weprove the main result (Theorem 1.1) passing to the limit as ε goes to 0 and using110



2. Loal existene of an approximated systemsome ompatness properties inherited from our entropy gradient inequality andthe a priori estimates. In Setion 7 we prove some uniqueness results in partiularases (Theorem 1.5). An appliation to the dynamis of disloation densities givenin Setion 8. Finally, in the Appendix, we reall the proof of uniqueness of Lipshitzsolution to system (P).2 Loal existene of an approximated systemThe system (P) an be written as :
∂tu+ a(u) ⋄ ∂xu = 0, (2.11)where u := (ui)1,...,M , a(u) = (ai(u))1,...,M and U ⋄V is the �omponent by omponentprodut� of the two vetors U, V ∈ R

M . This is the vetor in R
M whose oordinatesare given by (U ⋄ V )i := UiVi :








U1

U2...
UM







⋄








V1

V2...
VM








=








U1V1

U2V2...
UMVM







.

Now, we onsider the system (2.11), modi�ed by the term ε∂xxu, where ∂xx =
∂2

∂x2
,and for smoothed data. This modi�ation brings us to study, for all 0 < ε ≤ 1, thefollowing system :

∂tu
ε − ε∂xxu

ε = −a(uε) ⋄ ∂xu
ε, (Pε)with the smooth initial data :

uε(x, 0) = uε
0(x), with uε

0(x) := u0 ∗ ηε(x), (IDε)where ηε is a molli�er verify, ηε(·) = 1
ε
η( ·

ε
), suh that η ∈ C∞

c (R) is a non-negativefuntion and ∫
R
η = 1.Remark 2.1By lassial properties of the molli�er (ηε)ε and the fat that uε

0 ∈ [L∞(R)]M , then
uε

0 ∈ [C∞(R)]M ∩ [Wm,∞(R)]M for all m ∈ N.The global existene of smooth solution of the system (Pε) is standard. Here, weprove this results only to ensure the reader. 111



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisableThe following theorem is a loal existene result (in the "Mild" sense) of the re-gularized system (Pε)-(IDε). This result is ahieved in a super-ritial spae. Herepartiularly we hose the spae of funtions [C([0, T );X(R))]M , where
X(R) = {u ∈ L∞(R) suh that ∂xu ∈ L8(R)}. (2.12)This spae is a Banah spae supplemented with the following norm

‖u‖X(R) = ‖u‖L∞(R) + ‖∂xu‖L8(R).Here the espae Lp(R) with p = 8 will simplify later in Lemma 4.1 the Bootstrapargument to get smooth solution.In this Setion, we will prove the followingTheorem 2.2 (Loal existene result)For all initial data uε
0 ∈ [X(R)]M there exists

T ⋆ = T ⋆(M0, ε) > 0,suh that the system (Pε)-(IDε) admits solutions uε ∈ [C([0, T ⋆);X(R))]M .In order to do the proof of Theorem 2.2 in Subsetion 2.2 we need to reall in thefollowing Subsetion some known results.2.1 Useful resultsLemma 2.3 (Mild solution)Let T > 0, and uε ∈ [C([0, T );X(R))]M be a solution of the following integralproblem with uε(t) = uε(t, ·) :
uε(t) = Sε(t)u

ε
0 −

∫ t

0

Sε(t− s) (a(uε(s)) ⋄ ∂xu
ε(s)) ds, (INε)where Sε(t) = S1(εt) suh that S1(t) = et∆ is the heat semi-group. Then uε is asolution of the system (Pε)-(IDε) in the sense of distributions.For the proof of this lemma, we refer to Pazy [117, Th 5.2. Page 146℄.Lemma 2.4 (Piard Fixed Point Theorem, see [85℄)Let E be a Banah spae, let B : E × E −→ E be a ontinuous map suh that :

‖B(x, y)‖E ≤ η‖y‖E for all x, y ∈ E,where η is a positive given onstant. Then, for every x0 ∈ E, if
0 < η < 1,the equation x = x0 +B(x, x) admits a solution in E.112



2. Loal existene of an approximated systemIn order to show the loal existene of a solution for (INε), we will apply Lemma2.4 in the spae E = [L∞((0, T );X(R))]M .Lemma 2.5 (Time ontinuity)Let T > 0. If uε ∈ [L∞((0, T );W 1,p(R))]M , 1 ≤ p ≤ +∞, are solutions of integralproblem (INε), then uε ∈ [C([0, T );W 1,p(R))]
M .For the proof of Lemma 2.3, see A. Pazy [117, 7.3, Page 212℄.Lemma 2.6 (Semi-group estimates)Let 1 ≤ p ≤ q ≤ +∞. Then for all f ∈ Lp(R) and for all t > 0, we have thefollowing estimates :i) ‖Sε(t)f‖Lq(R) ≤ Ct−

1
2
( 1

p
− 1

q
)‖f‖Lp(R),ii) ‖∂xSε(t)f‖Lp(R) ≤ Ct−

1
2‖f‖Lp(R),where C = C(ε) is a positive onstant depending on ε.For the proof of this Lemma, see Pazy [117, Lemma 1.1.8, Th 6.4.5℄.2.2 Proof of Theorem 2.2Our goal is to show loal existene of a solution of (Pε) using the Piard �xedpoint Theorem. To be done aording Lemma 2.3 it is enough to prove the loalexistene for the following equation :

uε(t) = Sε(t)u
ε
0 −

∫ t

0

Sε(t− s) (a(uε(s)) ⋄ ∂xu
ε(s)) ds,

= Sε(t)u
ε
0 +B(uε, uε)(t),

(2.13)with B(u, v)(t) = −
∫ t

0

Sε(t− s) (a(u)(s) ⋄ ∂xv(s)) ds.If we estimate B(u, v), we will obtain, for all u, v ∈ [L∞((0, T );X(R))]M , where
X(R) de�ned in (2.12), the following :

‖B(u, v)(t)‖[X(R)]M =

∥
∥
∥
∥

∫ t

0

Sε(t− s) (a(u(s)) ⋄ ∂xv(s)) ds,

∥
∥
∥
∥

[L∞(R)]M
,

+

∥
∥
∥
∥

∫ t

0

∂xSε(t− s) (a(u(s)) ⋄ ∂xv(s)) ds,

∥
∥
∥
∥

[L8(R)]M
,

(2.14)
113



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisablewhere for a funtion f = (f 1, . . . , fM) ∈ [X(R)]M , we note here
‖f‖[X(R)]M = sup

i=1,...,M
‖f i‖L∞(R) + sup

i=1,...,M
‖∂xf

i‖L8(R).Using Lemma 2.6 (i) with p = 8, q = ∞ for the �rst term and Lemma 2.6 (ii) with
p = 8 for the seond term, we obtain that :

‖B(u, v)(t)‖[X(R)]M ≤ C

∫ t

0

1

(t− s)
7
16

‖a(u(s))∂xv(s)‖[L2(R)]M ds,

+C

∫ t

0

1

(t− s)
1
2

‖a(u(s))∂xv(s)‖[L8(R)]M ds.We use the Hölder inequality, and get, for all 0 < T ≤ 1 :
‖B(u, v)(t)‖[X(R)]M ≤ CT

1
2 ‖∂xv‖[L∞((0,T );L8(R))]M ,

≤ CT
1
2 ‖v‖[L∞((0,T );X(R))]M ,

(2.15)where C(M0, ε). Moreover, we know by lassial properties of heat semi-group (seeA. Pazy [117℄) :
‖Sε(t)u

ε
0‖[L∞((0,T );X(R))]M ≤ ‖uε

0‖[X(R)]M . (2.16)Now, taking
(T ⋆)

1
2 = min

(
1

2C
, 1

)

, (2.17)we an easily verify that
C(T ⋆)

1
2 < 1.By applying the Piard Fixed Point Theorem (Lemma 2.4) withE = [L∞((0, T ⋆);X(R))]M ,this proves the existene of a solution uε ∈ [L∞((0, T ⋆);X(R))]M for (2.13).Then, aording to Lemma 2.5, we dedue that the solution is indeed in [C([0, T ⋆);X(R))]M .This proves, by Lemma 2.3, the existene of a solution in [C([0, T ⋆);X(R))]M , whihsatis�es the system (Pε)-(IDε) in the sense of distributions. 2114



3. Global existene of the solutions of the approximated system3 Global existene of the solutions of the approxi-mated systemIn this Setion, we will prove the global existene of solution for the system(Pε)-(IDε). Before going into the proof, we need the following lemma.Lemma 3.1 (L∞ bound)Let T > 0. If uε ∈ [C([0, T );X(R))]M is a solution of system (Pε)-(IDε) with initialdata uε
0 ∈ X(R), then

‖uε‖[L∞([0,T )×R)]M ≤ ‖uε
0‖[L∞(R)]MThe proof of this Lemma is a diret appliation of the Maximum Priniple Theoremfor paraboli equations (see Gilbarg-Trudinger [63, Th.3.1℄).Remark 3.2Thanks to the previous Lemma, we notie that we an take the box U de�ned in (1.1)as the following

U = ΠM
i=1[−‖uε,i

0 ‖L∞(R), ‖uε,i
0 ‖L∞(R)].For �xed ε, this de�nition guarantee that M0 do not hange in the ourse of time.The result of this Setion is the following.Theorem 3.3 (Global existene)Let T > 0 and 0 < ε ≤ 1. For initial data uε

0 ∈ [X(R)]M satisfying (H1) and (H2).Then the system (Pε)-(IDε), admits a solution uε ∈ [C([0, T );X(R))]M , with uε(t, ·)satisfying (H1) and (H2) for all t ∈ (0, T ). Moreover, for all t ∈ (0, T ), we have thefollowing inequalities :
‖uε,i(t, ·)‖L∞(R) ≤ ‖uε,i

0 ‖L∞(R), for i = 1, . . . ,M, (3.18)Proof of Theorem 3.3 :We are going to prove that loal in time solutions obtained by Theorem 2.2 an beextended to global solutions for the same system.We argue by ontradition : assume that there exists a maximum time Tmax suhthat, we have the existene of solutions of the system (Pε)-(IDε) in the funtionspae [C([0, Tmax);X(R))]M .For every small enough δ > 0, we onsider the system (Pε) with the initial ondition
uε,δ

0 (x) = uε(Tmax − δ, x). 115



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisableFrom Theorem 2.2 to dedue that there exists a time T ⋆(M0, ε), independent of δ(see Remark 3.2), suh that the system (Pε) with initial data uε,δ
0 has a solution uε,δon the time interval [0, T ⋆). Then for

T0 = (Tmax − δ) + T ⋆,we extend uε on the time interval [0, T0) as follows,
ũε(t, x) =

{

uε(t, x), for t ∈ [0, Tmax − δ],

uε,δ(t, x), for t ∈ [Tmax − δ, T0)and we an hek that ũε is a solution of (Pε)-(IDε) on the time interval [0, T0). Butfrom Lemma (3.1) we know that the time T ⋆ is independent of δ (see Remark 3.2),whih implies that T0 > Tmax and so a ontradition.The inequalities (3.18) is a onsequene of Lemma 3.1. 24 Properties of the solutions of the approximatedsystemIn this setion, we are going to prove that the solution of (Pε)-(IDε) obtainedby Theorem 2.2 is smooth and monotone.Lemma 4.1 (Smoothness of the solution)Let T > 0. For all initial data uε
0 ∈ [X(R)]M , where ∂xu

ε
0 ∈ [Wm,p(R)]M for all

m ∈ N, 1 ≤ p ≤ +∞.If uε is a solution of the system (Pε)-(IDε), suh that uε ∈ [C([0, T );X(R))]M and
∂xu

ε ∈ [L∞((0, T );L1(R))]M , then uε ∈ [C∞([0, T ) × R)]M and satis�es,
uε ∈ [Wm,p((0, T ) × R)]M , for all 1 < p ≤ +∞ and m ∈ N \ {0}, (4.19)Proof of Lemma 4.1Step 1 (Initialization of the Bootstrap) :For the sake of simpliity, we will set

F [uε] = −a(uε) ⋄ ∂xu
ε.From the fat that uε ∈ [C([0, T );X(R))]M and ∂xu

ε ∈ [L∞((0, T );L1(R))]M , wededue that ∂xu
ε, F [uε] ∈ [L1((0, T ) × R)]

M ∩ [L8((0, T ) × R)]
M , whih proves byinterpolation that116



4. Properties of the solutions of the approximated system
∂xu

ε, F [uε] ∈ [Lp((0, T ) × R)]M for all 1 ≤ p ≤ 8. (4.20)Beause uε is a solution of (Pε), we see that
∂tu

ε − ε∂xxu
ε = F [uε], (4.21)

∂txu
ε − ε∂xxxu

ε = ∂xF [uε]. (4.22)Applaying the lassial regularity theory of heat equations on (4.21), we deduethat :
∂tu

ε and ∂xxu
ε ∈ [Lp((0, T ) × R)]M , for all 1 < p ≤ 8. (4.23)For more details, see Ladyzenskaja [96, Theorem 9.1℄. But we know that

∂xF [uε] = −a(uε) ⋄ ∂xxu
ε −Da(uε)∂xu

ε ⋄ ∂xu
ε (4.24)We notie that thanks to this better regularity on uε ((4.20) and (4.23), and by theHölder inequality we an easily prove that

∂xF [uε] ∈ [Lp((0, T ) × R)]M for all 1 < p ≤ 4.Now, we apply again the lassial regularity theory of heat equations on (4.22), todedue that :
∂txu

ε and ∂xxxu
ε ∈ [Lp((0, T ) × R)]M , for all 1 < p ≤ 4. (4.25)We know that

∂tF [uε] = −a(uε) ⋄ ∂txu
ε −Da(uε)∂tu

ε ⋄ ∂xu
ε (4.26)Thanks this previous regularity on uε, we obtain by the Hölder inequality that

∂tF [uε] ∈ [Lp((0, T ) × R)]M for all 1 < p ≤ 4.Whih gives that
∂xu

ε, F [uε] ∈
[
W 1,p((0, T ) × R)

]M for all 1 < p ≤ 4,and by the Sobolev embedding that ∂xu
ε ∈ [Lp((0, T ) × R)]M for all 1 < p ≤ ∞.Step 2 (Reurrene) :Now, we use the same steps, we an prove by reurrene that for all m ∈ N if, 117



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisable
(Hm)

∣
∣
∣
∣
∣
∣

∂xu
ε ∈ [L∞((0, T ) × R)]M ,

∂xu
ε, F [uε] ∈ [Wm,p((0, T ) × R)]M for all 1 < p ≤ 4,then

(Hm) ⇒ (Hm+1).Indeed, as in (4.23) we an dedue here that
∂tu

ε and ∂xxu
ε ∈ [Wm,p((0, T ) × R)]M , for all 1 < p ≤ 4, (4.27)and From (4.24), beause ∂xu

ε ∈ [L∞((0, T ) × R)]M , we an obtain here that
∂xF [uε] ∈ [Wm,p((0, T ) × R)]M for all 1 < p ≤ 4.Whih proves that, as in (4.25) that

∂txu
ε and ∂xxxu

ε ∈ [Wm,p((0, T ) × R)]M , for all 1 < p ≤ 4, (4.28)and From (4.26), we dedue that
∂tF [uε] ∈ [Wm,p((0, T ) × R)]M for all 1 < p ≤ 4,and then

∂xu
ε, F [uε] ∈

[
Wm+1,p((0, T ) × R)

]M for all 1 < p ≤ 4,Whih proves by the Sobolev embedding the results. 2Lemma 4.2 (Classial Maximum Priniple)Let T > 0. For all initial data uε
0 ∈ [X(R)]M , where ∂xu

ε
0 ∈ [Wm,p(R)]M for all

m ∈ N, 1 ≤ p ≤ +∞, and satisfying (H3).If uε is a solution of the system (Pε)-(IDε), suh that uε ∈ [C([0, T );X(R))]M and
∂xu

ε ∈ [L∞((0, T );L1(R))]M , then we have for i = 1, . . . ,M , ∂xu
ε,i ≥ 0 on (0, T )×R.Proof of Lemma 4.2We �rst derive with respet to x the system (Pε)-(IDε), and get for wε = (wε,i)i=1,...,M =

∂xu
ε

∂tw
ε − ε∂xxw

ε + a(uε) ⋄ ∂xw
ε +Da(u)wε ⋄ wε = 0.Sine uε ∈ [C∞([0, T ) × R)]M , we see, for i = 1, . . . ,M , that wε,i is smooth andsatis�es wε,i(0, x) = ∂xu

ε,i
0 ≥ 0. From the lassial maximum priniple we deduethat wε,i ≥ 0 on [0, T ) × R. 2118



5. ε-Uniform a priori estimatesRemark 4.3 (L1 uniform estimate on ∂xu
ε)Beause ∂xu

ε,i ≥ 0, for i = 1, . . . ,M , we dedue from Lemma 3.1 that :
‖∂xu

ε‖[L∞([0,T );L1(R))]M ≤ 2 ‖uε‖[L∞([0,T )×R)]M ≤ 2‖uε
0‖[L∞(R)]M . (4.29)Corollary 4.4 (global existene of nondereasing smooth solutions)Let T > 0. The solution given in Theorem 2.2 an be hosen suh that uε =

(uε,i)i=1,...,M smooth, satis�es (4.19) and for eah i = 1, . . . ,M , ∂xu
ε,i ≥ 0 on

(0, T ) × R.The proof of Corollary 4.4 is a onsequene of Theorem 2.2 and Lemmata 4.1, 4.2and Remark 4.3.5 ε-Uniform a priori estimatesIn this Setion, we show some ε-uniform estimates on the solutions of the system(Pε)-(IDε). These estimates will be used in Setion 6 for the passage to the limit as
ε tends to zero.Lemma 5.1 (L∞ bound on uε and L1 bound on ∂xu

ε)Let T > 0, 0 < ε ≤ 1 and funtion u0 ∈ [L∞(R)]M satisfying (H3). Then the solu-tion of the system (Pε)-(IDε) given in Theorem 3.3 with initial data uε
0 = u0 ∗ ηε,satis�es the following ε-uniform estimates :

(E1) ‖uε‖[L∞((0,T )×R)]M ≤ ‖u0‖[L∞(R)]M ,

(E2) ‖∂xu
ε‖[L∞((0,T ),L1(R))]M ≤ 2 ‖u0‖[L∞(R)]M ,Proof of Lemma 5.1 :First, we remark that if ∂xu0 ≥ 0, then ∂xu

ε
0 = (∂xu0) ∗ ηε(x) ≥ 0 (beause ηis positive). The fat that u0 ∈ [L∞(R)]M and ∂xu0 ≥ 0, we obtain that ∂xu0 ∈

[L1(R)]
M .By lassial properties of the molli�er (ηε)ε we know that if u0 ∈ [L∞(R)]M and

∂xu0 ∈ [L1(R)]
M we have uε

0 ∈ [X(R)]M and ∂xu
ε
0 ∈ [Wm,p(R)]M for all m ∈ N,

1 ≤ p ≤ +∞.Now, we use Lemma 3.1 and Remark 4.3, we dedue by the lassial properties ofthe molli�er (E1) and (E2). 119



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisableBefore going into the proof of the gradient entropy inequality de�ned in (5.30), weannoune the main idea of this new gradient entropy estimate. Now, let us set for
w ≥ 0 the entropy funtion

f̄(w) = w lnw.For any non-negative test funtion ϕ ∈ C1
c (R × [0,+∞)), let us de�ne the following�gradient entropy� with wi := ∂xu

i :
N̄(t) =

∫

R

ϕ

(
∑

i=1,...,M

f̄(wi)

)

dx.It is very natural to introdue suh quantity N̄(t) whih in the ase ϕ ≡ 1, appearsto be nothing else than the total entropy of the system of M type of partiles ofnon-negative densities wi. Then it is formally possible to dedue from (P) the equa-lity in the following new gradient entropy inequality for all t ≥ 0

dN̄

dt
(t) +

∫

R

ϕ

(
∑

i,j=1,...,M

ai
,jw

iwj

)

dx ≤ R(t) for t ≥ 0, (5.30)with the rest
R(t) =

∫

R

{

(∂tϕ)

(
∑

i=1,...,M

f̄(wi)

)

+ (∂xϕ)

(
∑

i=1,...,M

aif̄(wi)

)}

dx,where we only show the dependene on t in the integrals. We remark in partiularthat this rest is formally equal to zero if ϕ ≡ 1.To guarantee the existene of ontinuous solutions, we assumed in (H2) a sign onthe left hand side of inequality (5.30).For we return this previous alulate more rigorous, we prove atually the followinggradient entropy inequalityProposition 5.2 (Gradient entropy inequality)Let T > 0, 0 < ε ≤ 1 and funtion u0 ∈ [L∞(R)]M satisfying (H3). We onsider thesolution uε of the system (Pε)-(IDε) given in Theorem 3.3 with initial data uε
0 =

u0 ∗ ηε,. Then, there exists a onstant C(T,M,M1, ‖u0‖[L∞(R)]M , ‖∂xu0‖[L log L(R)]Msuh that
N(t) +

∫ t

0

∫

R

∑

i,j=1,...,M

ai
,j(u

ε)wε,iwε,j ≤ C, with N(t) =

∫

R

∑

i=1,...,M

f(wε,i)dx.(5.31)where wε = (wε,i)i=1,...,M = ∂xu
ε and f is de�ned in (1.4).120



5. ε-Uniform a priori estimatesFor the proof of Proposition 5.2 we need the following Lemma :Lemma 5.3 (L logL Estimate)Let (ηε)ε be a non-negative molli�er, f is the funtion de�ned in (1.4) and h ∈ L1(R)is a non-negative funtion. Theni) ∫
R

f(h) < +∞ if and only if h ∈ L logL(R).ii) If h ∈ L logL(R) the funtion hε = h ∗ ηε ∈ L logL(R) satis�es
‖h− hε‖L log L(R) → 0 as ε→ 0.The proof of (i) is trivial, for the proof of (ii) see R. A. Adams [2, Th 8.20℄ for theproof of this Lemma.Proof of Proposition 5.2 :Remark �rst that the quantityN(t) is well-de�ned beause wε ∈ [L∞((0, T );L1(R))]

M∩
[L∞((0, T );L8(R))]

M (by Theorem 2.2 and Corollary 4.4) and we have the generalinequality −1
e
≤ w logw ≤ w2 for all w ≥ 0.From Theorem 4.4 we know that wε,i and smooth non-negative funtion. Now, wederive N(t) with respet to t, this is well-de�ned beause for i = 1, . . . ,M , we have∣

∣
∣
∣
∣

∫

wε,i≥ 1
e

∣
∣
∣
∣
∣
≤ e‖wε,i‖L∞((0,T );L1(R)) and for all m ∈ N, wε,i ∈ Wm,∞((0, T ) × R) (see(4.19)).Finally, we get that,

d

dt
N(t) =

∫

R

∑

i=1,...,M

f ′(wε,i)(∂tw
ε,i),

=

∫

R

∑

i=1,...,M

f ′(wε,i)∂x

(
−ai(uε)wε,i + ε∂xw

ε,i
)
,

=

J1
︷ ︸︸ ︷∫

R

∑

i=1,...,M

ai(uε)wε,if ′′(wε,i)∂xw
ε,i

J2
︷ ︸︸ ︷

− ε

∫

R

∑

i=1,...,M

(
∂xw

ε,i
)2
f ′′(wε,i)But, it is easy to hek that

f ′(x) =

{
ln(x) + 1 if x ≥ 1/e,
0 if 0 ≤ x ≤ 1/e,

and f ′′(x) =

{
1
x

if x ≥ 1/e,
0 if 0 ≤ x ≤ 1/e.121



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisableThis proves that J2 ≤ 0. To ontrol J1, we rewrite it under the following form
J1 =

∫

R

∑

i=1,...,M

ai(uε)g′(wε,i)∂xw
ε,i,where

g(x) =

{
x− 1

e
if x ≥ 1/e,

0 if 0 ≤ x ≤ 1/e,Then, we dedue that
J1 =

∫

R

∑

i=1,...,M

ai(uε)∂x(g(w
ε,i))

= −
∫

R

∑

i,j=1,...,M

ai
,j(u

ε)wε,jg(wε,i),

=

J11
︷ ︸︸ ︷

−
∫

R

∑

i,j=1,...,M

ai
,j(u

ε)wε,jwε,i

J12
︷ ︸︸ ︷

−
∫

R

∑

i,j=1,...,M

ai
,j(u

ε)wε,j(g(wε,i) − wε,i),From (H2), we know that J11 ≤ 0. We use the fat that |g(x)− x| ≤ 1
e
for all x ≥ 0and (H1), to dedue that

|J12| ≤ 1
e
M2M1 ‖wε,i‖[L∞((0,T ),L1(R))]M

≤ 2
e
M2M1‖u0‖[L∞(R)]Mwhere we have use Lemma 5.1 (E2) in the last line. Finally, we dedue that, thereexists a positive onstant C(‖u0‖[L∞(R)]M ,M1,M) independent of ε suh that

d

dt
N(t) ≤ J11 + J12 + J2

≤ J11 + C.Integrating in time we get by Lemma 5.3, there exists a another positive onstant
C(T,M,M1, ‖u0‖[L∞(R)]M , ‖∂xu0‖[L log L(R)]M ) independent of ε suh that

N(t) +

∫ t

0

∫

R

∑

i,j=1,...,M

ai
,j(u

ε)wε,jwε,i ≤ CT +N(0) ≤ C.
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5. ε-Uniform a priori estimatesLemma 5.4 (W−1,1 estimate on the time derivatives of the solutions)Let T > 0, 0 < ε ≤ 1 and funtion u0 ∈ [L∞(R)]M satisfying (H3). Then the solu-tion of the system (Pε)-(IDε) given in Theorem 3.3 with initial data uε
0 = u0 ∗ ηε,satis�es the following ε-uniform estimates :

‖∂tu
ε‖[L2((0,T );W−1,1(R))]M ≤ C

(

1 + ‖u0‖2
[L∞(R)]M

)

.where W−1,1(R) is the dual of the spae W 1,∞(R).Proof of Lemma 5.4 :The idea to bound ∂tu
ε is simply to use the available bounds on the right hand sideof the equation (Pε).We will give a proof by duality. We multiply the equation (Pε) by φ ∈ [L2((0, T ),W 1,∞(R))]

Mand integrate on (0, T ) × R, whih gives
∫

(0,T )×R

φ ∂tu
ε =

I1
︷ ︸︸ ︷

ε

∫

(0,T )×R

φ ∂2
xxu

ε

I2
︷ ︸︸ ︷

−
∫

(0,T )×R

φ a(uε) ⋄ ∂xu
ε.We integrate by parts the term I1, and obtain that for 0 < ε ≤ 1 :

|I1| ≤
∣
∣
∣
∣

∫

(0,T )×R

∂xφ∂xu
ε

∣
∣
∣
∣

≤ T‖∂xφ‖[L2((0,T ),L∞(R))]M‖∂xu
ε‖[L2((0,T ),L1(R))]M ,

≤ 2T
3
2‖φ‖[L2((0,T ),W 1,∞(R))]M‖u0‖[L∞(R)]M ,

(5.32)here, we have used the inequality
‖∂xu

ε‖[L2([0,T );L1(R))]M ≤ 2T
1
2‖u0‖[L∞(R)]M , (5.33)whih follows from estimate (4.29) for bounded and nondereasing funtion uε. Si-milarly, for the term I2, we have :

|I2| ≤M0‖u‖[L∞((0,T )×R)]M‖φ‖[L2((0,T ),L∞(R))]M‖∂xu
ε‖[L2((0,T ),L1(R))]M ,

≤ 2T
1
2M0‖u0‖2

[L∞(R)]M
‖φ‖[L2((0,T ),W 1,∞(R))]M .

(5.34)Finally, olleting (5.32) and (5.34), we get that there exists a onstant C = C(T,M0)independent of 0 < ε ≤ 1 suh that :
∣
∣
∣
∣

∫

(0,T )×R

φ∂tu
ε

∣
∣
∣
∣
≤ C

(

1 + ‖u0‖2
[L∞(R)]M

)

‖φ‖[L2((0,T ),W 1,∞(R))]Mwhih gives the announed result where we use that L2((0, T ),W−1,1(R)) is the dualof L2((0, T ),W 1,∞(R)) (see Cazenave and Haraux [28, Th 1.4.19, Page 17℄). 2123



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisableCorollary 5.5 (ε-Uniform estimates)Let T > 0, 0 < ε ≤ 1 and funtion u0 ∈ [L∞(R)]M satisfying (H1) and (H2).Then the solution of the system (Pε)-(IDε) given in Theorem 3.3 with initial data
uε

0 = u0 ∗ ηε, satis�es the following ε-uniform estimates :
‖∂xu

ε‖[L∞((0,T );L log L(R))]M + ‖uε‖[L∞((0,T )×R)]M + ‖∂tu
ε‖[L2((0,T );W−1,1(R))]M ≤ C.where C = C(T,M,M0,M1 ‖u0‖[L∞(R)]M , ‖∂xu0‖[L log L(R)]M ).We an easily prove this Corollary olleting Lemmata 5.1, 5.4 and 5.3 and Propo-sition 5.2.6 Passage to the limit and the proof of Theorem 1.1In this setion, we prove that the system (P)-(ID) admits solutions u in thedistributional sense. They are the limits of uε given by Theorem 3.3 when ε → 0.To do this, we will justify the passage to the limit as ε tends to 0 in the system(Pε)-(IDε) by using some ompatness tools that are presented in a �rst Subsetion.6.1 Preliminary resultsFirst, for all I open interval of R, we denote by

L logL(I) ==

{

f ∈ L1(I) suh that ∫
I

|f | ln (1 + |f |) < +∞
}

.Lemma 6.1 (Compat embedding)Let I an open and bounded interval of R. If we denote by
W 1,L log L(I) = {u ∈ L1(I) suh that ∂xu ∈ L logL(I)}.Then the following injetion :

W 1,L log L(I) →֒ C(I),is ompat.For the proof of this Lemma see R. A. Adams [2, Th 8.32℄.Lemma 6.2 (Simon's Lemma)Let X, B, Y be three Banah spaes, suh that124



6. Passage to the limit and the proof of Theorem 1.1
X →֒ B with ompat embedding and B →֒ Y with ontinuous embedding.Let T > 0. If (uε)ε is a sequene suh that,

‖uε‖L∞((0,T );X) + ‖uε‖L∞((0,T );B) + ‖∂tu
ε‖Lq((0,T );Y ) ≤ C,where q > 1 and C is a onstant independent of ε, then (uε)ε is relatively ompatin C((0, T );B).For the proof, see J. Simon [125, Corollary 4, Page 85℄.In order to show the existene of solution system (P) in Subsetion 6.2, we will applythis lemma to eah salar omponent in the partiular ase where X = W 1,log(I),

B = L∞(I) and Y = W−1,1(I) := (W 1,∞(I))′.We denote by Kexp(I) the lass of all measurable funtion u, de�ned on I, for whih,
∫

I

(
e|u| − 1

)
< +∞.The spae EXP (I) is de�ned to be the linear hull of Kexp(I). This spae is supple-mented with the following Luxemburg norm (see Adams [2, (13), Page 234℄ ) :

‖u‖EXP (I) = inf

{

λ > 0 :

∫

I

(

e
|u|
λ − 1

)

≤ 1

}

,Let us reall some useful properties of this spae.Lemma 6.3 (Weak star topology in L logL)Let Eexp(I) be the losure in EXP (I) of the spae of funtions bounded on I. Then
Eexp(I) is a separable Banah spae whih veri�es,i) L logL(I) is the dual spae of Eexp(I).ii) L∞(I) →֒ Eexp(I).For the proof, see Adams [2, Th 8.16, 8.18, 8.20℄.Lemma 6.4 (Generalized Hölder inequality, Adams [2, 8.11, Page 234℄)Let f ∈ EXP (I) and g ∈ L logL(I). Then fg ∈ L1(I), with

‖fg‖L1(I) ≤ 2‖f‖EXP (I)‖g‖L log L(I). 125



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisableThe following Lemma, we allow to de�ne later the restrition of a funtion f ∈
W−1,1(R) on all open interval I of R.Lemma 6.5 (Extension)For all open interval I of R, there exists a linear and ontinuous operator of exten-sion P : W 1,∞(I) → W 1,∞(R) suh thati) Pu|I = u for u ∈W 1,∞(I).ii) ‖Pu‖W 1,∞(R) ≤ ‖u‖W 1,∞(I) for u ∈ W 1,∞(I).for the proof of this Lemma see for instane Brezis [21, Th.8.5℄.Thanks this Lemma, we an notie that, if f ∈ W−1,1(R), where W−1,1(R) :=
(W 1,∞(R))′, we an de�ne, for all open interval I of R, the funtion f|I as thefollowing

< f|I , h >W−1,1(I),W 1,∞(I)=< f, Ph >W−1,1(R),W 1,∞(R) .for all h ∈ W 1,∞(I).6.2 Proof of Theorem 1.1Step 1 (Existene) :First, by Corollary 5.5 we know that for any T > 0, the solutions uε of the sys-tem (Pε)-(IDε) obtained with the help of Theorem 3.3, are ε-uniformly bounded in
[L∞((0, T ) × R)]M . Hene, as ε goes to zero, we an extrat a subsequene still de-noted by uε, that onverges weakly-⋆ in [L∞((0, T ) × R)]M to some limit u. Then wewant to show that u is a solution of the system (P)-(ID). Indeed, sine the passageto the limit in the linear terms is trivial in [D′((0, T ) × R)]M , it su�es to pass tothe limit in the non-linear term,

a(uε) ⋄ ∂xu
ε.Aording to Corollary 5.5 we know that for all open and bounded interval I of Rthere exists a onstant C independent on ε suh that :

‖uε‖
[L∞((0,T );W 1,L log L(I))]

M + ‖uε‖[L∞((0,T )×I)]M + ‖∂tu
ε‖[L2((0,T );W−1,1(I))]M ≤ C.From the ompatness of W 1,L log L(I) →֒ L∞(I) (see Lemma 6.3 (i)), we an applySimon's Lemma (i.e. Lemma 6.2), with X =

[
W 1,L log L(I)

]M , B = [L∞(I)]M and
Y = [W−1,1(I)]

M , whih shows that126



6. Passage to the limit and the proof of Theorem 1.1
uε is relatively ompat in in [L∞((0, T ) × I)]M →֒ [L1((0, T );L∞(I))]

M
. (6.35)Then form ontinuous injetion of L∞(I) →֒ Eexp(I) (see Lemma 6.3 (ii)), we deduethat,

uε is relatively ompat in [L1((0, T );Eexp(Ω))]
M . (6.36)On the other hand, by Corollary 5.5, we notie that ∂xu

ε is ε-uniformly bounded in
[L∞((0, T );L logL(I))]M . Moreover, the spae [L∞((0, T );L logL(I))]M is the dualspae of [L1((0, T );Eexp(I))]

M , beause L logL(I) is the dual spae of Eexp(I) (seeLemma 6.3 (ii) and Cazenave, Haraux [28, Th 1.4.19, Page 17℄). Then, up to asubsequene
∂xu

ε → ∂xu weakly-⋆ in [L∞((0, T );L logL(I))]M . (6.37)Form (6.36) and (6.37), we see that we an pass to the limit in the non-linear termin the sense
[
L1((0, T );Eexp(I))

]M − strong × [L∞((0, T );L logL(I))]M − weak − ⋆.Beause this is true for any bounded open interval I and for any T > 0, we deduethat,
a(uε) ⋄ ∂xu

ε → a(u) ⋄ ∂xu in D′((0, T ) × R)Consequently, we an pass to the limit in (Pε) and get that,
∂tu+ a(u) ⋄ ∂xu = 0 in D′((0, T ) × R).This solution u is also satisfy the following estimates (see for instane Brezis [21,Prop. 3.12℄) :

(E1′) ‖∂xu‖[L∞((0,T );L log L(R))]M ≤ lim inf ‖∂xu
ε‖[L∞((0,T );L log L(R))]M ≤ C,

(E2′) ‖u‖[L∞((0,T )×R)]M ≤ lim inf ‖uε‖[L∞((0,T )×R)]M ≤ ‖u0‖[L∞(R)]M ,At this stage we remark that, thanks to these two estimates we obtain that (a(u) ⋄
∂xu) ∈ [L∞((0, T );L logL(R))]M , whih gives, sine ∂tu = −a(u) ⋄ ∂xu, that ∂tu ∈
[L∞((0, T );L logL(R))]M , and then u ∈ [C([0, T );L logL(R))]M .Step 2 (The initial onditions) : 127



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisableIt remains to prove that the initial onditions (ID) oinides with u(·, 0). Indeed, byCorollary 5.5, we see that, for all open bounded interval I of R, uε is ε-uniformlybounded in
[
W 1,2((0, T );W−1,1(I))

]M →֒
[

C
1
2 ([0, T );W−1,1(I))

]M

,where W−1,1(I) is the dual of W 1,∞(I). It follows that, there exists a onstant Cindependent on ε, suh that, for all t, s ∈ [0, T ) :
‖uε(t) − uε(s)‖[W−1,1(I)]M ≤ C|t− s| 12 .In partiular if we set s = 0, we have :

‖uε(t) − uε
0‖[W−1,1(I)]M ≤ Ct

1
2 . (6.38)Now we pass to the limit in (6.38). Indeed, the funtions uε and uε

0 are ε-uniformlybounded in [W 1,2((0, T );W−1,1(I))]
M and [W−1,1(I)]

M respetively. Moreover weknow that uε − uε
0 onverges weakly-⋆ in [L∞((0, T ) × I)]M to u− u0.Therefore, we an extrat a subsequene still denoted by uε − uε

0, that weakly-
⋆ onverges in [W 1,2((0, T );W−1,1(I))]

M to u − u0. In partiular this subsequeneonverges, for all t ∈ (0, T ), weakly-⋆ in [L∞((0, t);W−1,1(I))]
M , and onsequentlyit veri�es (see for instane Brezis [21, Prop. 3.12℄),

‖u− u0‖[L∞((0,t);W−1,1(I))]M ≤ lim inf ‖uε − uε
0‖[L∞((0,t);W−1,1(I))]M ≤ Ct

1
2 .From (6.38) we dedue that

‖u(t) − u0‖[W−1,1(I)]M ≤ Ct
1
2 ,whih proves that u(·, 0) = u0 in [D′(R)]M .Step 3 (Continuity of solution) :Now, we are going to prove the ontinuity estimate (1.5). For all h > 0 and (t, x) ∈

(0, T ) × R, we have :128



6. Passage to the limit and the proof of Theorem 1.1
|u(t, x+ h) − u(t, x)| ≤

∣
∣
∣
∣

∫ x+h

x

∂xu(t, y)dy

∣
∣
∣
∣

≤ 2‖1‖EXP (x,x+h)‖∂xu‖L log L(x,x+h),

≤ 2
1

ln( 1
h

+ 1)
‖∂xu‖L∞((0,T );L log L(R)),

≤ C
1

ln( 1
h

+ 1)
,where we have used in the seond line the generalized Hölder inequality (see Lemma6.4) and in last line we have used that ∂xu ∈ L∞((0, T );L logL(R)). Whih proves�nally the ontinuity in spae. Now, we prove the ontinuity in time, for all δ > 0and (t, x) ∈ (0, T ) × R, we have :

δ|u(t+ δ, x) − u(t, x)| =

∫ x+δ

x

|u(t+ δ, x) − u(t, x)|dy,

≤

K1
︷ ︸︸ ︷
∫ x+δ

x

|u(t+ δ, x) − u(t+ δ, y)|dy,

+

K2
︷ ︸︸ ︷
∫ x+δ

x

|u(t+ δ, y) − u(t, y)|dy,

+

K3
︷ ︸︸ ︷
∫ x+δ

x

|u(t, y) − u(t, x)|dy .Similarly, as in the last estimate, we an show that :
K1 +K3 ≤ δ

∫ x+δ

x

|∂xu(t+ δ, y)|dy,+δ
∫ x+δ

x

|∂xu(t, y)|dy,

≤ 4δ‖1‖EXP (x,x+δ)‖∂xu‖L∞((0,T );L log L(R)),

≤ C
δ

ln(1
δ

+ 1)
.Now, we use that u is a solution of (P), and we obtain that : 129



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisable
K2 ≤

∫ x+δ

x

∫ t+δ

t

|∂tu(s, y)|dy,

≤
∫ t+δ

t

∫ x+δ

x

|a(u(s, y)) ⋄ ∂xu(s, y)|dsdy,

≤ δM0‖u‖L∞((0,T )×R)‖1‖EXP (x,x+δ)‖∂xu‖L∞((0,T );L log L(R),

≤ C
δ

ln(1
δ

+ 1)
,where we have used in last line that u ∈ L∞((0, T )×R), olleting the estimates of

K1, K2 and K3, we prove that :
|u(t+ δ, x) − u(t, x)| ≤ 1

δ
(K1 +K2 +K3) ≤ C

1

ln(1
δ

+ 1)
,whih proves �nally the following :

|u(t+ δ, x+ h) − u(t, x)| ≤ C

(
1

ln(1
δ

+ 1)
+

1

ln( 1
h

+ 1)

)

.

27 Some remarks on the uniquenessIn this Setion we study the uniqueness of solution of the system (P)-(ID) with
ai(u) =

∑

j=1,...,M

Aiju
j.We show some uniqueness results for some partiular matries with M ≥ 2.For the proof of Theorem 1.5 in Subsetion 7.2, we need to reall in the followingSubsetion the de�nition of visosity solution and some well-known results in thisframework.7.1 Some useful results for visosity solutionsThe notion of visosity solutions is quite reente. This onept has been introdu-ed by Crandall and Lions [38, 39℄ in 1980, to solve the �rst-order Hamilton-Jaobiequations. The theory then extended to the seond order equations by the work ofJensen [88℄ and Ishii [81℄. For good introdution of this theory, we refer to Barles [12℄and Bardi, Capuzzo-Doletta [10℄.130



7. Some remarks on the uniquenessNow, we reall the de�nition of visosity solution for the following problem for all
0 ≤ ε ≤ 1 :

∂tv +H(t, x, v, ∂xv) − ε∂xxv = 0 with x, v ∈ R, t ∈ (0, T ). (7.39)where H : (0, T ) × R
3 7−→ R is the Hamiltonian and is supposed ontinuous. Wewill set

USC((0, T ) × R) = {f suh that f is upper semiontinuous on (0, T ) × R},

LSC((0, T ) × R) = {f suh that f is lower semiontinuous on (0, T ) × R}.De�nition 7.1 (Visosity subsolution, supersolution and solution)A funtion v ∈ USC((0, T ) × R) is a visosity subsolution of (7.39) if it satis�es,for every (t0, x0) ∈ (0, T ) × R and for every test funtion φ ∈ C2((0, T ) × R), thatis tangent from above to v at (t0, x0), the following holds :
∂tφ+H(t0, x0, v, ∂xφ) − ε∂xxφ ≤ 0.A funtion v ∈ LSC((0, T ) × R) is a visosity supersolution of (7.39) if it satis�es,for every (t0, x0) ∈ (0, T ) × R and for every test funtion φ ∈ C2((0, T ) × R), thatis tangent from below to v at (t0, x0), the following holds :
∂tφ+H(t0, x0, v, ∂xφ) − ε∂xxφ ≥ 0.A funtion v is a visosity solution of (7.39) if, and only if, it is a sub and asupersolution of (7.39).Let us now reall some well-known results.Remark 7.2 (Classial solution-visosity solution)If v is a C2 solution of (7.39), then v is a visosity solution of (7.39).Lemma 7.3 (Stability result, see Barles [12, Th 2.3℄)We suppose that, for ε > 0, vε is a visosity solution of (7.39). If vε → v uniformlyon every ompat set then v is a visosity solution of (7.39) with ε = 0.Lemma 7.4 (Gronwall for visosity solution)Let v, a loally bounded USC(0, T ) funtion, whih is a visosity subsolution of theequation d

dt
v = αv where α ≥ 0. Assume that v(0) ≤ v0 then v ≤ v0 e

αT in (0, T ).The proof of this Lemma is a diret appliation of the omparison priniple, (seeBarles [12, Th 2.4℄). 131



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisableRemark 7.5From Lemmata 7.2, 7.3 and from (6.35), we an notie that the solution ui of oursystem (P) given in Theorem 1.1 is also a visosity solution of (P) (where the uj for
j 6= i are onsidered �xed to apply De�nition 7.1).7.2 Uniqueness resultsIn this Subsetion we prove Theorem 1.5. Before going on, we reall in the fol-lowing Remark a well-known uniqueness results and we reall in Theorem 7.7 theuniqueness results of W 1,∞ solution of (P).Remark 7.6 (Uniqueness for quasi-monotone Hamiltonians)If the elements of the matrix A satisfy :

Aii +
∑

j 6=i,Aij<0

Aij ≥ 0 for all i = 1, · · · ,M .and if ∂xu
i ≥ 0 for i = 1, . . . ,M , then we an easily hek that the Hamiltonian

Hi(u, ∂xu
i) =

(
∑

j=1,...M

Aiju
j

)

∂xu
i,is quasi-monotone in the sense of Ishii, Koike [83, (A.3)℄. Then the result of Ishii,Koike [83, Th.4.7℄ shows that for any initial ondition u0 ∈ [L∞(R)]M satisfying

(H1)-(H2), the system (P) satis�es the omparison priniple whih implies the uni-queness of the solution.We have the following result whih seems quite standard :Theorem 7.7 (Uniqueness of the W 1,∞ solution)Let u0 ∈ [W 1,∞(R)]M and T > 0. Then system (P)-(ID) admits a unique solutionin [W 1,∞([0, T ) × R)]
M .The proof of this Theorem is given in Appendix, beause we have not found anyproof of suh a result in the literature.Proof of Theorem 1.5 :Using Theorem 7.7 with ai(u) =

∑

j=1,...,M

Aiju
j, it is enough to show that the system(P)-(ID) admits a solution in [W 1,∞([0, T ) × R)]

M . To do that, it is enough to provethat the solution uε of the approximated system obtained in Corollary 5.5 satis�esthat ∂xu
ε is bounded in [L∞((0, T ) × R)]M uniformly in 0 < ε ≤ 1. Indeed, we then132



7. Some remarks on the uniquenessget the same property for ∂xu, where u is the limit of uε as ε → 0. Moreover, fromthe equation (P) satis�ed by u and the fat that
u ∈ [L∞((0, T ) × R)]M and ∂xu ∈ [L∞((0, T ) × R)]M ,we dedue that ∂tu ∈ [L∞((0, T ) × R)]M whih shows that u ∈ [W 1,∞([0, T ) × R)]

M .To simplify, we denote
wε = ∂xu

ε,and we interest in the
max
x∈R

wε,i(t, x) = mi(t).This maximum is reahed at least at some point xi(t), beause wε,i ∈ C∞((0, T ) ×
R) ∩W 1,p((0, T ) × R) for all 1 < p ≤ +∞ (see Lemma 4.1, (4.19)).In the following we prove in the two ases (i) and (ii) de�ned in Theorem 1.5 that
mi, for all i = 1, . . . ,M , is bounded uniformly in ε. First, deriving with respet to xthe equation (Pε) satis�ed by uε ∈ [C∞((0, T ) × R)]M , we an see that wε satis�esthe following equation

∂tw
ε,i − ε∂xxw

ε,i +
∑

j=1,...,M

Aiju
ε,j∂xw

ε,i +
∑

j=1,...,M

Aijw
ε,jwε,i = 0. (7.40)Now, we prove that mi is a visosity subsolution of the following equation,

d

dt
mi(t) +

∑

j=1,...,M

Aijw
ε,j(t, xi(t))w

ε,i(t, xi(t)) ≤ 0. (7.41)Indeed, let φ ∈ C2(0, T ) a test funtion, suh that φ ≥ mi and φ(t0) = mi(t0) forsome t0 ∈ (0, T ). From the de�nition of mi, we an easily hek that φ ≥ wε,i(t, x)and φ(t0) = wε,i(t0, xi(t0)). But, the fat that wε,i ∈ C∞((0, T )×R), by Remark 7.2we know that wε,i is a visosity subsolution of (7.40). We apply De�nition 7.1, andthe fat that ∂xφ = ∂xxφ = 0, we get
d

dt
φ(t0) +

∑

j=1,...,M

Aijw
ε,j(t0, xi(t0))w

ε,i(t0, xi(t0)) ≤ 0.Whih proves that mi is a visosity subsolution of (7.41).Two ases may aur : 133



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisablei) Here, we onsider the ase where M ≥ 2 and Aij ≥ 0 for all j ≥ i. We see theequation satis�ed by m1, we dedue that satis�es (a visosity subsolution)
d

dt
m1(t) ≤ −

∑

j=1,...,M

A1jw
ε,j(t, x1(t))w

ε,1(t, x1(t)) ≤ 0,where we have used the fat that, for j = 1, . . . ,M , A1j ≥ 0 and wε,j ≥ 0. Thisproves by Lemma 7.4 (with α = 0) that,
m1(t) ≤ m1(0) = wε,1(t, x1(t)) ≤ ‖∂xu

1
0‖L∞(R).We reason by reurrene : we assume that mj ≤ C for all j ≤ i, where C is apositive onstant independent of ε, and we prove that mi+1 is bounded uniformly in

ε. Indeed, we know that
d

dt
mi+1(t) ≤ −

∑

j=1,...,M

Ai+1,jw
ε,j(t, xj(t))w

ε,i+1(t, xi+1(t)),

≤ −
∑

j<i+1

Ai+1,jw
ε,j(t, xj(t))w

ε,i+1(t, xi+1(t))

−
∑

M≥j≥i+1

Ai+1,jw
ε,j(t, xj(t))w

ε,i+1(t, xi+1(t)),We use that Ai+1,j ≥ 0, for M ≥ j ≥ i+ 1, we obtain that
d

dt
mi+1(t) ≤ −

∑

j<i+1

Ai+1,jw
ε,j(t, xj(t))w

ε,i+1(t, xi+1(t)),

≤ C

(
∑

j<i+1

|Ai+1,j|
)

mi+1(t).This implies by Lemma 7.4, with α = C

(
∑

j<i+1

|Ai+1,j|
), that

mi+1(t) ≤ mi+1(0)eαT ,

≤ ‖∂xu
i+1
0 ‖L∞(R)e

αT .Whih proves that for all i = 1, . . . ,M , mi is bounded uniformly in ε.ii) Here, we onsider the ase whereM ≥ 2 and Aij ≤ 0 for all i 6= j. Taking the sumover the index i, from (7.41) we get that the quantity m(t) =
∑

i=1,...,M

mi(t) satis�es(a visosity subsolution see Bardi et al. [11℄)134



8. Appliation on the dynamis of disloations densities
d

dt
m(t) ≤ −

∑

i,j=1,...,M

Aijw
ε,j(t, xi(t))w

ε,i(t, xi(t)),

≤ −
∑

i,j=1,...,M

Aijw
ε,j(t, xj(t))w

ε,i(t, xi(t)),

≤ 0.where we have used that the matrix A satis�es (H2′) and wε,i ≥ 0, for i = 1, . . . ,M .Using Lemma 7.4 with α = 0, we get
m(t) ≤ m(0) =

∑

i=1,...,M

∂xu
ε,i
0 ,

≤ sup
y∈R

∑

i=1,...,M

∂xu
i
0(y).whih proves (1.7). 28 Appliation on the dynamis of disloations den-sitiesIn this Setion, we present a model desribing the dynamis of disloations den-sities. We refer to [74℄ for a physial presentation of disloations whih are (moving)defets in rystals. Even if the problem is naturally a three-dimensional problem,wewill �rst assume that the geometry of the problem is invariant by translations in the

x3-diretion. This redues the problem to the study of disloations densities de�nedon the plane (x1, x2) and propagation in a given diretion ~b belonging to the plane
(x1, x2) (whih is alled the �Burger's vetor�).In this setting we onsider a �nite number of slip diretions ~b ∈ R

2 and to eah
~b we will assoiate a disloation density. For a detailed physial presentation of amodel with multi-slip diretions, we refer to Ye�mov, Van der Giessen [136℄ andYe�mov [135, h. 5.℄ and to Groma, Balogh [71℄ for the ase of a model with a singleslip diretion . See also Cannone et al. [25℄ for a mathematial analysis of the Groma,Balogh model. In Subsetion ??, we present the 2D-model with multi-slip diretions.In the partiular geometry where the disloations densities only depend on thevariable x = x1 + x2, this two-dimensional model redues to one-dimensional modelwhih presented in In Subsetion 8.2. See El Hajj [47℄ and El Hajj, Foradel [48℄for a study in the speial ase of a single slip diretion. Finally in Subsetion 8.3,135



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisablewe explain how to reover equation (P) as a model for disloation dynamis with
ai(u) =

∑

j=1,...,M

Aiju
j for some partiular non-negative and symmetri matrix A.8.1 The 2D-modelWe now present in details the two-dimensional model. We denote by X the vetor

X = (x1, x2). We onsider a rystal �lling the whole spae R
2 and its displaement

v = (v1, v2) : R
2 → R

2, where we have not yet introdued the time dependene forthe moment.We de�ne the total strain by
ε(v) =

1

2
(∇v + t∇v),where ∇v is the gradient with (∇v)ij =
∂vi

∂xj

, i, j ∈ {1, 2}.Now, we assume that the disloations densities under onsideration are assoiatedto edge disloations. This means that we onsider M slip diretions where eah di-retion is araterize by a Burgers vetors ~bk = (bk1, b
k
2) ∈ R

2, for k = 1, . . . ,M . Thisleads to M type of disloations whih propagate in the plan (x1, x2) following thediretion of ~bk, for k = 1, . . . ,M .The total strain an be splitted in two parts :
ε(v) = εe + εp.Here, εe is the elasti strain and εp the plasti strain de�ned by

εp =
∑

k=1,...,M

ε0,kuk, (8.42)where, for eah k = 1, . . . ,M , the salar funtion uk is the plasti displaementassoiated to the k-th slip system whose matrix ε0,k is de�ned by
ε0,k =

1

2

(

~bk ⊗ ~nk + ~nk ⊗~bk
)

, (8.43)where ~nk is unit vetor orthogonal to ~bk and (~bk ⊗ ~nk
)

ij
= bki n

k
j .To simplify the presentation, we assume the simplest possible periodiity propertyof the unknowns.136



8. Appliation on the dynamis of disloations densitiesAssumption (H) :i) The funtion v is Z
2-periodi with ∫

(0,1)2
v dX = 0.ii) For eah k = 1, . . . ,M , there exists Lk ∈ R

2 suh that uk−Lk ·X is a Z
2-periodi.iii) The integer M is even with M = 2N and Lk+N = Lk, and that

Lk+N = Lk, ~bk+N = −~bk, ~nk+N = ~nk,

ε0,k+N = −ε0,k.iv) We denote by ~τ k = (τ k
1 , τ

k
2 ) a vetor parallel to ~bk suh that ~τ k+N = ~τ k. Werequire that Lk is hosen suh ~τ k · Lk ≥ 0.The plasti displaement uk is related to the disloation density assoiated to theBurgers vetor ~bk. We have

k-th disloation density = ~τ k · ∇uk ≥ 0. (8.44)The stress is then given by
σ = Λ : εe, (8.45)i.e. the oe�ients of the matrix σ are :

σij =
∑

k,l=1,2

Λijklε
e
kl for i, j = 1, 2,where Λ = (Λijkl)i,j,k,l=1,2, are the onstant elasti oe�ients of the material, satis-fying for m > 0 :

∑

ijkl=1,2

Λi,j,k,lεijεkl ≥ m
∑

i,j=1,2

ε2
ij (8.46)for all symmetri matries ε = (εij)ij, i.e. suh that εij = εji.Finally, for k = 1, . . . ,M , the funtions uk and v are then assumed to depend on

(t,X) ∈ (0, T )×R
2 and to be solutions of the oupled system (see Ye�mov [135, h.5.℄ and Ye�mov, Van der Giessen [136℄) :







div σ = 0 on (0, T ) × R
2,

σ = Λ : (ε(v) − εp) on (0, T ) × R
2,

ε(v) = 1
2
(∇v + t∇v) on (0, T ) × R

2,

εp =
∑

k=1,...,M

ε0,kuk on (0, T ) × R
2,

∂tu
k = (σ : ε0,k)~τ k.∇uk on (0, T ) × R

2, for k = 1, . . . ,M,

(8.47)
137



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisablei.e. in oordinates






∑

j=1,2

∂σij

∂xj

= 0 on (0, T ) × R
2, for i = 1, 2,

σij =
∑

k,l=1,2

Λijkl (εkl(v) − εp
kl) on (0, T ) × R

2,

εij(v) =
1

2

(
∂vi

∂xj

+
∂vj

∂xi

) on (0, T ) × R
2,

εp
ij =

∑

k=1,...,M

ε0,k
ij u

k on (0, T ) × R
2,

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

for i, j = 1, 2

∂tu
k =




∑

i,j∈{1,2}

σijε
0,k
ij



~τ k.∇uk on (0, T ) × R
2, for k = 1, . . . ,M,(8.48)where the unknowns of the system are uk and the displaement v = (v1, v2) and with

ε0,k de�ned in (8.43). Here the �rst equation of (8.47) is the equation of elastiity,while the last equation of (8.47) is the transport equation satis�ed by the plastidisplaement whose veloity is given by the Peah-Koehler fore σ : ε0,k. Remarkthat this implies in partiular that eah disloation density satis�es a onservationlaw (see the equation obtained by derivation, using (8.44)). Remark also that ourequations are ompatible with our periodiity assumptions (H), (i)-(ii).8.2 Derivation of the 1D-modelIn this Subsetion we are interested in a partiular geometry where the disloationsdensities depend only on the variable x = x1 +x2. This will lead to 1D-model. Morepreisely, we make the following :Assumption (H ′) :i) The funtions v(t,X) and uk(t,X) − Lk · X depend on the variable x = x1 + x2.ii) τ k
1 + τ k

2 = 1, for k = 1, . . . ,M .iii) Lk
1 = Lk

2 for k = 1, . . . ,M .138



8. Appliation on the dynamis of disloations densitiesFor this partiular one-dimensional geometry, we denote by an abuse of notation thefuntion v = v(t, x) whih is 1-periodi in x. If we set lk =
Lk

1+Lk
2

2
, we have

Lk · X = lk · x+

(
Lk

1 − Lk
2

2

)

(x1 − x2).By assumption (H ′), (iii), we see (again by an abuse of notation) that u = (uk(t, x))k=1,...,Mis suh that for k = 1, . . . ,M , uk(t, x) − lk · x is 1-periodi in x.Now, we an integrate the equations of elastiity, i.e. the �rst equation of (8.47).Using the Z
2-periodiity of the unknowns (see assumption (H), (i)-(ii)), and thefat that ε0,k+N = −ε0,k (see assumption (H), (iii)), we an easily onlude that thestrain

εe as a linear funtion of (uj − uj+N)j=1,...,N and of (∫ 1

0

(uj − uj+N) dx

)

j=1,...,N

.(8.49)This leads to the following LemmaLemma 8.1 (Stress for the 1D-model)Under assumptions (H), (i)-(ii)-(iii) and (H ′), (i)-(iii) and (8.46), we have
−σ : ε0,i =

∑

j=1,...,M

Aiju
j +

∑

j=1,...,M

Qij

∫ 1

0

uj dx, for i = 1, . . . , N. (8.50)where for i, j = 1, . . . , N







Ai,j = Aj,i and Ai+N,j = −Ai,j = Ai,j+N ,
Qi,j = Qj,i and Qi+N,j = −Qi,j = Qi,j+N . (8.51)Moreover the matrix A is non-negative.The proof of Lemma 8.1 will be given at the end of this Subsetion.Finally using Lemma 8.1, we an eliminate the stress and redue the problem to aone-dimensional system of M transport equations only depending on the funtion

ui, for i = 1, . . . ,M . Naturally, from (8.50) and (H ′), (ii) this 1D-model has thefollowing form 139



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisable
∂tu

i+

(
∑

j=1,...,M

Aiju
j +

∑

j=1,...,M

Qij

∫ 1

0

uj dx

)

∂xu
i = 0, on (0, T ) × R, for i = 1, . . . ,M,(8.52)with from (8.44)

∂xu
i ≥ 0 for i = 1, . . . ,M . (8.53)Now, we give the proof of Lemma 8.1.Proof of Lemma 8.1 :For the 2D-model, let us onsider the elasti energy on the periodi ell (using thefat that εe is Z

2-periodi)
Eel =

1

2

∫

(0,1)2
Λ : εe : εe dX.By de�nition of σ and εe, we have for i = 1, . . . ,M

σ : ε0,i = −∇uiEel. (8.54)On the other hand usind (H ′), (i)-(iii), (with x = x1 + x2) we an hek that wean rewrite the elasti energy as
Eel =

1

2

∫ 1

0

Λ : εe : εe dx.Replaing εe by its expression (8.49), we get :
Eel =

1

2

∫ 1

0

∑

i,j=1,...,N

Aij(u
j − uj+N)(ui − ui+N) dx

+
1

2

∑

i,j=1,...,N

Qij

(∫ 1

0

(uj − uj+N) dx

)(∫ 1

0

(ui − ui+N) dx

)

,for some symmetri matries Ai,j = Aj,i, Qi,j = Qj,i. In partiular, joint to (8.54)this gives exatly (8.50) with (8.51).Let us now onsider the funtions wi = ui − ui+N suh that
∫ 1

0

wi dx = 0 for i=1,. . .,N, (8.55)140



8. Appliation on the dynamis of disloations densitiesFrom (8.46) that we dedue that
0 ≤ Eel =

1

2

∫ 1

0

∑

i,j=1,...,N

Aijw
iwj dx.More preisely, for all i = 1, . . . , N and for all w̄i ∈ R, we set

wi =

{
w̄i on [0, 1

2
],

−w̄i on [1
2
, 1],whih satis�es (8.55). Finally, we obtain that

0 ≤ Eel =
1

2

∫ 1

0

∑

i,j=1,...,N

Aijw̄
iw̄j dx.Beause this is true for every w̄i, we dedue that A a non-negative matrix. 28.3 Heuristi derivation of the non-periodi modelStarting from the model (8.52)-(8.53) where for i = 1, . . . ,M,, ui(t, x) − li · x is

1-periodi in x, we now want to resale the unknowns to make the periodiity di-sappear. More preisely, we have the following Lemma :Lemma 8.2 (Non-periodi model)Let u be a solution of (8.52)-(8.53) assuming Lemma 8.1 and ui(t, x) − li · x is
1-periodi in x. Let

uj
δ(t, x) = uj(δt, δx), for a small δ > 0 and for j = 1, . . . ,M ,suh that, for all j = 1, . . . ,M

uj
δ(0, ·) → ūj(0, ·), as δ → 0, and ūj(0,±∞) = ūj+N(0,±∞) (8.56)Then ū = (ūj)j=1,...,M formally is a solution of

∂tū
i +

(
∑

j=1,...,M

Aijū
j

)

∂xū
i = 0, on (0, T ) × R, (8.57)with the matrix A is non-negative and ∂xū
i ≥ 0 for i = 1, . . . ,M .We remark that the limit problem (8.57) is of type (P) with (H1′) and (H2′). 141



Chapitre 4 : Solutions ontinues pour un système hyperbolique diagonalisableNow, we give a formal proof of Lemma 8.2.Formal proof of Lemma 8.2 :Here, we know that ui
δ − δli · x is 1

δ
-periodi in x, and satis�es for i = 1, . . . ,M

∂tu
i
δ +

(
∑

j=1,...,M

Aiju
j
δ + δ

∑

j=1,...,M

Qij

∫ 1
δ

0

uj
δ dx

)

∂xu
i
δ = 0, on (0, T ) × R,(8.58)To simplify, assume that the initial data uδ(0, ·) onverge to a funtion ū(0, ·) suhthat ∂xuδ(0, ·) has a support in (−R,R), uniformly in δ, where R a positve onstant.We expet heuristially that the veloity in (8.58) remains uniformly bounded as

δ → 0.Therefore, using the �nite propagation speed, we see that, there exists a onstant Cindependent in δ, suh that ∂xuδ(t, ·) has a support in (−R−Ct,R+Ct) uniformlyin δ. Moreover, from (8.56) and the fat that
∑

j=1,...,M

Qij

∫ 1
δ

0

uj
δ dx =

∑

j=1,...,N

Qij

∫ 1
δ

0

(uj − uj+N) dx,we dedue that
∑

j=1,...,M

Qij

∫ 1
δ

0

uj
δ dx,remains bounded uniformly in δ. Then formally the non-loal term vanishes and weget for i = 1, . . . ,M

∑

j=1,...,M

Aiju
j
δ + δ

∑

j=1,...,M

Qij

∫ 1
δ

0

uj
δ dx→

∑

j=1,...,M

Aijū
j, as δ → 0,whih proves that ū is solution of (8.57), with the matrix A is non-negative . 29 Appendix : proof of Theorem 7.7Let u1 = (ui

1)i and u2 = (ui
2)i, for i = 1, · · · ,M , be two solutions of the system(P) in [W 1,∞((0, T ) × R)]

M , suh that ui
1(0, ·) = ui

2(0, ·).142



9. Appendix : proof of Theorem 7.7Then by de�nition ui
1 and ui

2 satisfy respetively the following system, for i =
1, · · · ,M :

∂tu
i
1 = −ai(u1)∂xu

i
1,

∂tu
i
2 = −ai(u2)∂xu

i
2,Subtrating the two equations we get :

∂t

(
ui

1 − ui
2

)
= −

(
ai(u1) − ai(u2)

)
∂xu

i
1 − ai(u2)∂x(u

i
1 − ui

2).Multiplying this system by (ui
1 − ui

2) (ψ)2 where ψ(x) = e−|x|, and integrating inspae, we dedue that :
1

2

d

dt

∥
∥(ui

1 − ui
2)ψ
∥
∥

2

L2(R)
= −

∫

R

(
ai(u1) − ai(u2)

) (
ui

1 − ui
2

)
ψ2∂xu

i
1

−
∫

R

ai(u2)ψ
2
(
ui

1 − ui
2

)
∂x(u

i
1 − ui

2).Taking the sum over i, we get :
1

2

d

dt

(
∑

i=1,...,M

∥
∥(ui

1 − ui
2)ψ
∥
∥

2

L2(R)

)

=

I1
︷ ︸︸ ︷

−
∫

R

∑

i=1,...,M

(
ai(u1) − ai(u2)

) (
ui

1 − ui
2

)
ψ2∂xu

i
1

I2
︷ ︸︸ ︷

−1

2

∫

R

∑

i=1,...,M

ai(u2)ψ
2∂x(u

i
1 − ui

2)
2 .Integrating I2 by part, we obtain :

I2 =

I21
︷ ︸︸ ︷

1

2

∫

R

∑

i,j=1,...,M

ai
,j(u2)(∂xu

j
2)ψ

2(ui
1 − ui

2)
2

+

I22
︷ ︸︸ ︷

1

2

∫

R

∑

i=1,...,M

ai(u2)(u
i
1 − ui

2)
2∂x(ψ

2) .Next, using the fat that ui
2 is bounded in W 1,∞((0, T ) × R), for i = 1, . . . ,M , wededue that : 143
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|I21| ≤ 1

2
MM1‖u2‖[W∞((0,T )×R)]M

(
∑

i=1,...,M

∥
∥(ui

1 − ui
2)ψ
∥
∥

2

L2(R)

)

,

≤ C

(
∑

i=1,...,M

∥
∥(ui

1 − ui
2)ψ
∥
∥

2

L2(R)

)

.

(9.59)Sine ∂x(ψ(x))2 = −2sign(x)(ψ(x))2 and ui
2 is bounded in W 1,∞((0, T ) × R), for

i = 1, · · · ,M , we obtain :
|I22| ≤ 1

2
M0

(
∑

i=1,...,M

∥
∥(ui

1 − ui
2)ψ
∥
∥

2

L2(R)

)

≤ C

(
∑

i=1,...,M

∥
∥(ui

1 − ui
2)ψ
∥
∥

2

L2(R)

)
(9.60)Now, using the fat that ui

1 is bounded in W 1,∞((0, T ) × R), for i = 1, ·, ·,M , andthe inequality |ab| ≤ 1
2
(a2 + b2), we get :

|I1| ≤ 1

2
M1(M + 1)‖u1‖[W∞((0,T )×R)]M

∫

R

∑

i=1,...,M

|ui
1 − ui

2|2ψ2,

≤ 1

2
M1(M + 1)‖u1‖[W∞((0,T )×R)]M

(
∑

i=1,...,M

∥
∥(ui

1 − ui
2)ψ
∥
∥

2

L2(R)

)

,

≤ C

(
∑

i=1,...,M

∥
∥(ui

1 − ui
2)ψ
∥
∥

2

L2(R)

)

.

(9.61)
Finally, (9.61), (9.59) and (9.60), imply :
d

dt

(
∑

i=1,...,M

∥
∥(ui

1 − ui
2)ψ
∥
∥

2

L2(R)

)

≤ 2 (|I1| + |I21| + |I22|) ≤ C

(
∑

i=1,...,M

∥
∥(ui

1 − ui
2)ψ
∥
∥

2

L2(R)

)

.Now, we apply the Gronwall Lemma and we use that ui
1(0, ·) = ui

2(0, ·), to deduethat :
∑

i=1,...,M

∥
∥(ui

1 − ui
2)ψ
∥
∥

2

L∞((0,T );L2(R))
≤

∑

i=1,...,M

∥
∥
(
ui

1(0, ·) − ui
2(0, ·)

)
ψ
∥
∥

2

L2(R)
eCT = 0,i.e., u1 = u2 a.e in (0, T ) × R. 2144
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Chapitre 5Existene globale pour un systèmenon-linéaire et non-loal d'équationsde transports dérivant la dynamiquede densités de disloationsCe hapitre est un travail en ollaboration ave M. Cannone, R. Monneau et F.Ribaud est issu de [25℄.
Dans e travail, nous présentons un résultat d'existene globale pour le modèle deGroma-Balogh qui modélise la dynamique des densités de disloations. Ce modèleest un problème bidimensionnel où les densités de disloations satisfont un systèmed'équations de transport non-loal. Plus préisément, le hamp de vitesse dans esystème est la ontrainte de isaillement du matériau alulée à partir de l'équationde l'élastiité linéaire. Cette ontrainte de isaillement peut être exprimée ommelatransformation de Riesz des densités de disloations. Le point lé de e résultat estl'existene d'une estimation d'entropie sur le gradient des solutions.
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Chapitre 5 : Existene globale pour un système bidimensionnel
Global existene for a system of non-linear and non-loal transport equations desribing the dynamis ofdisloation densitiesM. Cannone†, A. El Hajj ∗†, R. Monneau∗ , F. Ribaud†

∗CERMICS, Éole Nationale des Ponts et Chaussées6 & 8, avenue Blaise Pasal, Cité Desartes,Champs sur Marne, 77455 Marne-La-Vallée Cedex 2, FRANCE
†Université de Marne-la-Vallée 5, boulevard DesartesCité Desartes - Champs-sur-Marne 77454 Marne-la-Vallée edex 2AbstratIn this paper, we study the global in time existene problem for the Groma-Balogh modeldesribing the dynamis of disloation densities. This model is a bi-dimensional modelwhere the disloation densities satisfy a system of transport equations suh that the veloityvetor �eld is the shear stress in the material, solving the equations of elastiity. This shearstress an be expressed as some Riesz transform of the disloation densities. The main toolin the proof of this result is the existene of an entropy for this system.AMS Classi�ation : 54C70, 35L45, 35Q72, 74H20, 74H25.Key words : Cauhy's problem, system of non-linear transport equations, system ofnon-loal transport equations, system of hyperboli equations, entropy, Riesz transform,Zygmund spae, dynamis of disloation densities.1 Introdution1.1 Physial motivation and presentation of the modelReal rystals show ertain defets in the organization of their rystalline stru-ture, alled disloations. These defets were introdued in the Thirties by Taylor,Orowan and Polanyi as the prinipal explanation of plasti deformation at the mi-rosopi sale of materials.150



1. IntrodutionIn a partiular ase where these defets are parallel lines in the three-dimensionalspae, their ross-setion an be viewed as points in a plane. Under the e�et of anexterior stress, disloations an be moved. In the speial ase of what is alled �edgedisloations�, these disloations move in the diretion of their �Burgers vetor� whihhas a �xed diretion. (f J. Hith and J. Lothe [74℄ for more physial desription).In this work, we are interested in the mathematial study of a model introdued byI. Groma, P. Balogh in [69℄ and [71℄. In this model we onsider two types of disloa-tions in the plane (x1, x2). Typially for a given veloity �eld, those disloations oftype (+) propagate in the diretion +~b where ~b = (1, 0) is the Burgers vetor, whilethose of type (−) propagate in the diretion −~b (see Figure 1.1).
PSfrag replaements

x2

x1

⊤ ⊤

⊤
⊤

⊥⊥

⊥

−~b

+~b disloation of + type
disloation of − type

Fig. 5.1 � Groma-Balogh 2D model.Here the veloity vetor �eld is the shear stress in the material, solving the equationsof elastiity. It turns out that this shear stress an be expressed as some Riesztransform of the solution (see Setion 2). More preisely our non-linear and non-loal system of transport equations is the following :






∂ρ+

∂t
(x, t) = − (R2

1R
2
2 (ρ+(·, t) − ρ−(·, t)) (x))

∂ρ+

∂x1

(x, t) in D′(R2 × (0, T )),
∂ρ−

∂t
(x, t) = (R2

1R
2
2 (ρ+(·, t) − ρ−(·, t)) (x))

∂ρ−

∂x1

(x, t) in D′(R2 × (0, T )).(P)The unknowns of the system (P) are the salar funtions ρ+ and ρ− at the time tand the position x = (x1, x2), that we denote for simpli�ation by ρ±. These terms151



Chapitre 5 : Existene globale pour un système bidimensionnelorrespond to the plasti deformations in a rystal. Their derivative in the x1 dire-tion (i.e. the diretion of Burgers vetor ~b), ∂ρ±
∂x1

represents the disloation densitiesof ± type. The operators R1 (resp. R2) are the Riesz transformations assoiated to
x1 (resp. x2) (for a preise de�nition of Ri, i = 1, 2, see De�nition 1.1).In fat, this 2D model has been generalized later in 2003 by I. Groma, F. Csikor andM. Zaiser in a model taking into aount the bak stress desribing more arefullyboundary layers (see [72℄ for further details). The Groma-Balogh model neglets inpartiular the short range disloation-disloation orrelations in one slip diretion.For an extension to multiple slip see S. Ye�mov and E. Van der Giessen [135, h.5.℄ and [136℄. This multiple slip version of the Groma-Balogh model presents someanalogies with some tra� �ow models (see O. Biham et al. [18℄ and J. Török, J.Kertész [130℄). See also V. S. Deshpande et al. [42℄ for a similar model with boundaryonditions and exterior fores. Reently, A. EL-Azab [46℄, M. Zaiser, T. Hohrai-ner [75℄, [137℄, [138℄ and R. Monneau [108℄ were interested in modeling the dynamisof disloation densities in the three-dimensional spae, but many more open ques-tions have to be solved for establishing a satisfatory three-dimensional theory ofdisloations dynamis and for getting rigorous results.From a tehnial point of view, (P) is related to other well known models, suh asthe transport equation with a low regularity vetor �eld. This equation was studiedin the work of R. J. Diperna, P. L. Lions [45℄ and L. Ambrosio [8℄, where the authorsshowed the existene and uniqueness of renormalized solutions by onsidering vetor�elds in L1((0, T );W 1,1

loc (RN)) and L1((0, T );BVloc(R
N)) respetively in both aseswith bounded divergene. On the ontrary in system (P), we are only able to provethat for the onstruted solution, the vetor �eld is in L2((0, T );W 1,2

loc (R2)) withoutany better estimate on the divergene of the vetor �eld.We stress out the attention of the reader that there was no any existene and unique-ness result for (P) . In this paper we prove that (P) admits a �global in time� solution.More generally in the frame of symmetri hyperboli system, we refer to the book ofD. Serre [123, Vol I, Th 3.6.1℄, for a typial result of loal existene and uniquenessin C([0, T );Hs(RN)) ∩ C1([0, T );Hs−1(RN)), with s > N
2

+ 1, by onsidering initialdata in Hs(RN). This result remains loal in time, even in dimension N = 2.We an also remark that in the ase where we multiply the right side of the twoequations in system (P) by −1, we get a quasi-geostrophi-like system. For thosewho are onerned in quasi-geostrophi systems, we refer to P. Constantin et al. [34℄,to [35℄ for ertain 2D numerial results. We also refer to J. Wu [133, Th 4.1℄ for 2D152



1. Introdutionloal existene and uniqueness results in Hölder spaes and to A. Córdoba, D. Cór-doba [36℄, D. Chae, A. Córdoba [29℄ for blow-up results in �nite time, in dimensionone.Let us also mention some related Vlasov-Poisson models (see J. Nieto et al. [111℄for instane) and a related model in superondutivity studied by N. Masmoudi etal. [107℄ and by L. Ambrosio et al. [9℄. These models were derived from some Vlasov-Poison-Fokker-Plank models (see for instane T. Goudon et al. [67℄, and P. Chavaniset al. [30℄ for an overview of similar models). It is also worth mentioning that thismodel is related to Vlasov-Navier-Stokes equation see T. Goudon et al. [65℄, [66℄.1.2 Main resultIn the present paper, we prove a �global in time� existene result for the system(P) desribing the dynamis of disloation densities.In this work we onsider the following initial onditions :
ρ±(x1, x2, t = 0) = ρ±0 (x1, x2) = ρ±,per

0 (x1, x2) + Lx1, (IC)where ρ±,per is a 1-periodi funtion in x1 and x2. The periodiity is a way of stu-dying the bulk behavior of the material away from its boundary. Here L is a givenpositive onstant that represents the initial total disloation densities of ± type onthe periodi ell.First of all we give some results whih prove that the bilinear term in (P) is wellde�ned.De�nition 1.1 (Riesz transform)Let p > 1 and T
2 = R

2/Z2, the periodi square [0, 1) × [0, 1). If f ∈ Lp(T2), wede�ne Ri for i ∈ {1, 2} as the Riesz transforms over T
2 suh that the Fourier seriesoe�ients are given by :i) c(0,0) (Rif) = 0,ii) ck (Rif) =

ki

|k|ck(f) for k = (k1, k2) ∈ Z
2 \ {(0, 0)},where ck(f) =

∫

T2

f(x)e−2πik·xd2x.De�nition 1.2 (The spae L logL)We de�ne L logL(T2) as the following speial ase of Zygmund spaes (see C. Ben-nett and R. Sharpley [16, Page 243℄) :
L logL(T2) =

{

f ∈ L1(T2) suh that ∫
T2

|f | log (e+ |f |) < +∞
}

. 153



Chapitre 5 : Existene globale pour un système bidimensionnelwhere log denotes the neperian logarithm. This spae is endowed with the norm
‖f‖L log L(T2) = inf

{

λ > 0 :

∫

T2

|f |
λ

log

(

e+
|f |
λ

)

≤ 1

}

,whih is due to Luxemburg (see R. A. Adams [2, (13), Page 234℄).For other equivalent de�nitions of Zygmund spaes (see P. Koosis [90, Page 96℄,E. M. Stein [126, Page 43℄ and A. Zygmund [139℄). We now present the followingproposition.Proposition 1.3 (Meaning of the bilinear term)Let T > 0, f and g be two funtions de�ned on T
2 × (0, T ), suh that

f ∈ L1((0, T );W 1,2(T2)) and g ∈ L∞((0, T );L logL(T2)) then,
fg ∈ L1(T2 × (0, T )).The proof of this proposition is given in Subsetion 4.2. We an now state our mainresult.Theorem 1.4 (Global existene)For all T, L > 0 , and for every initial data ρ±0 ∈ L2

loc(R
2) with(H1) ρ±0 (x1 + 1, x2) = ρ±0 (x1, x2) + L, a.e. in R

2,(H2) ρ±0 (x1, x2 + 1) = ρ±0 (x1, x2), a.e. in R
2,(H3) ∂ρ0

±

∂x1

≥ 0, a.e. in R
2,(H4) ∥∥∥

∥

∂ρ0
±

∂x1

∥
∥
∥
∥

L log L(T2)

≤ C, with T
2 = R

2/Z2,the system (P)-(IC) admits solutions ρ± ∈ L∞((0, T );L2
loc(R

2))∩C([0, T );L1
loc(R

2))in the distributional sense. These solutions satisfy (H1), (H2), (H3) and (H4) fora.e. t ∈ (0, T ). Moreover, we have :(P1) R2
1R

2
2 (ρ+ − ρ−) ∈ L2((0, T );W 1,2

loc (R2)).Remark 1.5 (Bilinear term)It is lear here that the bilinear term is always de�ned via (P1) and Proposition 1.3.Remark 1.6 (Entropy and energy inequalities)It turns out that the onstruted solution also satis�es the following fundamentalentropy inequality (as a onsequene of Lemma 7.7), for a.e. t ∈ (0, T ),
∫

T2

∑

±

∂ρ±

∂x1

(·, t) log

(
∂ρ±

∂x1

(·, t)
)

+

∫ t

0

∫

T2

(

R1R2

(
∂ρ+

∂x1

− ∂ρ−

∂x1

))2

≤ C1, (1.1)154



1. Introdutionwith C1 = C1

(∥
∥
∥
∥

∂ρ0
±

∂x1

∥
∥
∥
∥

L log L(T2)

).Moreover, (at least formally for enough regular funtions) the following energy in-equality holds :
1

2

∫

T2

(
R1R2(ρ

+ − ρ−)(·, t)
)2

+

∫ t

0

∫

T2

(
R2

1R
2
2(ρ

+ − ρ−)
)2
(
∂ρ+

∂x1

+
∂ρ−

∂x1

)

≤ C2,with C2 = C2

(∥
∥ρ+

0 − ρ−0
∥
∥

L2(T2)

).Remark 1.7 (Bounds on the solution)If we denote ρ = ρ+ − ρ−, then there exists a onstant C independent on T , and aonstant CT depending on T suh that,
(E1) ‖ρ± − Lx1‖L∞((0,T );L2(T2)) ≤ CT , (E2) ‖R2

1R
2
2ρ‖L∞((0,T );BMO(T2)) ≤ C,

(E3)

∥
∥
∥
∥

∂ρ±

∂x1

∥
∥
∥
∥

L∞((0,T );L log L(T2))

≤ C, (E4) ‖R2
1R

2
2ρ‖L2((0,T );W 1,2(T2)) ≤ C,

(E5)

∥
∥
∥
∥

∂ρ±

∂t

∥
∥
∥
∥

L2((0,T );W−2,2(T2))

≤ CT , (E6)

∥
∥
∥
∥
R2

1R
2
2

∂ρ

∂t

∥
∥
∥
∥

L2((0,T );W−1,2(T2))

≤ CT ,where W−1,2(T2) and W−2,2(T2) are respetively the dual spaes of W 1,2(T2) and
W 2,2(T2). The spae BMO is the set of bounded mean osillation funtions that willbe preised in the sequel (see De�nition 7.1).In order to prove our main theorem we regularize the system (P) by the mean ofthe visosity term (ε∆ρ±) and the initial data (IC) by lassial onvolution. Then,using a �xed point Theorem, we prove that our regularized system admits loal intime solutions. Moreover, as we get some ε-independent a priori estimates we willbe able to extend our loal in time solution into a global one. This turns out tobe possible thanks to the entropy inequality (1.1). Then, joined with other a prioriestimates, it will be possible to prove some ompatness properties and pass to thelimit as ε goes to 0 is the ε-problem.In a partiular sub-ase of this model where the disloation densities depend on asingle variable x = x1 + x2, the existene and uniqueness of a Lipshitz visosity so-lution was proved in A. El Hajj, N. Foradel [48℄. Also the existene and uniquenessof a strong solution inW 1,2

loc (R× [0, T )) was proved in A. El Hajj [47℄. Conerning themodel of I. Groma, F. Csikor, M. Zaiser [72℄ whih takes into onsideration the shortrange disloation-disloation orrelations giving a paraboli-hyperboli system, let155



Chapitre 5 : Existene globale pour un système bidimensionnelus mention the work of H. Ibrahim [78℄ where a result of existene and uniquenessof a visosity solution is given but only for a one-dimensional model.Our study of the dynamis of disloation densities in a speial geometry is related tothe more general dynamis of disloation lines. We refer the interested reader to thework of O. Alvarez et al. [7℄, for a loal existene and uniqueness of some non-loalHamilton-Jaobi equation. We also refer to O. Alvarez et al. [3℄ and G. Barles, O.Ley [15℄ for some long time existene results.1.3 Organization of the paperFirst, in Setion 2, we reall the physial derivation of system (P). In Setion 3,we give our notation for the sequel of the paper. In Setion 4, we give the proof ofProposition 1.3. We also prove that the bilinear term of our system has a bettermathematial meaning (see Proposition 4.6). Next, in Setion 5, we regularize theinitial onditions and we prove that the system (P), modi�ed by a term (ε∆ρ±),admits loal in time solutions (in the �Mild� sense). This will be ahieved by usingan appliation of a �xed point Theorem. In Setion 6, we prove that the obtainedsolutions are regular and inreasing for all t ∈ (0, T ), for inreasing initial data. InSetion 7, we prove some ε-uniform a priori estimates for the regularized solutionobtained in Setion 6. Then thanks to these a priori estimates, we prove in Setion8 that the loal in time solutions onstruted in Setion 6 are in fat global in timefor the ε-problem. Finally, in Setion 9, we ahieve the proof of our main Theorem,passing to the limit in the equation as ε goes to 0, and using some ompatnessproperties inherited from our a priori estimates.2 Physial derivation of the modelIn this setion we explain how to get physially the system (P). We onsider athree-dimensional rystal, with displaement
u = (u1, u2, u3) : R

3 → R
3.For x = (x1, x2, x3), and an orthogonal basis (e1, e2, e3), we de�ne the total strainby :

ε(u) =
1

2
(∇u+ t∇u), i.e. εij(u) =

1

2

(
∂ui

∂xj

+
∂uj

∂xi

)

, i, j = 1, 2, 3.This total strain is deomposed as
ε(u) = εe(u) + εp,156



2. Physial derivation of the modelwith εe(u) is the elasti strain and εp the plasti strain whih is de�ned by :
εp = ε0γ, (2.2)with ε0 =

1

2
(~e1 ⊗ ~e2 + ~e2 ⊗ ~e1) in the speial ase of a single slip system where dis-loations move in the plane {x3 = 0} with Burgers vetor ~b = e1. Here γ is theresolved plasti strain, and will be preised later. The stress in the rystal satis�esthe equation of elastiity div σ = 0 and is given by,

σ = Λ : εe(u), (2.3)where for i, j = 1, 2, 3,
(Λ : εe(u))ij = 2µεe

ij(u) + λδijtr(ε
e(u)), (2.4)and λ, µ > 0 are the onstants of Lamé oe�ients of the rystal (here, for simpli�-ation, assumed isotropi).We now assume that we are in a partiular geometry where the disloations arestraight lines parallel to the diretion e3 and that the problem is invariant by trans-lation in the x3 diretion. Moreover we assume that u3 = 0. Then, this problemredues to a bi-dimensional problem with u1, u2 only depending on (x1, x2) and sowe an express the resolved plasti strain γ as

γ = ρ+ − ρ−,where ∂ρ+

∂x1

and ∂ρ−

∂x1

are respetively the densities of disloations of Burgers vetorsgiven by ~b = e1 and ~b = −e1.Furthermore, these disloation densities are transported in the diretion of the Bur-gers vetors by a veloity. This veloity is given by the resolved shear stress (σ : ε0)up to sign of the Burgers vetors. More preisely, we have :
∂ρ±

∂t
= ±(σ : ε0)e1.∇ρ±.Finally, the funtions ρ± and u are solutions of the oupled system (see I. Groma,P. Balogh [71℄, [69℄),







div σ = 0 in R
2 × (0, T ),

σ = Λ : (ε(u) − εp) in R
2 × (0, T ),

ε(u) = 1
2
(∇u+ t∇u) in R

2 × (0, T ),
εp = ε0 (ρ+ − ρ−) in R

2 × (0, T ),

∂ρ±

∂t
= ±(σ : ε0)e1.∇ρ± in R

2 × (0, T ),

(2.5)
157



Chapitre 5 : Existene globale pour un système bidimensionneli.e in oordinates,






∑

j=1,2

∂σij

∂xj

= 0 in R
2 × (0, T ),

σij = 2µεe
ij(u) + λδijtr(ε

e(u)) in R
2 × (0, T ),

εij(u) =
1

2

(
∂ui

∂xj

+
∂uj

∂xi

) in R
2 × (0, T ),

εp
ij =

1

2

(
0 1
1 0

)
(
ρ+ − ρ−

) in R
2 × (0, T ),

∂ρ±

∂t
= ±σ12e1.∇ρ± in R

2 × (0, T ),

(2.6)
where the unknowns of the system are ρ± and the displaement (u1, u2).Then the following lemma holds.Lemma 2.1 (Equivalene between 2-D systems)Assume that (u1, u2) and ρ+ − ρ− are Z

2-periodi funtions. Then the 2-D problem(2.6), is equivalent to the following 2-D problem






∂ρ+

∂t
= − C1 (R2

1R
2
2 (ρ+ − ρ−))

∂ρ+

∂x1

in R
2 × (0, T ),

∂ρ−

∂t
= C1 (R2

1R
2
2 (ρ+ − ρ−))

∂ρ−

∂x1

in R
2 × (0, T ),

(2.7)where C1 = 4
(λ+ µ)µ

λ+ 2µ
.As the onstant C1 is non-negative, resaling in time in system (2.7), we an replaethis onstant by 1.Proof of Lemma 2.1 :We an rewrite the �rst equation of (2.5) asdiv (2µε(u) + λtr(ε(u))Id) = div (2µεp + λtr(εp)Id) .This implies that :

µ∆u+ (λ+ µ)∇(div u) = µ








∂

∂x2

(ρ+ − ρ−)

∂

∂x1

(ρ+ − ρ−)







. (2.8)158



2. Physial derivation of the modelWe now derive the �rst equation and the seond equation of the previous systemwith respet to x1 and x2 respetively. We obtain
µ∆








∂u1

∂x1

∂u2

∂x2








+ (λ+ µ)









∂2

∂x2
1

(div u)
∂2

∂x2
2

(div u)








= µ









∂2

∂x1∂x2

(ρ+ − ρ−)

∂2

∂x2∂x1

(ρ+ − ρ−)









.Now, by adding the two above equations, we get
(λ+ 2µ)∆(div u) = 2µ

∂2

∂x1∂x2

(ρ+ − ρ−).Applying ∆−1 to this expression we get (div u) that we plug it into (2.8). Whihleads to
∆u =








∂

∂x2

(ρ+ − ρ−)

∂

∂x1

(ρ+ − ρ−)








− 2
(λ+ µ)

(λ+ 2µ)
∇∆−1 ∂2

∂x1∂x2

(ρ+ − ρ−). (2.9)As, previously, we derive the �rst equation and the seond equation of system (2.10)with respet to x2 and x1 respetively, and obtain
∆








∂u1

∂x2

∂u2

∂x1








=









∂2

∂x2
2

(ρ+ − ρ−)

∂2

∂x2
1

(ρ+ − ρ−)









− 2
(λ+ µ)

(λ+ 2µ)
∆−1









∂4

∂x2
1∂x

2
2

(ρ+ − ρ−)

∂4

∂x2
1∂x

2
2

(ρ+ − ρ−)









.(2.10)Now, adding the two above equations, we infer that
∆

(
∂u1

∂x2

+
∂u2

∂x1

)

= ∆(ρ+ − ρ−) − 4
(λ+ µ)

(λ+ 2µ)
∆−1 ∂4

∂x2
1∂x

2
2

(ρ+ − ρ−). (2.11)Using that
(σ : ε0) = σ12 = 2µ(εe(u))12 = µ

((
∂u1

∂x2

+
∂u2

∂x1

)

− (ρ+ − ρ−)

)

, (2.12)together with equation (2.11), this yields 159
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(σ : ε0) = −4

(λ+ µ)µ

(λ+ 2µ)
∆−2 ∂4

∂x2
1∂x

2
2

(ρ+ − ρ−) = −C1

(
R2

1R
2
2(ρ

+ − ρ−)
)
.Hene we see that the system (2.5) an be rewritten as (2.7). 2Remark 2.2 (Property of the elasti energy)If we de�ne the elasti energy by

E =
1

2

∫

R2/Z2

Λ : (εe(u) : εe(u)),with εe(u) = ε(u) − ε0(ρ+ − ρ−). Then, sine by the equation of elastiity ∂E

∂u
= 0,we an notie if ∂ρ+

∂x1

,
∂ρ−

∂x1

≥ 0 that,
dE

dt
= −

∫

R2/Z2

(Λ : εe(u)) : ε0∂(ρ+ − ρ−)

∂t
= −

∫

R2/Z2

σ2
12

(
∂ρ+

∂x1

+
∂ρ−

∂x1

)

≤ 0.This formal result indiates that the elasti energy is a non-inreasing quantity inthis model. Hene, the elasti energy E is a Lyapunov funtional for our dissipativemodel.3 NotationIn what follows, we are going to use the following notation :1. ρ = ρ+ − ρ−,2. ρ±,per(x1, x2, t) = ρ±(x1, x2, t) − Lx1,3. T = R/Z the periodi interval [0, 1), and T
2 = R

2/Z2 the periodi square
[0, 1) × [0, 1).4. Let f be a funtion de�ned on R

2 × (0, T ) having values in R
2, we denote by

f(t) = f(., t) : x 7−→ f(x, t).5. We write ∫
T
in plae of ∫ 1

06. Let E be a Banah spae and f = (f1, f2) a vetor suh that fi ∈ E for
i ∈ {1, 2}. The norm of f in E2 will be de�ned as ‖f‖E2 = max (‖f1‖E, ‖f2‖E).7. Throughout the paper, C is an arbitrary positive onstant.160



4. Conerning the meaning of the solution of (P)4 Conerning the meaning of the solution of (P)In this Setion we prove Proposition 1.3. This shows that if (P) admits solutionsverifying the onditions of Theorem 1.4, then we an give a mathematial meaningto the bilinear term. In order to do this, we need to de�ne some funtional spaesand reall some of their properties, that will be used later in our work.4.1 Properties of some useful Orliz spaesWe reall the de�nition of Orliz spaes and some of their properties. For details,we refer to R. A. Adams [2, Ch. 8℄ and M. M. Rao, Z. D. Ren [120℄.A real valued funtion A : [0,+∞) → R is alled a Young funtion if it has thefollowing properties (see R. O'Neil [114, Def 1.1℄) :� A is a ontinuous, non-negative, non-dereasing and onvex funtion.� A(0) = 0 and lim
t→+∞

A(t) = +∞.Let A(·) be a Young funtion. The Orliz lass KA(T2) is the set of (equivalenelasses of) real-valued measurable funtion h on T
2 satisfying

∫

T2

A(|h(x)|) < +∞.The Orliz spae LA(T2) is the linear hull of the Orliz lass KA(T2), that is, thesmallest vetor spae (under pointwise addition and salar multipliation) ontaining
KA(T2). Evidently LA(T2) onsists of all salar multiples λh of elements h ∈ KA(T2).These Orliz spae supplemented with the Luxemburg norm,

‖f‖LA(T2) = inf

{

λ > 0 :

∫

T2

A

( |h(x)|
λ

)

≤ 1

}

.Endowed with this norm, the Orliz spae LA(T2) is a Banah spae. For exampleif A(t) = tp for p ≥ 1, the Orliz spae is the usual Lebesgue spae Lp(T2).Remark 4.1 (Separability)If A is ∆2-regular (i.e. there exists a positive onstant δ suh that for all t ≥ 0,
A(2t) ≤ δA(t)), then the Orliz spae LA(T2) is separable (see M. M. Rao and Z.D. Ren [120, Th 1, Page 87℄). In partiular this holds for L logL(T2).De�nition 4.2 (Some Orliz spaes)For α ≥ 1, we denote by

EXPα(T2), the Orliz spae de�ned by the funtion A(t) = etα − 1. 161



Chapitre 5 : Existene globale pour un système bidimensionnelAnother spae of interest will be the Zygmund spae
L logβ L(T2), the Orliz spae de�ned by the funtion A(t) = t(log(e+ t))β, for β ≥ 0.Observe that those spaes are Banah spaes and that EXP 1

β
(T2) is the dual of

L logβ L(T2), for 0 < β ≤ 1 (see C. Bennett and R. Sharpley [16, Def 6.11℄). It isworth notiing that L log1 L(T2) = L logL(T2).Let us reall some useful properties of these spaes. The �rst one is the generalizedHölder inequality.Lemma 4.3 (Generalized Hölder inequality)i) Let f ∈ EXP2(T
2) and g ∈ L log

1
2 L(T2), Then there exists a onstant C suhthat (see R. O'Neil [114, Th 2.3℄),

‖fg‖L1(T2) ≤ C‖f‖EXP2(T2)‖g‖L log
1
2 L(T2)

.ii) Let f ∈ EXP2(T
2) and g ∈ L logL(T2). Then there exists a onstant C suh that(see R. O'Neil [114, Th 2.3℄),
‖fg‖

L log
1
2 L(T2)

≤ C‖f‖EXP2(T2)‖g‖L log L(T2).The proof of this lemma is given in Appendix.The seond property is the Trudinger embedding,Lemma 4.4 (Continuous Trudinger embedding)We have the following ontinuous injetion (see N. S. Trudinger [129℄ and R. A.Adams [2, Th 8. 25℄) :
W 1,2(T2) →֒ EXP2(T

2).Finally, we have the following embedding.Lemma 4.5 (Properties of the Zygmund spae)For 1 < p < +∞, α ≥ 1 and β ≥ 0 we have the following ontinuous embedding :
L∞(T2) →֒ EXPα(T2) →֒ Lp(T2) →֒ L logβ L(T2) →֒ L1(T2).For the proof, see for instane R. A. Adams [2, Th 8.12℄.162



4. Conerning the meaning of the solution of (P)4.2 Sharp estimate of the bilinear termNow, we propose to verify with the help of the following proposition that the system(P) has indeed a sense, and �rst prove a better estimate than those mentioned inProposition 1.3. Namely, we have the following.Proposition 4.6 (Estimate of the bilinear term)Let T > 0, f and g be two funtions de�ned on T
2 × (0, T ), suh that,(1) f ∈ L2((0, T );W 1,2(T2)),(2) g ∈ L∞((0, T );L logL(T2)). Then,

fg ∈ L2((0, T );L log
1
2 L(T2)),and for a positive onstant C, we have :

‖fg‖
L2((0,T );L log

1
2 L(T2))

≤ C‖f‖L2((0,T );W 1,2(T2))‖g‖L∞((0,T );L log L(T2)).Proof of Proposition 4.6 :First of all, aording to the generalized Hölder inequality Lemma 4.3 (ii), we knowthat
‖f(t)g(t)‖2

L log
1
2 L(T2)

≤ C‖f(t)‖2
EXP2(T2)‖g(t)‖2

L log L(T2).Integrating on (0, T ), we infer that,
∫ T

0

‖f(t)g(t)‖2

L log
1
2 L(T2)

≤ C

∫ T

0

‖f(t)‖2
EXP2(T2)‖g(t)‖2

L log L(T2).Knowing that g ∈ L∞((0, T );L logL(T2)), we have,
‖fg‖2

L2((0,T );L log
1
2 L(T2))

≤ C‖g‖2
L∞((0,T );L log L(T2))‖f‖2

L2((0,T );EXP2(T2)).Now, by the Trudinger inequality Lemma 4.4, we get,
‖fg‖2

L2((0,T );L log
1
2 L(T2))

≤ C‖g‖2
L∞((0,T );L log L(T2))‖f‖2

L2((0,T );W 1,2(T2)).

2Proof of Proposition 1.3 :We proeed as in the proof of Proposition 4.6. We use Lemma 4.3 (i), and integrate intime, thanks to the Trudinger inequality (Lemma 4.4) and the ontinuous injetion
L logL(T2) →֒ L log

1
2 L(T2). 2163



Chapitre 5 : Existene globale pour un système bidimensionnel5 Loal existene of solutions of a regularized sys-temIn this Setion, we prove a loal in time existene for the system (P), modi�edby the term ε∆ρ±, and for smoothed data. This modi�ation brings us to study, forall 0 < ε ≤ 1, the following system :






∂ρ+,ε

∂t
− ε∆ρ+,ε = −(R2

1R
2
2ρ

ε)
∂ρ+,ε

∂x1

in D′(R2 × (0, T )),
∂ρ−,ε

∂t
− ε∆ρ−,ε = (R2

1R
2
2ρ

ε)
∂ρ−,ε

∂x1

in D′(R2 × (0, T )), (Pε)where ρε = ρ+,ε − ρ−,ε, with the following regular initial data :
ρ±,ε(x, 0) = ρ±,ε

0 (x) = ρ±,per
0 ∗ ηε(x) + (L+ ε)x1 = ρ±,ε,per

0 (x) + Lεx1, (ICε)where ηε(·) = 1
ε2η(

·
ε
), suh that η ∈ C∞

c (R2) is a non-negative funtion and ∫
R2 η = 1.Remark 5.1We onsider Lε to obtain strongly monotonous initial data ρ±,ε

0 . This ondition willbe useful in the proof of Lemma 7.7.If we let ρ±,ε,per = ρ±,ε − Lεx1, we know that the system (Pε) is equivalent to,
∂ρ±,ε

∂t
−ε∆ρ±,ε,per = ∓(R2

1R
2
2ρ

ε)
∂ρ

∂x1

±,ε,per

∓Lε(R
2
1R

2
2ρ

ε) in D′(T2 × (0, T )), (P per
ε )with initial onditions,

ρ±,ε,per(x, 0) = ρ±,ε
0 (x) − Lεx1 = ρ±,ε,per

0 (x). (ICper
ε )Remark 5.2The properties of the molli�er (ηε)ε and the fat that ρ±,per

0 ∈ L2(T2) implies that
ρ±,ε,per

0 ∈ C∞(T2). In partiular, ρ±,ε,per
0 ∈ W 1,p(T2) for all 1 ≤ p ≤ +∞.The following theorem is a loal existene result (in the "Mild" sense) of the re-gularized system (Pε)-(ICε). This result is ahieved in a super-ritial spae. Herepartiularly we hose the spae of funtions C([0, T );W

1, 3
2

loc (R2)). Later, in Setion6, we will improve the regularity of the solution.164



5. Loal existene of solutions of a regularized systemTheorem 5.3 (Loal existene result)For all initial data ρ±0 ∈ L2
loc(R

2) verifying (H1) and (H2), there exists
T ⋆(‖ρ±,ε,per

0 ‖
W 1, 32 (T2)

, L, ε) > 0,suh that the system (Pε)-(ICε) admits solutions ρ±,ε ∈ C([0, T ⋆);W
1, 3

2
loc (R2)), satis-fying (H1) and (H2) for a.e. t ∈ (0, T ⋆).Before proving Theorem 5.3, let us reall some well known results.5.1 Useful resultsWe �rst start with reformulation of system (P per

ε )-(ICper
ε ) as an integral system.Lemma 5.4 (Mild solutions are solutions in the distributional sense)If ρ±,ε,per ∈ C([0, T );W 1, 3

2 (T2)) are solutions of the following integral problem :
ρ±,ε,per(·, t) = Sε(t)ρ

±,ε,per
0 ∓Lε

∫ t

0

Sε(t− s)
(
R2

1R
2
2ρ

ε(s)
)
ds

∓
∫ t

0

Sε(t− s)

(
(
R2

1R
2
2ρ

ε(s)
) ∂ρ

∂x1

±,ε,per

(s)

)

ds,

(Inε)where Sε(t) = S1(εt), and S1(t) = et∆ is a the heat semi-group, then ρ±,ε,per aresolutions of the system (P per
ε )-(ICper

ε ) in the distributional sense.For the proof of Lemma 5.4, see A. Pazy [117, Th 5.2, Page 146℄.Remark 5.5We notie that the produt (R2
1R

2
2ρ

ε)
∂ρ

∂x1

±,ε,per is well de�ned in C([0, T );L
6
5 (T2))sine C([0, T );W 1, 3

2 (T2)) →֒ C([0, T );L6(T2)).Lemma 5.6 (Time ontinuity)Let T > 0. If ρ±,ε,per ∈ L∞((0, T );W 1, 3
2 (T2)) are solutions of integral problem (Inε),then ρ±,ε,per ∈ C([0, T );W 1, 3

2 (T2)).For the proof of Lemma 5.4, see A. Pazy [117, 7.3, Page 212℄.We now reall the Piard �xed point result whih will be applied in Subsetion 5.2 tothe spae E =
(

L∞((0, T );W 1, 3
2 (T2))

)2 in order to prove, the existene of solutions.165



Chapitre 5 : Existene globale pour un système bidimensionnelLemma 5.7 (Piard Fixed point Theorem)Let E be a Banah spae, B is a ontinuous bilinear appliation over E ×E havingvalues in E, and A a ontinuous linear appliation over E having values in E suhthat :
‖B(x, y)‖E ≤ η‖x‖E‖y‖E for all x, y ∈ E,

‖A(x)‖E ≤ µ‖x‖E for all x ∈ E,where η > 0 and µ ∈ (0, 1) are two given onstants. Then, for every x0 ∈ E verifying
‖x0‖E <

1

4η
(1 − µ)2,the equation x = x0 +B(x, x) + A(x) admits a solution in E.For the proof of Lemma 5.7, see M. Cannone [24, Lemma 4.2.14℄.Lemma 5.8 (Deay estimate)Let r, p, q ≥ 1. Then, for all funtions f ∈ Lq(T2) and g ∈ Lp(T2), where 1

r
≤ 1

q
+

1

p
,we have, for S1(t) = et∆, the following estimates :

i) ‖S1(t)(fg)‖Lr(T2) ≤ Ct−( 1
p
+ 1

q
− 1

r )‖f‖Lq(T2)‖g‖Lp(T2) for all t > 0,
ii) ‖∇S1(t)(fg)‖Lr(T2) ≤ Ct−( 1

2
+ 1

p
+ 1

q
− 1

r )‖f‖Lq(T2)‖g‖Lp(T2) for all t > 0,with C = C(r, p, q) is a positive onstant.Proof of Lemma 5.8 :In the speial ase where q = +∞ and f = 1, these estimates are the lassialversion of the Lr-Lp estimates for the heat semi-group (see A. Pazy [117, Lemma1.1.8, Th 6.4.5℄). The statement of Lemma 5.8 then follows by Hölder inequality :
‖fg‖Ls(T2) ≤ ‖f‖Lq(T2)‖g‖Lp(T2)with 1

s
=

1

q
+

1

p
. 2Here is now, the demonstration of Theorem 5.3.166



5. Loal existene of solutions of a regularized system5.2 Proof of Theorem 5.3We rewrite the system (Inε) in the following vetorial form :
ρε

v(x, t) = Sε(t)ρ
ε
0,v +LεJ̄1

∫ t

0

Sε(t− s)
(
R2

1R
2
2ρ

ε(s)
)
ds+ Ī1

∫ t

0

(
R2

1R
2
2ρ

ε(s)
) ∂ρε

v

∂x1

(s)ds,where Sε(t) = S1(εt), ρε
v = (ρ+,ε,per, ρ−,ε,per), ρε

0,v = (ρ+,ε,per
0 , ρ−,ε,per

0 ),
Ī1 =

(
−1 0
0 1

) and J̄1 =

(
−1
1

).whih is equivalent to,
ρε

v(x, t) = Sε(t)ρ
ε
0,v +B(ρε

v, ρ
ε
v)(t) + A(ρε

v)(t), (5.13)where B is a bilinear map and A is a linear one de�ned respetively, for every vetor
u = (u1, u2) and v = (v1, v2), as follows :

B(u, v)(t) = Ī1

∫ t

0

Sε(t− s)

(
(
R2

1R
2
2(u1 − u2)

) ∂v

∂x1

(s)

)

ds, (5.14)
A(u)(t) = LεJ̄1

∫ t

0

Sε(t− s)
(
R2

1R
2
2(u1 − u2)(s)

)
ds. (5.15)Now, we apply Lemma 5.7 to equation (5.13). First of all, we estimate the bilinearterm,

‖B(u, v)(t)‖
(W 1, 32 (T2))2

≤
∥
∥
∥
∥
Ī1

∫ t

0

Sε(t− s)

(
(
R2

1R
2
2(u1 − u2)

) ∂v

∂x1

(s)

)

ds

∥
∥
∥
∥

(W 1, 32 (T2))2

≤
∫ t

0

∥
∥
∥
∥
Sε(t− s)

(
(
R2

1R
2
2(u1 − u2)

) ∂v

∂x1

(s)

)

ds

∥
∥
∥
∥

(W 1, 32 (T2))2
.Then, sine W 1, 3

2 (T2) →֒ L4(T2), we have,
‖B(u, v)(t)‖

(W 1, 32 (T2))2
≤
∫ t

0

∥
∥
∥
∥
Sε(t− s)

(
(
R2

1R
2
2(u1 − u2)

) ∂v

∂x1

(s)

)

ds

∥
∥
∥
∥

(L4(T2))2

+

∫ t

0

∥
∥
∥
∥
∇Sε(t− s)

(
(
R2

1R
2
2(u1 − u2)

) ∂v

∂x1

(s)

)

ds

∥
∥
∥
∥

(L
3
2 (T2))2

.(5.16)167



Chapitre 5 : Existene globale pour un système bidimensionnelWe use Lemma 5.8 (i) with r = 4, q = 3, p = 3
2
to estimate the �rst term and Lemma5.8 (ii) with r = 3

2
, q = 4, p = 3

2
to estimate the seond term. We get for 0 ≤ t ≤ T ,and with onstants C depending on ε,

‖B(u, v)(t)‖
(W 1, 32 (T2))2

≤ C

∫ t

0

1

(t− s)
3
4

∥
∥R2

1R
2
2u(s)

∥
∥

(L4(T2))2

∥
∥
∥
∥

∂v

∂x1

(s)

∥
∥
∥
∥

(L
3
2 (T2))2

ds

≤ C sup
0≤s<T

(‖u(s)‖
(W 1, 32 (T2))2

) sup
0≤s<T

(‖v(s)‖
(W 1, 32 (T2))2

)

∫ t

0

1

(t− s)
3
4

ds.Here we have used in the seond line the property that Riesz transformations areontinuous from L
3
2 onto itself (see A. Zygmund [139, Vol I, Page 254, (2.6)℄) andthe Sobolev injetion. Hene we have,

‖B(u, v)‖
L∞((0,T );(W 1, 32 (T2))2)

≤ η(T )‖u‖
L∞((0,T );(W 1, 32 (T2))2)

‖v‖
L∞((0,T );(W 1, 32 (T2))2)

,(5.17)with η(T ) = C0T
1
4 for some onstant C0 > 0. We estimate the linear term in thesame way to get,

‖A(u)‖
L∞((0,T );(W 1, 32 (T2))2)

≤ Lεη(T )‖u‖
L∞((0,T );(W 1, 32 (T2))2)

. (5.18)Moreover, we know by lassial properties of heat semi-group (see A. Pazy [117℄)that,
‖Sε(t)ρ

ε
0,v‖L∞((0,T );(W 1, 32 (T2))2)

≤ ‖ρε
0,v‖(W 1, 32 (T2))2

. (5.19)Now, if we take
(T ⋆)

1
4 = min

(

1

2C0Lε

,
1

16C0‖ρε
0,v‖(W 1, 32 (T2))2

)

, (5.20)we an easily verify that we have the following inequalities :
‖ρε

0,v‖(W 1, 32 )2(T2)
<

1

4η(T ⋆)
(1 − Lεη(T

⋆))2, and Lεη(T
⋆) < 1, (5.21)Using inequalities (5.17), (5.18), (5.19), (5.21) and Lemma 5.7 with the spae

E =
(

L∞((0, T ⋆);W 1, 3
2 (T2))

)2, we obtain the existene of a solutions ρε
v ∈

(

L∞((0, T ⋆);W 1, 3
2 (T2))

)2for the system (5.13). Next, from Lemma 5.6, we dedue that ρε
v ∈

(

C([0, T ⋆);W
1, 3

2
loc (T2))

)2.As a onsequene, by Lemma 5.4 we prove that the system (Pε)-(ICε) admits somesolutions ρ±,ε ∈ C([0, T ⋆);W
1, 3

2
loc (R2)), satisfying (H1) and (H2) a.e. t ∈ [0, T ⋆). 2168



6. Properties of the solutions of (Pε)-(ICε)6 Properties of the solutions of (Pε)-(ICε)In this setion, we are going to prove that the solutions of (Pε)-(ICε) obtained byTheorem 5.3 are smooth. Moreover if we assume that the initial data (IC) satis�es
(H3), then the solutions are inreasing in x1 for all t ∈ (0, T ⋆).Lemma 6.1 (Smoothness of the solution)Let T > 0. For all initial data ρ±0 ∈ L2

loc(R
2) satisfying (H1) and (H2), if ρ±,ε ∈

C([0, T );W
1, 3

2
loc (R2)) are solutions of the system (Pε)-(ICε), then ρ±,ε ∈ C∞(R2 ×

[0, T )).Proof of Lemma 6.1 :We denote the seond term of the system (P per
ε ) by,

f±,ε = ∓(R2
1R

2
2ρ

ε)
∂ρ

∂x1

±,ε,per

∓ Lε(R
2
1R

2
2ρ

ε).Sine W 1, 3
2 (T2) →֒ L6(T2), f±,ε ∈ L

6
5 (T2 × (0, T )). Moreover, we know that

ρ±,ε,per
0 ∈ C∞(T2). We apply the Lp regularity for the heat equation to the system(P per

ε )-(ICper
ε ), see J. L. Lions, E. Magenes [105, Th 8.2℄, and dedue that

∂ρ

∂t

±,ε,per

,
∂ρ

∂xi

±,ε,per

,
∂2ρ

∂xi∂xj

±,ε,per

∈ L
6
5 (T2 × (0, T )) for {i, j = 1, 2}.We infer now by Sobolev embedding that f±,ε ∈ L

3
2 (T2×(0, T )). We an then iteratethe previous argument with a better integrability of f±,ε. By bootstrap it followsthat ρ±,ε,per ∈ C∞(T2 × [0, T )). 2Lemma 6.2 (Strong monotoniity of the solution in x1)Let T > 0. For all initial data ρ±0 ∈ L2

loc(R
2) satisfying (H1), (H2) and (H3), if

ρ±,ε ∈ C∞(R2 × [0, T )) are solutions of system (Pε)-(ICε), then ∂ρ±,ε

∂x1

> 0 for all
t ∈ (0, T ).Proof of Lemma 6.2 :First of all, remark that if ∂ρ±0

∂x1

≥ 0, then ∂ρ±,ε
0

∂x1

≥ ε. Indeed, we have
∂ρ±,ε

0

∂x1

=
∂ρ±,per

0

∂x1

∗ ηε + Lε =

(
∂ρ±,per

0

∂x1

+ L

)

∗ ηε + ε

=

(
∂ρ±0
∂x1

)

∗ ηε + ε > 0, 169



Chapitre 5 : Existene globale pour un système bidimensionnelsine ηε is non-negative. Let us write the system obtained by derivation of (Pε)-(ICε)with respet to x1, that reads for θ±,ε =
∂ρ±,ε

∂x1

,






∂θ±,ε

∂t
− ε∆θ±,ε ± (R2

1R
2
2ρ

ε)
∂θ±,ε

∂x1

±
(
R2

1R
2
2(θ

+,ε − θ−,ε)
)
θ±,ε = 0 in T

2 × (0, T ),

θ±,ε(x, 0) =
∂ρ±,ε

0

∂x1

in T
2.Sine ρ±,ε ∈ C∞(R2 × [0, T )) and θ±,ε(·, 0) > ε, we dedue from the maximumpriniple for salar paraboli equations (see G. Lieberman [104, Th 2.10℄), that

θ±,ε > 0 on T
2 × (0, T ). 2Corollary 6.3 (Short time existene of monotone smooth solutions)For all initial data ρ±0 ∈ L2

loc(R
2) satisfying (H1), (H2) and (H3), and all ε > 0,there exists

T ⋆(‖ρ±,ε,per
0 ‖

W 1, 32 (T2)
, L, ε) > 0,suh that the system (Pε)-(ICε) admits solutions ρ±,ε ∈ C∞(R2 × [0, T ⋆)) verifying

(H1), (H2) for all t ∈ [0, T ⋆). Moreover ∂ρ±,ε

∂x1

> 0 for all t ∈ [0, T ⋆).Corollary 6.3 is a onsequene of Theorem 5.3 and of Lemmata 6.1 and 6.2.7 ε-Uniform estimates on the solution of the regu-larized systemIn this Setion, we prove some fundamental ε-uniform estimates. In the Subse-tion 7.2 we give some general estimates independent on the system of equations. Inthe seond Subsetion 7.3 we establish a priori estimates on the solutions of system(Pε).7.1 Properties of Hardy spaesDe�nition 7.1i) Hardy spae, (C. Fe�erman, E. M. Stein [54℄) :The Hardy spae H1(T2) is the set of funtions f ∈ L1(T2) suh that Rif ∈ L1(T2)for i = 1, 2. This spae is endowed with the norm170



7. ε-Uniform estimates on the solution of the regularized system
‖f‖H1(T2) = ‖f‖L1(T2) +

∑

i=1,2

‖Rif‖L1(T2).ii) BMO spae, (John and Nirenberg, see C. Fe�erman [53℄) :We say that f ∈ L1(T2) belongs to BMO(T2) if an only if
‖f‖BMO = sup

B

(
1

|B|

∫

B

|f(x) −mB(f)|dx
)

< +∞ (7.22)for every ball B ⊂ T
2 where mB(f) =

1

|B|

∫

B

f .Here ‖f‖BMO de�nes a norm over BMO(T2) quotiented by the onstant funtions.Moreover, the spae BMO(T2) is the dual of H1(T2).We refer to P. Koosis [90℄, R. Coifman, Y. Meyer [33℄, J. B. Garnett [60℄ and E.M. Stein [126℄ for other de�nitions of H1(T2) and BMO(T2) . Here, this de�nitionmakes a sense thanks to the de�nition of the Riesz transform for Lp funtion, andthe density in L1 of the spaes Lp for p > 1.The spaes H1 and BMO satisfy the following properties :Lemma 7.2 (Stability of Riesz transform)(I1) The Riesz transforms Ri, for i = 1, 2, are linear ontinuous operators on
H1(T2) onto itself.(I2) The Riesz transforms Ri, for i = 1, 2, are linear ontinuous operators on
BMO(T2) onto itself.(I3) The Riesz transforms Ri, for i = 1, 2, are linear ontinuous operators on
Lp(T2), for all 1 < p < +∞ onto itself.For the proof, see R. Coifman, Y. Meyer [33, Chap 5℄ and A. Zygmund [139, Vol I,Page 254, (2.6)℄.Lemma 7.3 (Embeddings)For 1 < p < +∞, we have the following property :

L∞(T2) →֒ BMO(T2) →֒ EXP (T2) →֒ Lp(T2) →֒ L logL(T2) →֒ H1(T2) →֒ L1(T2).For the proof, see C. Bennett and R. Sharpley [16, (7.22) Page 382 , (6.11) Page247℄. 171



Chapitre 5 : Existene globale pour un système bidimensionnelLemma 7.4 (Zygmund's Lemma)If f ≥ 0, then f ∈ L logL(T2) if and only if f ∈ H1(T2). Moreover, there exists aonstant C suh that,
‖f‖H1(T2) ≤ C

(∫

T2

|f | log(e+ |f |)dx1dx2 + 1

)

.For the proof, see A. Zygmund [139, Vol. I, Chap 7, (2.8), (2.10)℄ and P. Koosis [90,Page 96-97℄. See also, E. M. Stein [126, 5.3, Page 128℄ for a proof on R
N . Under theassumptions (H1), (H2), (H3), and (H4), we dedue that ∂ρ0

±

∂x1

∈ H1(T2).7.2 Useful estimatesLemma 7.5 (BMO estimate)If f is a funtion de�ned on R
2 × (0, T ) and veri�es (H1), (H2) and (H3) for a.e.

t ∈ (0, T ), then there exists a onstant C = C(L) suh that,
‖R1R2f

per‖L∞((0,T );BMO(T2)) ≤ C,where fper = f − Lx1.Proof of Lemma 7.5 :Aording to (H1) and (H3), we know that for a.e (x2, t)

∫ 1

0

∣
∣
∣
∣

∂fper

∂, x1

∣
∣
∣
∣
dx1 ≤

∫ 1

0

∣
∣
∣
∣

∂f

∂x1

− L

∣
∣
∣
∣
dx1 ≤

∫ 1

0

∣
∣
∣
∣

∂f

∂x1

∣
∣
∣
∣
dx1 + L ≤ 2L.We apply a �Poinaré-Wirtinger inequality� in x1 and we dedue that there exists aonstant C = C(L) suh that,

∥
∥
∥
∥
fper −

∫ 1

0

fperdx1

∥
∥
∥
∥

L∞(T2×(0,T ))

≤ C. (7.23)Moreover, R1R2(f
per −

∫ 1

0

fperdx1) = R1R2(f
per) sine, we an hek thatR1

(∫ 1

0

fperdx1

)

= 0.We use Lemmata 7.3 and 7.2 (I2) to obtain thatR1R2f
per ∈ L∞((0, T );BMO(T2)).2Lemma 7.6 (L logL Estimate)Let (ηε)ε be a non-negative molli�er, then for all f ∈ L logL(T2), the funtion

fε = f ∗ ηε satis�es
‖f − fε‖L log L(T2) → 0 as ε→ 0.For the proof see R. A. Adams [2, Th 8.20℄.172



7. ε-Uniform estimates on the solution of the regularized system7.3 A priori estimatesIn this Subsetion, we show some ε-uniform estimates on the solutions of thesystem (Pε)-(ICε) obtained in Corollary 6.3. These estimates will be used, on onehand in Setion 8 for the proof of long time existene, and on the other hand, inSubsetion 9.2 for ensuring, by ompatness, the passage to the limit as ε tends tozero.The �rst estimate onerns the physial entropy of the system, and is a key result.It shows that in our model, the disloations annot be so onentrated. In otherwords, the disloation densities an always be ontrolled.
Lemma 7.7 (Entropy estimate)Let ρ±0 ∈ L2

loc(R
2). Under the assumptions (H1), (H2), (H3) and (H4), if ρ±,ε ∈

C∞(R2 × [0, T )) are solutions of the system (Pε)-(ICε), then there exists a onstant
C independent of ε suh that,

∥
∥
∥
∥

∂ρ±,ε

∂x1

∥
∥
∥
∥

L∞((0,T );L log L(T2))

+

∥
∥
∥
∥

∂

∂x1

(R1R2ρ
ε)

∥
∥
∥
∥

L2(T2×(0,T ))

≤ C, (7.24)
with C = C

(∥
∥
∥
∥

∂ρ0
±

∂x1

∥
∥
∥
∥

L log L(T2)

).Proof of Lemma 7.7 :First of all, we denote θ±,ε =
∂ρ±,ε

∂x1

, θε = θ+,ε − θ−,ε and
N±(t) =

∫

T2

θ±,ε(t) log(θ±,ε(t)).

Using the fat that ρ±,ε ∈ C∞(R2 × [0, T )), we an derive N(t) = N+(t) + N−(t)173



Chapitre 5 : Existene globale pour un système bidimensionnelwith respet to t, sine θ±,ε > 0 (see Lemma 6.2), and we obtain :
d

dt
N(t) =

∫

T2

∑

+,−

(θ±,ε)t log(θ±,ε) +

∫

T2

∑

+,−

(θ±,ε)t

=

∫

T2

∑

+,−

(
∓(R2

1R
2
2ρ

ε)θ±,ε + ε∆ρ±,ε
)

x1
log(θ±,ε)

=

∫

T2

∑

+,−

(
(
±(R2

1R
2
2ρ

ε)θ±,ε
) θ±,ε

x1

θ±,ε
+ ε∆θ±,ε log(θ±,ε)

)

= −
∫

T2

∑

+,−

(
±(R2

1R
2
2θ

ε)θ±,ε
)
− ε

∑

+,−

∫

T2

|∇θ±,ε|2
θ±,ε

= −
∫

T2

(
R2

1R
2
2θ

ε
)
θε − ε

∑

+,−

∫

T2

|∇θ±,ε|2
θ±,ε

= −
∫

T2

(R1R2θ
ε)2 − ε

∑

+,−

∫

T2

|∇θ±,ε|2
θ±,ε

≤ 0,Integrating in time we get,
N(t) +

∫ t

0

∫

T2

(R1R2θ
ε)2 ≤ N(0) ≤

∫

T2

∑

+,−

θ±,ε(0) log(e+ θ±,ε(0))Sine the initial data (IC) satis�es (H4), we dedue by Lemma 7.6 that there existsa positive onstant C independent of ε suh that,
N(t) +

∫ t

0

∫

T2

(R1R2θ
ε)2 ≤ C.Let us now onsider,

N±
1 (t) =

∫

T2

θ±,ε(t) log(e+ θ±,ε(t))

=

∫

T2∩{0<θ±,ε<e}

θ±,ε(t) log(e+ θ±,ε(t)) +

∫

T2∩{θ±,ε≥e}

θ±,ε(t) log(e+ θ±,ε(t)).Using that x log(e+ x) ≤ e log(2e) for all 0 < x ≤ e, we dedue that174



7. ε-Uniform estimates on the solution of the regularized system
N±

1 (t) ≤ e log(2e) +

∫

T2∩{θ±,ε≥e}

θ±,ε(t) log(2θ±,ε(t))

≤ e log(2e) +

∫

T2

θ±,ε(t) log(2) +

∫

T2∩{θ±,ε≥e}

θ±,ε(t) log(θ±,ε(t))

≤ e log(2e) + log(2)(L+ 1) +N±(t) −
∫

T2∩{0<θ±,ε<e}

θ±,ε(t) log(θ±,ε(t))

≤ C +N±(t),where, in the last line we have used that −x log(x) ≤ 1
e
for all 0 < x ≤ e. This�nally lead to the following estimate :

N+
1 (t) +N−

1 (t) +

∫ t

0

∫

T2

(R1R2θ
ε)2 ≤ C,whih implies (7.24). 2Remark 7.8 (W 1,2 estimate)Sine we have

∂

∂x2

R2
1R

2
2 = R1R2

(
∂

∂x1

R1R2

) and ∂

∂x2

R2
1R

2
2 = R2

2

(
∂

∂x1

R1R2

)

,we dedue by Lemma 7.2 (I3), that ∇ (R2
1R

2
2ρ

ε) ∈ L2 (T2 × (0, T )) uniformly in ε.Remark 7.9 (H1 estimate)Given θ±,ε ≥ 0, we dedue from Lemma 7.4 that θ±,ε ∈ L∞((0, T );H1(T2)), uni-formly in ε.We now present a seond a priori estimate.Lemma 7.10 (L2 bound on the solutions)Let T > 0. Under the ondition ρ±0 ∈ L2
loc(R

2), and the assumptions (H1), (H2),
(H3) and (H4), if ρ±,ε ∈ C∞(R2 × [0, T )) are solutions of system (Pε)-(ICε), thenthere exists a onstant C independent of ε, but depending on T , suh that :

∥
∥ρ±,ε,per

∥
∥

L∞((0,T );L2(T2))
≤ C,with ρ±,ε,per = ρ±,ε − Lx1. 175



Chapitre 5 : Existene globale pour un système bidimensionnelProof of Lemma 7.10 :We want to bound m±,ε(x2, t) =

∫

T

ρ±,ε,per(x1, x2, t)dx1. There is no problem of re-gularity sine ρ±,ε ∈ C∞(R2 × [0, T )). We integrate equation (P per
ε ) with respet to

x1, and then integrate by parts the �rst term of the right hand side. This leads to,
∂

∂t
m±,ε − ε

∂2m±,ε

∂x2
2

= ±
∫

T

(R2
1R

2
2

∂ρε

∂x1

)(ρ±,ε,per −m±,ε)dx1

∓Lε

∫

T

(R2
1R

2
2ρ

ε)dx1 ±m±,ε

∫

T

(R2
1R

2
2

∂ρε

∂x1

)dx1.Using that ρε is a 1-periodi funtion in x1, the previous equation is equivalent to,
∂

∂t
m±,ε − ε

∂2m±,ε

∂x2
2

=

I±1
︷ ︸︸ ︷

±
∫

T

(R2
1R

2
2

∂ρε

∂x1

)(ρ±,ε,per −m±,ε)dx1

I∓2
︷ ︸︸ ︷

∓ Lε

∫

T

(R2
1R

2
2ρ

ε)dx1 .(7.25)Let us denote the right hand side by g± = I±1 + I∓2 . We now show that g± ∈
L2(T × (0, T )). Indeed, we have,

∥
∥I±1

∥
∥

L2(T×(0,T ))
≤
∥
∥
∥
∥

∫

T

(R2
1R

2
2

∂ρε

∂x1

)(ρ±,ε,per −m±,ε)dx1

∥
∥
∥
∥

L2(T×(0,T ))

≤ ‖ρ±,ε,per −m±,ε‖L∞(T2×(0,T ))

∥
∥
∥
∥
R2

1R
2
2

∂ρε

∂x1

∥
∥
∥
∥

L2(T2×(0,T ))

≤ C,where for the last line we used Lemma 7.7 to bound ∥∥∥
∥
R2

1R
2
2

∂ρε

∂x1

∥
∥
∥
∥

L2(T2×(0,T ))

and thefat that the Riesz transforms are ontinuous from L2 onto itself. Furthermore, thebound on ‖ρ±,ε,per −m±,ε‖L∞(T2×(0,T )) follows from (7.23).For the term I∓2 , reall that 0 < ε ≤ 1, hene
∥
∥I∓2

∥
∥

L2(T×(0,T ))
≤
∥
∥
∥
∥
(L+ 1)

∫

T

(R2
1R

2
2ρ

ε)dx1

∥
∥
∥
∥

L2(T×(0,T ))

≤ CT
1
2 ,where for the last inequality we have used that R2

1R
2
2ρ

ε ∈ L∞((0, T );BMO(T2))(see Lemma 7.5) and the embeddings of Lemma 7.3. Therefore, we get,
‖g±‖L2(T×(0,T )) ≤ C(1 + T

1
2 ).176



7. ε-Uniform estimates on the solution of the regularized systemTo end the proof, we multiply equation (7.25) by m±,ε, and we integrate in spae.This gives,
1

2

d

dt
‖m±,ε(t)‖2

L2(T) + ε

∥
∥
∥
∥

∂

∂x2

m±,ε(t)

∥
∥
∥
∥

2

L2(T)

=

∫

T

g±m±,ε.We integrate in time, to obtain,
1

2
‖m±,ε‖2

L∞((0,T );L2(T)) ≤ ‖g±‖L2(T×(0,T ))‖m±,ε‖L2(T×(0,T )) +
1

2
‖m±,ε(0)‖2

L2(T)

≤ T
1
2‖g±‖L2(T×(0,T ))‖m±,ε‖L∞((0,T );L2(T)) +

1

2
‖m±,ε(0)‖2

L2(T)

≤ T‖g±‖2
L2(T×(0,T )) +

1

4
‖m±,ε‖2

L∞((0,T );L2(T)) +
1

2
‖m±,ε(0)‖2

L2(T).Therefore
‖m±,ε‖2

L∞((0,T );L2(T)) ≤ 4T‖g±‖2
L2(T×(0,T )) + 2‖m±,ε(0)‖2

L2(T).We now bound the term ‖m±,ε(0)‖2
L2(T). We have,

‖m±,ε(0)‖2
L2(T) =

∫

T

∣
∣
∣
∣

∫

T

ρ±,ε,per
0 (x1, x2)dx1

∣
∣
∣
∣

2

dx2

≤ ‖ηε ∗ ρ±,per
0 ‖2

L2(T2)

≤ ‖ρ±,per
0 ‖2

L2(T2),where we have used Hölder's inequality for the seond line, and that ‖ηε‖L1(T2) = 1.This indiates that for a onstant C independent of ε, ‖m±,ε‖L∞((0,T );L2(T)) ≤ C.Finally, we use estimate (7.23) to dedue that ρ±,ε,per is bounded in L∞((0, T );L2(T2))uniformly in ε. 2The following estimate will provide ompatness in time of the solution, uniformwith respet to ε .Lemma 7.11 (Duality estimate of Riesz transform for the time derivativeof the solution)Let T > 0. Under the assumptions ρ±0 ∈ L2
loc(R

2), (H1), (H2), (H3) and (H4),if ρ±,ε ∈ C∞(R2 × [0, T )) are solutions of the system (Pε)-(ICε), then for all ψ ∈
L2((0, T );W 1,2(T2)), there exists a onstant C independent of ε suh that : 177



Chapitre 5 : Existene globale pour un système bidimensionnel
∣
∣
∣
∣

∫

T2×(0,T )

ψR2
1R

2
2

(
∂ρε

∂t

)∣
∣
∣
∣
≤ C‖ψ‖L2((0,T );W 1,2(T2)),where ρε = ρ+,ε − ρ−,ε.Proof of Lemma 7.11 :The idea is somehow to bound R2

1R
2
2

(
∂ρε

∂t

) using the available bounds on the righthand side of the equation (Pε).We will give a proof by duality. First of all, we subtrat the two equations of system(Pε) to obtain that,
∂ρε

∂t
= −(R2

1R
2
2ρ

ε)

(
∂ρ+ε

∂x1

+
∂ρ−ε

∂x1

)

+ ε∆ρ±,ε.We apply the Riesz transform R2
1R

2
2, whih gives,

R2
1R

2
2

(
∂ρε

∂t

)

= −

I1
︷ ︸︸ ︷

R2
1R

2
2

(

(R2
1R

2
2ρ

ε)
∂kε

∂x1

)

+

I2
︷ ︸︸ ︷

εR2
1R

2
2 (∆ρε), (7.26)with kε = ρ+,ε + ρ−,ε. In what follows, we will prove that for a funtion ψ ∈

L2((0, T );W 1,2(T2)), we an bound Ji =

∫

T2×(0,T )

ψIi for i = 1, 2.Estimate of J1 : to ontrol J1, we rewrite it under the following form :
∫

T2×(0,T )

R2
1R

2
2

(

(R2
1R

2
2ρ

ε)
∂kε

∂x1

)

ψ =

∫

T2×(0,T )

(

(R2
1R

2
2ρ

ε)
∂kε

∂x1

)

R2
1R

2
2(ψ).We use the fat that,(i) (R2

1R
2
2ρ

ε) is bounded in L∞((0, T );W 1,2(T2)) uniformly in ε (by Lemma 7.7),(ii) ∂kε

∂x1

is bounded in L∞((0, T );L logL(T2)), uniformly in ε (by Lemma 7.7).We dedue from this and from Proposition 4.6, (with f = R2
1R

2
2ρ

ε and g =
∂kε

∂x1

) thefollowing estimate :
∥
∥
∥
∥
(R2

1R
2
2ρ

ε)
∂kε

∂x1

∥
∥
∥
∥

L2((0,T );L log
1
2 L(T2))

≤ C‖R2
1R

2
2ρ

ε‖L2((0,T );W 1,2(T2))

∥
∥
∥
∥

∂kε

∂x1

∥
∥
∥
∥

L2((0,T );L log L(T2))

≤ C

∥
∥
∥
∥

∂kε

∂x1

∥
∥
∥
∥

L∞((0,T );L log L(T2))

≤ C.178



7. ε-Uniform estimates on the solution of the regularized systemWe use Lemma 4.3 (i), to dedue that
|J1| ≤

∣
∣
∣
∣

∫

T2×(0,T )

(

(R2
1R

2
2ρ

ε)
∂k

∂x1

ε)

R2
1R

2
2(ψ)

∣
∣
∣
∣

≤
∥
∥
∥
∥
(R2

1R
2
2ρ

ε)
∂k

∂x1

ε
∥
∥
∥
∥

L2((0,T );L log
1
2 L(T2))

‖R2
1R

2
2ψ‖L2((0,T );EXP2(T2))

≤ C ‖R2
1R

2
2ψ‖L2((0,T );W 1,2(T2))

≤ C ‖ψ‖L2((0,T );W 1,2(T2)) ,

(7.27)
where we have used the Trudinger embedding (see Lemma 4.4) in the third line andthe fat that Riesz transforms are ontinuous from W 1,2 onto itself in the last line.Estimate of J2 : to estimate J2, we integrate by parts, to get :

J2 = −ε
∫

T2×(0,T )

∇(R2
1R

2
2ρ

ε) · ∇ψ.Sine R2
1R

2
2ρ

ε is bounded in L2((0, T );W 1,2(T2)), we dedue that for all 0 < ε ≤ 1 :
|J2| ≤

∣
∣
∣
∣

∫

T2×(0,T )

∇(R2
1R

2
2ρ

ε) · ∇ψ
∣
∣
∣
∣

≤ C ‖R2
1R

2
2ρ

ε‖L2((0,T );W 1,2(T2)) ‖ψ‖L2((0,T );W 1,2(T2)).

(7.28)Finally, olleting (7.27) and (7.28) together with (7.26) and the de�nitions of Ji,for i = 1, 2, we get that there exists a onstant C independent of ε suh that,
∣
∣
∣
∣

∫

T2×(0,T )

ψR2
1R

2
2(
∂ρε

∂t
)

∣
∣
∣
∣
≤ C‖ψ‖L2((0,T );W 1,2(T2)).

2Remark 7.12 (W−1,2 estimate)Let W−1,2(T2) be the dual spae of W 1,2(T2). Thanks to the previous lemma wededue that there exists a onstant C independent of ε suh that,
∥
∥
∥
∥
R2

1R
2
2

(
∂ρε

∂t

)∥
∥
∥
∥

L2((0,T );W−1,2(T2))

≤ C.These three estimates made in Lemmata 7.7, 7.10 and 7.11 are su�ient to obtainthe required ompatness. This ompatness ensures in Subsetion 9.2 the passageto the limit whih allows us to show the existene of solutions. 179



Chapitre 5 : Existene globale pour un système bidimensionnelLemma 7.13 (Duality estimate for the time derivative of the solution)Let T > 0. Under the assumptions ρ±0 ∈ L2
loc(R

2), (H1), (H2), (H3) and (H4),if ρ±,ε ∈ C∞(R2 × [0, T )) are solutions of the system (Pε)-(ICε), then for all ψ ∈
L2((0, T );W 2,2(T2)), there exists a onstant C independent of ε suh that,

∣
∣
∣
∣

∫

T2×(0,T )

ψ

(
∂ρ±,ε

∂t

)∣
∣
∣
∣
≤ C‖ψ‖L2((0,T );W 2,2(T2)).The proof of this lemma is similar to that of Lemma 7.11. The only di�erene isthat we integrate by parts the visosity term twie and use the estimate of Lemma7.10.Remark 7.14 (The sense of the initial ondition)Aording to this lemma and Lemma 7.10 , we have ρ±,ε,per ∈ C([0, T ),W−2,2(T2))uniformly in ε with W−2,2(T2) is the dual spae of W 2,2(T2). This will give later asense to the limit of the initial onditions.8 Global existene for the regularized systemIn this Setion, we will prove the global existene of solutions for the system(Pε)-(ICε) using the previous a priori estimates (proven in Lemmata 7.5 and 7.7).Before going into the proof, we need the following lemma.Lemma 8.1 (W 1, 3

2 estimate)For all initial data ρ±0 ∈ L2
loc(R

2) satisfying (H1) and (H2), if ρ±,ε,per ∈ C∞(T2 ×
[0, T )), are solutions of the Mild integral problem (Inε), then there exists a onstant
C = C(ε, L) suh that,
‖ρ±,ε,per‖

L∞((0,T );W 1, 32 (T2))
≤ B±

0 +CT
1
24 ‖R2

1R
2
2ρ

ε‖L∞((0,T );L8(T2))

(∥
∥
∥
∥

∂ρ±,ε

∂x1

∥
∥
∥
∥

L∞((0,T );L1(T2))

+ 1

)

,where B±
0 = ‖ρ±,ε,per

0 ‖
W 1, 32 (T2)

.Proof of Lemma 8.1 :If we denote ρε
v = (ρ+,ε,per, ρ−,ε,per) and ρε

0,v = (ρ+,ε,per
0 , ρ−,ε,per

0 ), then we have shownthat ρε
v satis�es (5.13), namely,

ρε
v(x, t) = S(t)ρε

0,v +B(ρε
v, ρ

ε
v)(t) + A(ρε

v)(t), (8.29)where B and A are de�ned in (5.14) and (5.15) respetively and where Sε(t) = S1(εt).Moreover, using (5.16) with u = v = ρε
v , we get,180



8. Global existene for the regularized system
‖B(ρε

v, ρ
ε
v)(t)‖(W 1, 32 (T2))2

≤
∫ t

0

∥
∥
∥
∥
Sε(t− s)

(
(
R2

1R
2
2ρ

ε(s)
) ∂ρε

v

∂x1

(s)

)

ds

∥
∥
∥
∥

(L4(T2))2

+

∫ t

0

∥
∥
∥
∥
∇Sε(t− s)

(
(
R2

1R
2
2ρ

ε(s)
) ∂ρε

v

∂x1

(s)

)

ds

∥
∥
∥
∥

(L
3
2 (T2))2

.We use now Lemma 5.8 (i) with r = 4, q = 24
5
, p = 1 to estimate the �rst term, andLemma 5.8 (ii) with r = 3

2
, q = 8, p = 1 to estimate the seond term. It gives for

t ∈ (0, T ), that,
‖B(ρε

v, ρ
ε
v)(t)‖(W 1, 32 (T2))2

≤ C

∫ t

0

1

(t − s)
23
24

∥
∥R2

1R
2
2ρ

ε(s)
∥
∥

L8(T2)

∥
∥
∥
∥

∂ρε
v

∂x1
(s)

∥
∥
∥
∥

(L1(T2))2
ds

≤ C sup
0≤s<T

(∥
∥R2

1R
2
2ρ

ε(s)
∥
∥

L8(T2)

)

sup
0≤s<T

(∥
∥
∥
∥

∂ρε
v

∂x1
(s)

∥
∥
∥
∥

(L1(T2))2

)
∫ t

0

1

(t − s)
23
24

·That leads,
‖B(ρε

v, ρ
ε
v)‖L∞((0,T );(W 1, 32 (T2))2)

≤ CT
1
24‖R2

1R
2
2ρ

ε‖L∞((0,T );L8(T2))

∥
∥
∥
∥

∂ρε
v

∂x1

∥
∥
∥
∥

L∞((0,T );(L1(T2))2)

·(8.30)Similarly, we show that,
‖A(ρε

v)‖L∞((0,T );W 1, 32 (T2))
≤ CT

1
24‖R2

1R
2
2ρ

ε‖L∞((0,T );L8(T2)). (8.31)By using (8.30), (8.31) and (5.19), and the equation (8.29) we get the proof. 2Theorem 8.2 (Global existene)For all T, ε > 0 and for all initial data ρ±0 ∈ L2
loc(R

2) satis�es (H1), (H2), (H3) and
(H4) the system (Pε)-(ICε) admits solutions ρ±,ε ∈ C∞(R2 × [0, T )). Moreover, thissolution satis�es (H1), (H2) and (H3) for all t ∈ (0, T ) and the estimates given inLemmata 7.7, 7.10 and 7.11.Proof of Theorem 8.2 :In Theorem 8.2, we prove that the loal solutions given by Corollary 6.3 an beextended to some global ones. We argue by ontradition. Suppose that there existsa maximum time Tmax suh that we have the existene of solutions of (Pε)-(ICε) in
C∞(R2 × [0, Tmax)). 181



Chapitre 5 : Existene globale pour un système bidimensionnelFor δ > 0, we reonsider the system (Pε) with the initial data
ρ±,ε

δ,max = ρ±,ε(x, Tmax − δ).we reapply for the seond time, the proof of Corollary 6.3, we dedue that thereexists a time
T ⋆

δ,max(‖ρ±,ε,per
δ,max ‖

W 1, 32 (T2)
, L, ε) > 0, where ρ±,ε,per

δ,max = ρ±,ε
δ,max − Lx1,suh that the system (Pε)-(ICε) admits solutions de�ned until,

T0 = (Tmax − δ) + T ⋆
δ,max.Moreover, by Lemmata 8.1, 7.7 and 7.5, we know that ρ±,ε,per

δ,max are δ-uniformlybounded in W 1, 3
2 (T2). By using (5.20), we dedue that there exists a onstant

C(ε, Tmax, L) > 0 independent of δ suh that T ⋆
δ,max ≥ C > 0. Then lim inf

δ→0
T ⋆

δ,max ≥ C > 0.Hene T0 > Tmax whih gives the ontradition. 29 Existene of solutions for the system (P)-(IC)In this setion, we will prove that the system (P)-(IC) admits solutions ρ± in thedistributional sense. They are the limits of ρ±,ε given by Theorem 8.2 when ε → 0.To do this, we will justify the passage to the limit as ε tends to 0 in the system(P per
ε )-(ICper

ε ) by using some ompatness arguments.9.1 Preliminary resultsLemma 9.1 (Trudinger ompat embedding)The following injetion (see N. S. Trudinger [129℄) :
W 1,2(T2) →֒ EXPβ(T2),is ompat, for all 1 ≤ β < 2.For the proof of this lemma see also R. A. Adams [2, Th 8.32℄.Lemma 9.2 (Simon's Lemma)Let X, B, Y three Banah spaes, where X →֒ B with ompat embedding and

B →֒ Y with ontinuous embedding. If (ρn)n is a sequene suh that,
‖ρn‖Lq((0,T );B) + ‖ρn‖L1((0,T );X) +

∥
∥
∥
∥

∂ρn

∂t

∥
∥
∥
∥

L1((0,T );Y )

≤ C,where q > 1 and C is a onstant independent of n, then (ρn)n is relatively ompatin Lp((0, T );B) for all p < q.182



9. Existene of solutions for the system (P)-(IC)For the proof, see J. Simon [125, Th 6, Page 86℄.In order to show the existene of system (P) in Subsetion 9.2, we apply this lemmain the partiular ases where B = EXPβ(T2), X = W 1,2(T2) and Y = W−1,2(T2),for 1 < β < 2.Lemma 9.3 (Weak star topology in L logL)Let Eexp(T
2) be the losure in EXP (T2) of the spae of funtions bounded on T

2.Then Eexp(T
2) is a separable Banah spae whih veri�es,i) L logL(T2) is the dual spae of Eexp(T

2).ii) EXPβ(T2) →֒ Eexp(T
2) →֒ EXP (T2) for all β > 1.For the proof, see R. A. Adams [2, Th 8.16, 8.18, 8.20℄.9.2 Proof of Theorem 1.4Step 1 (Passage to the limit) :First, by Lemma 7.10 we know that for any T > 0, the solutions ρ±,ε,per of the system(P per

ε )-(ICper
ε ) obtained with the help of Theorem 8.2, are ε-uniformly bounded in

L2(T2 × (0, T )). Hene, as ε goes to zero, we an extrat a subsequene still denotedby ρ±,ε,per, that onverges weakly in L2(T2 × (0, T )) to some limit ρ±,per. Then wewant to prove that ρ± = ρ±,per + Lx1 are solutions of the system (P)-(IC). Indeed,sine the passage to the limit in the linear term is trivial in D′(T2×(0, T )), it su�esto pass to the limit in the non-linear term,
(R2

1R
2
2ρ

ε)
∂

∂x1

ρ±,ε,per.

• From Lemmata 7.7 and 7.5 we know that the term (R2
1R

2
2ρ

ε) is ε-uniformlybounded in L2((0, T );W 1,2(T2)). Then it is in partiular ε-uniformly bounded in
L1((0, T );W 1,2(T2)).
• From thes previous point and Lemma 9.1, we know that (R2

1R
2
2ρ

ε) is also ε-uniformly bounded in L2((0, T );EXPβ(T2)) for all 1 ≤ β < 2.
• From Lemma 7.11, the termR2

1R
2
2(
∂ρε

∂t
) is ε-uniformly bounded in L2((0, T );W−1,2(T2))and then in L1((0, T );W−1,2(T2)).Colleting this, we get that there exists a onstant C independent on ε suh that

ρ̄ε = R2
1R

2
2ρ

ε satis�es for some 1 < β < 2

‖ρ̄ε‖L2((0,T );EXPβ(T2)) + ‖ρ̄ε‖L1((0,T );W 1,2(T2)) +

∥
∥
∥
∥

∂ρ̄ε

∂t

∥
∥
∥
∥

L1((0,T );W−1,2(T2))

≤ C. 183



Chapitre 5 : Existene globale pour un système bidimensionnelThen Lemma 9.2, with B = EXPβ(T2), X = W 1,2(T2) and Y = W−1,2(T2),shows the relative ompatness of (R2
1R

2
2ρ

ε) in L1((0, T );EXPβ(T2)), and then usingLemma 9.3, we have the ompatness in L1((0, T );Eexp(T
2)).Moreover, by Lemma 7.7, we have that ∂ρ

∂x1

±,ε,per is ε-uniformly bounded in L∞((0, T );L logL(T2))whih is the dual of L1((0, T );Eexp(T
2)) by Lemma 9.3 (see T. Cazenave and A.Haraux [28, Th 1.4.19, Page 17℄). Then, this �nal term onverges weakly ⋆ in

L∞((0, T );L logL(T2)) toward ∂ρ

∂x1

±,per. That enables us to pass to the limit inthe bilinear term in the sense
L1((0, T );Eexp(T

2)) − strong × L∞((0, T );L logL(T2)) − weak ⋆.In what preedes, we have shown that ρ± = ρ±,per+Lx1 are solutions of the followingequation :
∂ρ±

∂t
= ∓ (R2

1R
2
2ρ)

∂ρ

∂x1

±,per

∓ L(R2
1R

2
2ρ)

= ∓ (R2
1R

2
2ρ)

∂ρ

∂x1

±

.Therefore ρ± is solutions of system (P) whih has the same bounds as ρ±,ε. At thisstage we remark that, by Proposition 4.6, the seond term of the previous systemis in L2((0, T );L log
1
2 L(T2)), whih gives that ∂ρ±

∂t
∈ L2((0, T );L log

1
2 L(T2)), andthen ρ±,per ∈ C([0, T );L log

1
2 L(T2)).Step 2 (The initial onditions) :It remains to prove the the initial onditions (IC) oinides with ρ±(·, 0). Indeed,from the estimates of ρ±,ε,per and ∂ρ±,ε,per

∂t
done in Lemmata 7.10 and 7.13, we seethat ρ±,ε is ε-uniformly bounded in

W 1,2((0, T );W−2,2(T2)) →֒ C
1
2 ([0, T );W−2,2(T2)),where W−2,2(T2) is the dual of W 2,2(T2). It follows that, there exists a onstant Cindependent on ε, suh that, for all t, s ∈ [0, T ) :

‖ρ±,ε,per(t) − ρ±,ε,per(s)‖W−2,2(T2) ≤ C|t− s| 12 .In partiular if we set s = 0, we have
‖ρ±,ε,per(t) − ρ±,ε,per

0 ‖W−2,2(T2) ≤ Ct
1
2 . (9.32)184



10. AppendixNow we pass to the limit in (9.32). Indeed, the funtions ρ±,ε,per and ρ±,ε,per
0 are ε-uniformly bounded inW 1,2((0, T );W−2,2(T2)) andW−2,2(T2) respetively. Moreoverwe know that ρ±,ε,per−ρ±,ε,per

0 onverges weakly in L2(T2×(0, T )) to (ρ±,per−ρ±,per
0 ).Therefore, we an extrat a subsequene still denoted by (ρ±,ε,per − ρ±,ε,per

0 ), thatweakly onverges in W 1,2((0, T );W−2,2(T2)) to (ρ±,per − ρ±,per
0 ). This is possiblebeause W−2,2(T2) = (W 2,2(T2))′ and W 1,2(T2) = (W−1,2(T2))′. In partiular thissubsequene onverges, for all t ∈ (0, T ), weakly ⋆ in L∞((0, t);W−2,2(T2)), andonsequently it veri�es (see for instane H. Brezis [21, Prop. 3.12℄),

‖ρ±,per − ρ±,per
0 ‖L∞((0,t);W−2,2(T2)) ≤ lim inf ‖ρ±,ε,per − ρ±,ε,per

0 ‖L∞((0,t);W−2,2(T2)) ≤ Ct
1
2 .From (9.32) we dedue that

‖ρ±,per(t) − ρ±,per
0 ‖W−2,2(T2) ≤ Ct

1
2 .Whih proves that ρ±(·, 0) = ρ±0 in D′(R2). 2Remark 9.4In step 1. of the proof, we indiretly used the fat that ρ̄ε is bounded in L2((0, T );W 1,2(T2))and ∂ρ̄ε

∂t
is bounded in L2((0, T );W−1,2(T2)). The usual ompatness result (seeL. C. Evans [51, P. 5.9.2℄ ) asserts that we have ompatness of the sequane in

C((0, T );L2(T2)). Here we work in dimension 2, and we use another result whihasserts that we have, in partiular, ompatness in L1((0, T );EXPβ(T2)) for every
1 < β < 2.Remark 9.5 (BMO times H1)We notie, using Lemma 7.5 and Remark 7.9, that we an also de�ne the bilinearterm of our system as the produt duality between L2((0, T );H1(T2)) and L2((0, T );BMO(T2)).Remark 9.6In our proof, we have indiretly used a kind of ompensated ompatness tehni forHardy spaes. This tehni allows to pass to the limit in a salar produt B.E �weaktimes weak�, if we have some regularity onditions on �div E� and on �curl B� (seeR. Coifman et al. [32℄). In our ase, we do not have enough regularity to do so.10 AppendixTis setion is devoted to the proof of a generalised Hölder inequality, of whihLemma 4.3 is a partiular ase. The proofs of Theorem 10.1 and Lemma 10.2 are anamalgam of argument found in R. O'Neil [114, Th 2.3℄, M. M. Rao, Z.D. Ren [120, Th7, Page 64℄ and J. Hogan et al. [76, Th A.1℄. 185



Chapitre 5 : Existene globale pour un système bidimensionnelTheorem 10.1Suppose A, B and C be three Young's funtions (see Sub-setion 4.1) for whih thereexist positive ontants c and d suh that,
i) B−1(t)C−1(t) ≤ A−1(t) for all t > 0, and
ii) A( t

d
) ≤ 1

2
A(t) for all t > 0.Moreover, if f ∈ LB(T2) and g ∈ LC(T2), then fg ∈ LA(T2) and

‖fg‖LA(T2) ≤ ‖f‖LB(T2)‖g‖LC(T2).As a preliminary to the proof of the theorem, we have the follxing lemma :Lemma 10.2Let A, B and C be as above. Then, for all s, t > 0,
A

(
st

c

)

≤ B(s) + C(t).Proof of Lemma 10.2 :Let u = B(s) and v = C(t). Then
st = B−1(s)C−1(t) ≤ B−1(u+ v)C−1(u+ v) ≤ cA−1(u+ v).Dividing by c and applying A to both sides gives the result. 2Proof of Theorem 10.1 :Note that if f ∈ LA(T2), the monotoniity of A and an appliation of the mono-tone onvergene theorem gives us that ∫

T2

A

( |f(x)|
‖f‖LA(T2)

)

≤ 1. Hene, from thede�nition of the Luxemburg norm (see Sub-setion 4.1)
∫

T2

A

( |f(x)g(x)|
c‖f‖LB(T2)‖g‖LC(T2)

)

≤
∫

T2

B

( |f(x)|
‖f‖LB(T2)

)

+

∫

T2

C

( |g(x)|
‖g‖LC(T2)

)

≤ 2.We therefore have ∫

T2

A

( |f(x)g(x)|
cd‖f‖LB(T2)‖g‖LC(T2)

)

≤ 1,and, again by the de�nition of the Luxemburg norm, we have the result. 2Proof of Lemma 4.3 :186



11. AknowledgementsTo prove the generalised Hölder inequality of Lemma 4.3, we need only show thatif B(t) = t(log(e+ t))β then B−1(t) ≈ t(log(e+ t))−β. To see this, simply note thatif t = s(log(e + s))β, there exist onstants 0 < c1(β) ≤ c2(β) < ∞ suh that for all
s > 0,

c1 log(e+ t) ≤ log(e+ s) ≤ c2 log(e+ t).Then t = s(log(e+ s))β
≈ s(log(e+ t))β and solving for s gives s ≈ t(log(e+ t))−β.Now apply Theorem 10.1 with A = t, B = et2 − 1 and C = t(log(e + t))

1
2 to prove

(i) and we re-use that with A = t(log(e + t))
1
2 , B = et2 − 1 and C = t log(e + t) toprove (ii). This ompletes the proof. 211 AknowledgementsThe seond author would like to thank Y. Meyer, F. Murat and L. Tartar forfruitful remarks that helped in the preparation of the paper, and H. Ibrahim forarefuly reading it. This work was partially supported by the ontrat JC 1025 �ACI,jeunes herheuses et jeunes herheurs� (2003-2007), the program �PPF, programmepluri-formations mathématiques �nanières et EDP�, (2006-2010), Marne-la-ValléeUniversity and Éole Nationale des Ponts et Chaussées, and by the projet ANRMICA (�Mouvements d'interfaes, alul et appliations�).
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Chapitre 5 : Existene globale pour un système bidimensionnel
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Chapitre 6Simulations numériques de ladynamique des densités dedisloations pour un modèlebidimensionnelCe hapitre est un travail en ollaboration ave M. El Rhabi et P. Hoh.Dans e hapitre, nous présentons quelques simulations numériques du modèle deGroma-Balogh 2D.
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Chapitre 6 : Simulations numériques
Simulations numériques de la dynamique des densi-tés de disloations pour le modèle de Groma-Baloghbidimensionnel

RésuméDans e hapitre, nous présentons nos premiers essais de simulation numérique du mo-dèle de Groma-Balogh 2D. Plus préisément, nous nous intéressons au modèle (2.6) in-troduit dans le hapitre 5 ave des onditions aux limites périodiques. Cette simulationmontre l'évolution de la densité de disloations dans le tore T
2 = Z

2/R
2, sous l'e�et d'uneontrainte onstante.1 Rappel du modèleNous rappelons maintenant le modèle de Groma-Balogh. Dans le hapitre 5, setion 2(en partiulier les équations (2.6), (2.8) et (2.12)), nous avons introduit le modèle deGroma-Balogh. Ce modèle est dérit par un système de transport non-linéaire dontla vitesse est alulée à partir de l'équation de l'élastiité linéaire. Plus préisément,le modèle est régi par le système ouplé suivant :







∂ρ±

∂t
= ±σ12

∂ρ±

∂x1

sur R
2 × (0, T ),

σ12 = µ

((
∂u1

∂x2

+
∂u2

∂x1

)

− (ρ+ − ρ−)

) sur R
2 × (0, T ),

µ∆u+ (λ+ µ)∇(div u) = µ








∂

∂x2

(ρ+ − ρ−)

∂

∂x1

(ρ+ − ρ−)








sur R
2 × (0, T ),

(1.1)
où les inonnues de e système sont les salaires ρ± et u = (u1, u2), le déplaementà l'instant t et à la position x = (x1, x2). Ii les dérivées de ρ± par rapport à x1,
∂ρ±

∂x1

représentent les densités de disloations de type ±. Les onstantes µ et λ sont190



2. La disrétisation numériqueles oe�ients de Lamé.Pour la résolution de e système, on onsidère les onditions initiales suivantes :
ρ±(x, t = 0) = ρ±,per

0 (x) + L0x1, u(x, t = 0) = u0(x),où ρ±,per
0 est une fontion 1-pérodique en x1 et en x2, L0 est une onstante donnéeet u0 est un déplaement 1-périodique et à moyenne nulle.2 La disrétisation numériqueDans ette setion, nous présentons brièvement la disrétisation du système (1.1).Ii, on hoisit des pas de disrétisation en temps et en espae �xe, noté ∆t, ∆xrespetivement. On dé�nit alors la grille :

Ξ = {(i1∆x, i2∆x), (i1, i2) ∈ N
2 telles que i1, i2 ≤ 1

∆x
}, ΞT = Ξ×{0, ..., (∆t)NT},où NT est la partie entière de T/∆t et on suppose pour simpli�er que 1

∆x
est entière.On note respetivement par ρ±,n

I et un
I = (un

1,I , u
n
2,I) les approximations numériquesdes fontions ρ± et u au point (xI , tn) ave xI = (i1∆x, i2∆x) et tn = n(∆t).Pour l'approximation numérique de la partie transport du modèle, nous avons hoisile shéma itératif, basé sur un shéma de type �Upwind�, où pour tout I = (i1, i2)tel que (i1, i2) ∈ N

2, i1, i2 ≤ 1
∆x

et pour tout n ∈ N, 0 < n ≤ NT − 1, nous avons :
ρ±,n+1

I = ρ±,n
I ± ∆t (σ12)

n
I







E±
(
D+

1 ρ
±,n
I , D−

1 ρ
±,n
I

) si (σ12)
n
I ≥ 0,

E∓
(
D+

1 ρ
±,n
I , D−

1 ρ
±,n
I

) sinon, (2.2)où
(σ12)

n
I = µ

(
un

1,I+,2 − un
1,I

∆x
+
un

2,I+,1 − un
2,I

∆x
− (ρ+,n

I − ρ−,n
I )

)

,tel que I+,2 = (i1, i2 + 1) et I+,1 = (i1 + 1, i2). De plus, les un
I sont alulées enutilisant une déomposition en série de Fourier pour l'équation d'élastiité linéaire.En e�et, ette déomposition semble naturelle pour la disrétisation de l'équationd'élastiité dès que nous onsidèrons le fait que la solution soit 1-périodique et àmoyenne nulle ('est-à-dire le premier oe�ient de la déomposition en série deFourier est nul). 191



Chapitre 6 : Simulations numériques
E± sont des approximations monotones proposées par S. Osher et J. A. Sethian [116℄(nous pouvons également utiliser elles proposées par E. Rouy, A. Tourin [121℄) :

E+(P,Q) =
(
max(P, 0)2 + min(Q, 0)2

) 1
2 ,

E−(P,Q) =
(
min(P, 0)2 + max(Q, 0)2

) 1
2 .Les termes D+

1 ρ
±,n
I , D−

1 ρ
±,n
I sont des approximations appropriées des ∂ρ±

∂x1

pris aupoint xI :
D+

1 ρ
±,n
I =

ρ±,n
I+,1 − ρ±,n

I

∆x
,

D−
1 ρ

±,n
I =

ρ±,n
I − ρ±,n

I−,1

∆x
.où I−,1 = (i1−1, i2). Les onditions initiales naturelles du shéma sont les suivantes :

ρ±,0
I = ρ±,per

0 (xI) + L0(i1∆x), u0
I = u0(xI),et nous supposons aussi des onditions aux limites 1-périodiques pour les approxi-mations ρ±,n

I , n ∈ N et 0 ≤ n ≤ NT − 1.3 Simulations numériquesDans e paragraphe, nous nous intéressons à l'évolution des densités de disloationssous l'e�et d'une ontrainte de isaillement uniformément appliquée.Dans la �gure suivante, nous nous plaçons dans un pavé de e matériau où lesdisloations sont onentrées par paquets (voir Figure 6.1) et nous proposons deregarder leurs évolutions au ours du temps. Nous onstatons alors, omme nousaurions pu le prévoir intuitivement, que les disloations se distribuent uniformé-ment dans tout le pavé ('est-à-dire que les densités de disloations de deux typesdeviennent onstantes en temps long voir Figure 6.3). Nous remarquons que es si-mulations sont ohérentes ave les simulations numériques présentées dans hapitre3, setion 5 pour le modèle unidimensionnel. Rappelons que pour le shéma unidi-mensionnel du hapitre 3 nous avons établi un résultat de onvergene. Par ontre,pour le shéma bidimensionnel nous n'avons pas un tel résultat.
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3. Simulations numériques
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Fig. 6.1 � Les densités de disloations de type (+) initialement.
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Chapitre 6 : Simulations numériques

Fig. 6.2 � Les densités de disloations de type (+) en un temps intermédiaire.
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3. Simulations numériques

Fig. 6.3 � Les densités de disloations de type (+) au temps �nal.Remarque 3.1 Jusqu'à présent, il nous semble qu'auune étude publiée n'a eu poursujet la mise en ÷uvre d'un shéma numérique pour e problème.

195



Chapitre 6 : Simulations numériques

196



Conlusion et perspetives
Dans ette thèse, nous avons étudié plusieurs modèles à travers lesquels nousavons pu avoir une meilleure ompréhension de la dynamique des densités de dislo-ations. Notre travail nous a permis d'obtenir des résultats pouvant être par la suiteomplétés ou approfondis. Dans e qui va suivre, nous allons présenter quelquesquestions qui restent ouvertes et des diretions de travail futur.1. Système unidimensionnel :Conernant le système (2×2), représenté dans les sous-setions 2.1 et 2.2, nous avonspu obtenir un résultat d'existene globale et d'uniité d'une solution par l'intermé-diaire de deux approhes : la première est elle de Sobolev et la seonde est ellede solution de visosité. Nous avons également proposé un shéma numérique oùnous avons montré une estimation d'erreur entre la solution ontinue et la solutiondisrète. Comme nous l'avons présenté dans la simulation numérique, la densité dedisloation tend vers une onstante à l'in�ni. Cette onstante est L0 la densité totalede disloations. Une preuve théorique d'un tel résultat sera une prohaine piste àexplorer.Conernant le système (M×M), présenté dans la sous-setion 2.3, nous avons mon-tré l'existene globale de solutions ontinues roissantes. L'uniité de la solutionsemble fortement liée à l'existene d'une solution régulière (Lipshitz). Les solutionsdonnées dans le Théorème 2.9 ne réent pas de hos ar elles sont ontinues. Dansette situation, il est naturel de se poser la question de l'uniité des solutions, quireste une question ouverte.D'un point de vue numérique, nous sommes en train de mettre au point un shémaqui onserve l'estimation entropique de gradient (2.19), dans une approhe disrète.Cela nous permettra de montrer en utilisant le Théorème 2.9 un résultat de onver-gene d'un tel shéma. Ce genre de shéma est également intéressant pour la dis-rétisation du modèle bidimensionnel, étant donné que l'existene de solutions dansle as bidimensionnel est basée sur le même type d'estimation entropique de gradient.197



Conlusion et perspetives2. Système bidimensionnel :Suite à notre étude du modèle bidimensionnel, nous avons montré un résultat d'exis-tene globale de solutions. L'uniité ou la non-uniité des solutions dans e adreest une question intéressante qui reste ouverte pour la dynamique des densités dedisloations. Étant donné que les solutions données par le Théorème 3.4, ne sontpas néessairement ontinues, ontrairement au as unidimensionnel, ette questionnous semble di�ile à traiter. Toutefois, nous pouvons aboutir à un résultat d'exis-tene et d'uniité en temps ourt dans ertain espaes de Hölder. Cei onstituerale sujet d'un futur travail.3. Autre étude :Nous essayons aussi de développer une méthode numérique de type Fast Marhing.Notre but est de disrétiser l'evolution d'un front transporté pat un hamp de veteurquelonque dépendant de l'espae et du temps. L'objetif est de réussir à montrer unrésultat de onvergene pour ette méthode, en s'inspirant du travail de E. Carlini etal. [27℄ développé dans le adre de propagation d'un front ave une vitesse normalequi dépend de l'espae et du temps.
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