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Abstract

Finite elements for short wave scattering problems have recently been developed by various authors. These have

almost exclusively dealt with the Helmholtz equation. The elements have been very successful, in terms of drastic reduc-

tions of the number of degrees of freedom in the numerical model. However, most of them are not directly applicable to

problems in which the wave speed is not constant, but varies with position. Many important wave problems fall into

this latter category. This is because short waves are often present in materials whose properties vary in space. The pre-

sent paper demonstrates how the method may be extended so as to deal with problems in which the wave speed is piece-

wise constant, in various regions of the problem domain. Lagrange multipliers are used to enforce the necessary

conditions of compatibility between the different regions. The paper gives numerical results, for problems for which

the analytical solution is known. This shows how these methods may be extended, in a relatively simple fashion, to solve

a much larger class of wave problems, of great practical interest.

� 2004 Elsevier B.V. All rights reserved.
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1. Introduction

This paper is concerned with the development of the plane wave basis finite element to deal with prob-

lems in which the wave speeds vary in space. In particular it is oriented towards the problem of the refrac-

tion and scattering of waves where they are step changes in the wave speed. There are many cases of

practical importance where this may occur, including:
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• Electromagnetic waves propagating from air into a material with different electromagnetic constants, for

example parts of a ship, aeroplane or road vehicle.

• Surface waves on water propagating from a zone with one constant depth, to a zone with another con-

stant depth.

• Elastic waves in rocks, used in hydrocarbon prospecting, traversing from rocks of a certain density and
stiffness into rocks of a different density and stiffness.

• Ultrasound waves propagating through human tissue of varying properties.

• Propagation of noise through the air, especially where there are temperature changes, and through

vehicles.

The classical finite element method is severely constrained in dealing with short wave scattering problems

because typically about 10 nodes per wavelength are needed for results of engineering accuracy. More pre-

cise error estimates which take into account the pollution errors and the order of the element polynomials
are available [1–4]. This problem is well known and will not be dwelt on at length here. Because of this dif-

ficulty, in recent years a great deal of attention has been applied to methods which incorporate a knowledge

of the waves in the formulation, and so escape the above limitation. This limitation is true for both domain

based (finite element, finite differences and finite volume) and boundary based methods (boundary

integrals).

So much activity has been taking place in these fields that a comprehensive survey is not possible. The

reader is directed to Refs. [5,6] for background information and further references. The common feature of

most of the new approaches is that analytical solutions to the Helmholtz equation are used to enrich the
solution space. These are usually in the form of plane waves, but may also be in terms of cylindrical or

spherical waves. These methods have been very effective. The plane wave basis finite elements offer an easy

way to include analytical information about the problem to be solved. A number of authors have developed

special finite and boundary elements for short wave scattering problems governed by the homogeneous

Helmholtz equation, see for example [7–15]. Different aspects of the method, including integration and con-

ditioning, have been studied. Note that Farhat et al. have added plane wave solutions to the conventional

finite element polynomials and then enforced continuity through the use of Lagrange Multipliers [14,15].

Plane wave basis finite elements and boundary elements were also developed to deal with three dimensional
wave scattering problems [16,17]. In a recent work, Astley and Gammalo [18], used the plane wave enrich-

ment to model wave propagation on inhomogeneous mean flows in one and two dimensions where the

wavenumber is a function of the Mach number.

The problem in dealing with discontinuities of material properties is that they cause changes in wave

speed and wave number. The analytical solutions for the homogeneous Helmholtz equation are no longer

valid when the equation becomes inhomogeneous, due to change in wave speed. Several authors have devel-

oped methods which are valid where there is a jump in the material properties between zones of the prob-

lem. The Ultra Weak formulation of Cessenat and Després [19] has been extended by Huttunen et al. to
both scalar waves and elastic waves [20,21]. They have presented solutions for waves propagating through

materials of different properties. In the latter case, they were developing a simplified model of waves prop-

agating through the human skull, as part of a therapeutic system. Bettess [22] and Ortiz [23] have also con-

sidered problems in which the wave speed varies continuously, rather than in jumps between regions. As

described above other authors have developed similar methods to that described here. However, so far

as we are aware, there has been no systematic study of the accuracies obtained while modelling interfaces

between zones of different wave speeds. The main aims of this paper are to arrive at the most effective way

of enforcing compatibility between zones by the use of Lagrange Multipliers, to study the accuracy of the
interface conditions, and to establish whether all the evanescent interface conditions are correctly modelled,

for a range of material properties. The accuracy of this approach is investigated by comparisons with ana-

lytical solutions, including pathological cases.
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2. Helmholtz equation in piecewise constant wave speed subdomains

In this work, we deal with multiple subdomains problems with discontinuities at the boundaries and con-

stant wave speed in each of them. It is sufficient to consider the two subdomains problem showed in Fig. 1.

We begin by considering the solution of the Helmholtz equation expressed in terms of the scalar potential
U1 in the subdomain X1 bounded by C1 [ Cint.
ðr2 þ k21ÞU1 ¼ 0 in X1; ð1Þ

where $2 denotes the Laplacian operator and k1 is the wave number in the subdomain X1. The time variable

is removed by considering a harmonic steady state. Robin boundary conditions are specified on the bound-

ary C1. These are
$U1 � n1 þ ik1U1 ¼ g1 on C1; ð2Þ

where g1 is the boundary condition, $ is the gradient vector operator, n1 is the outward normal to the line
boundary C1 [ Cint and i is the complex imaginary such that i

2 = �1.
3. Weighted residual scheme

The differential equation (1) is multiplied by an arbitrary weight function W1 and then integrated by

parts to give the weak form
BðW 1;U1Þ ¼ LðW 1Þ; ð3Þ

where B stands for the bilinear form
BðW 1;U1Þ ¼
Z

X1

ð$W 1 � $U1 � k21W 1U1ÞdX þ ik1

Z
C1

W 1U1 dC �
Z

Cint

W 1$U1 � n1 dC ð4Þ
and
LðW 1Þ ¼
Z

C1

W 1g1 dC: ð5Þ
Following the same procedure, we obtain for the subdomain X2 bounded by C2 [ Cint the weak form
2n
1n

intΓ

2Γ

1Γ
21

ΩΩ

Fig. 1. Studied example.
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BðW 2;U2Þ ¼ LðW 2Þ; ð6Þ

where all functions and parameters are defined in a similar way as for the weak form (3) replacing the sub-
script 1 by 2.
4. Plane wave basis finite elements

The two subdomains are divided into n-noded finite elements. In each finite element, the potential is first

written as a polynomial interpolation of the nodal values of the potential. Then each nodal potential is

approximated by a discrete sum of plane waves propagating in different directions in the plane. The un-
knowns are no longer the nodal values of the potential but are now the amplitudes attached to each node

with respect to each direction of the chosen plane waves. In our case, a number mj of plane waves are used

in the approximating system at the node j which reads as follow
U1 ¼
Xn

j¼1

Xmj

l¼1
Nj expðik1nl � rÞA

ð1Þ
jl ; ð7Þ

U2 ¼
Xn

j¼1

Xmj

l¼1
Nj expðik2nl � rÞA

ð2Þ
jl : ð8Þ
The number of the approximating plane waves may vary from one node to another. Their chosen directions

could be evenly spaced or clustered around directions of preference. Though there is no restriction concern-

ing the directions nl, these are taken to be evenly distributed on the unit circle,
nl ¼ ðcos hl; sin hlÞ with hl ¼ 2pl=mj: ð9Þ

where r and h are the polar coordinates. For notational convenience, let us put the new shape function P ð1Þ

jl

and P ð2Þ
jl as the product of the polynomial shape function Nj and the plane waves exp(ik1nl Æ r) and

exp(ik2nl Æ r), respectively. In a matricial form, the potentials of expressions (7) and (8) would be written
as U1 = P1A1 and U2 = P2A2 where A1 and A2 are the vectors of the unknowns amplitudes. The

vectors P1 and P2 contain the oscillatory shape functions which are products of polynomials and planar
waves.
5. Continuity between subdomains

At the interface boundary Cint continuity of potential and flux equilibrium condition must be satisfied

(Fig. 2)
U1 ¼ U2 ð10Þ
and
1

k21
$U1 � n1 þ

1

k22
$U2 � n2 ¼ 0: ð11Þ
For this, we consider a Lagrangian multiplier method such that
k ¼ 1

k21
$U1 � n1 ¼ � 1

k22
$U2 � n2 ð12Þ
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Fig. 2. Two subdomains with a common interface boundary.
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The two bilinear forms of (3) and (6) are then written as
BðW 1;U1Þ ¼
Z

X1

ð$W 1 � $U1 � k21W 1U1ÞdX þ ik1

Z
C1

W 1U1 dC � k21

Z
Cint

W 1kdC; ð13Þ

BðW 2;U2Þ ¼
Z

X2

ð$W 2 � $U2 � k22W 2U2ÞdX þ ik2

Z
C2

W 2U2 dC þ k22

Z
Cint

W 2kdC: ð14Þ
In the discontinuous enrichment method developed by Farhat et al. [15], the Lagrange multipliers are

approximated by oscillatory functions with the wave number of the Helmholtz problem (Fig. 3). However,

in this case, the edge element corresponding to the Lagrange multipliers is on the boundary between two

elements with different wave numbers. In this study, the variable k is approximated using the same ap-
proach for the approximation of the potentials U1 and U2. A priori, using the lower wave number in the

interpolation of k may not capture the oscillatory behaviour on the edge of the element with the higher
wave number. The interpolation for the unknown k is given by
k ¼
Xp

j¼1

Xmj

l¼1
Nj expðiknl � rÞkjl; ð15Þ
where k = max(k1,k2) and kjl are the Lagrange multipliers at node j with respect to direction nl. For con-

venience, let us put Qjl = Njexp (iknl Æ r) and then k = Qk. A Galerkin scheme is used so that the weighting

functions are chosen to be the same as the interpolating oscillatory functions. The two sets of Galerkin

equations of expressions (13) and (14) may be written in a matricial form
λ

2Ω1Ω

Fig. 3. Duplication of nodes at the interface Cint and introduction of Lagrange multipliers.



372 O. Laghrouche et al. / Comput. Methods Appl. Mech. Engrg. 194 (2005) 367–381
H 1A1 � C1k ¼ f 1;

H 2A2 þ C2k ¼ f 2;

�
ð16Þ
where
H 1 ¼
Z

X1

ð$PT
1$P1 � k21P

T
1P1ÞdX þ ik1

Z
C1

PT
1P1 dC; ð17Þ

C1 ¼ k21

Z
Cint

PT
1QdC; ð18Þ
and
f 1 ¼
Z

C1

PT
1 g1 dC: ð19Þ
For the second set of equations in the system (16), the matrices are obtained in the same way by replacing
subscript 1 by 2. At this stage, there are more unknowns than equations. Therefore, we add the continuity

condition as
Z
Cint

QT½U2 � U1
dC ¼ 0 ð20Þ
Substituting the approximations for the fields, then writing compactly the above steps gives the following

system to solve
H 1 0 �C1

0 H 2 C2

�CT
1 CT

2 0

2
64

3
75

A1

A2

k

8><
>:

9>=
>; ¼

f 1

f 2

0

8><
>:

9>=
>;: ð21Þ
Note that the last diagonal block is formed by zero elements. During the solution process, adequate line

and column permutations are performed to avoid singularity of the system. This could be achieved by

an appropriate numbering of the mesh nodal points.
6. Straight depth discontinuity—oblique incidence

Consider a plane wave with a unit amplitude propagating on the surface of water (x,y) at an angle hI
with the x axis as indicated on Fig. 4. The wave travels from shallow to deep water where the y axis is

at the discontinuity. The depths, in the z direction, are h1 for x < 0 and h2 for x > 0. The incident wave

/I = exp(ik1rcos(h �hI)) is reflected at x = 0, /R = Rexp(ik1rcos[h � (p � hI)]) and transmitted to the deep
side /T = Texp(ik1rcos(h � hT)) where R and T are the reflected and transmission coefficients, respectively.
They are obtained by matching the surface potential and the volume flux at the discontinuity. The angle hT
of the transmitted wave is obtained using Snell�s law. For a fixed frequency, the two wave numbers k1 and
k2 are fixed by h1 and h2. The quadrant at the surface of water, �5 6 x, y 6 5, is meshed into 4-noded finite

elements (Fig. 4). All dimensions are relative to a unit of length. A plane wave is incident at hI = 15
� and the

wave numbers considered are k1 = 2p and k2 = p. The exact solution is imposed on the boundary of the
mesh through boundary conditions g1 and g2 given by expression (2), (for g2, change subscript 1 by 2).

A system of 18 plane waves with evenly spaced directions are attached to each node to approximate the

potentials U1 and U2. Note that none of the angles hI, p � hI and hT, which is equal to 31.2�, is included
in the directions of the approximating plane waves. The test functions and the trial functions are combina-
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Fig. 4. Straight depth discontinuity with an oblique incidence.
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tions of plane waves. This leads us to integrate oscillatory functions to obtain the element matrices of the

system (21). Special integration rules were developed to integrate such forms in two dimensions [11,24,25].

In this paper, all integrals are evaluated using high order Gauss–Legendre schemes. Fig. 5 shows the real
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Fig. 5. Transmitted plane wave from shallow to deep water.
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and imaginary parts of the potential along y = 0 for the analytical solution and the numerical results. It is

clear from the figure that the wavelength in the shallow water is shorter than the one in the deep water. At

the interface, (x = 0), the nodes are duplicated and therefore two numerical results are obtained, which are

identical thanks to the continuity imposed by the Lagrange multipliers. If the angle of incidence hI reaches
the critical value
ðhIÞc ¼ tan�1
k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k21 � k22

q
0
B@

1
CA ð22Þ
the transmitted wave propagates along the discontinuity. When hI increases beyond (hI)c, the transmitted
wave propagates along the y axis with amplitude decaying exponentially in the x direction. This is termed

an evanescent wave. This is shown in Fig. 6. For the wavenumbers given above, the critical angle takes the

value of 30�. The angle of incidence is chosen to be hI = 45� which will give an evanescent transmitted wave.
The numerical results are in good agreement with the analytical answer. This shows the ability of the meth-
od to capture the described phenomenon. Despite the fact that the plane waves attached to each node cor-

respond to real wave numbers, the method can still efficiently approximate wave problems with exponential

decays.
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Fig. 6. Transmitted wave with exponential decay.
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7. Plane wave scattering by a rigid cylinder

This example deals with the diffraction of a plane wave by a rigid circular cylinder, of radius r1, which is

assumed to be vertical and the plane wave is incident horizontally on the surface of water. Around the cyl-

inder, the water is of depth h1 up to a circular region of radius r2. Then for rP r2, the depth is h2. On Fig. 7,
the outer region is deeper than the one around the cylinder (h1 < h2). However, the theory remains the same

if h1 > h2. The physical domain of this problem is infinite in extent. This means that it must be truncated at

a finite distance from the scatterrer to enable a numerical simulation. The outer boundary deemed to rep-

resent infinity is then represented by the boundary C2 situated at r = r3 (Fig. 8).

7.1. Analytical solution

A solution to this problem has been developed in terms of Bessel function series. Note that three dimen-
sional effects occurring due to the changes in depth have been ignored in these examples, since they are not

relevant to the assessment of the method. The potentials in the regions X1 and X2 are given, respectively, by
2h
1h

1r

horizontal plane
wave

y

x

Fig. 7. Plane wave scattered by a rigid cylinder.
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Fig. 8. Plane wave scattered by a rigid cylinder.
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U1 ¼
X1
n¼0

½AnJnðk1rÞ þ BnY nðk1rÞ
 cos nh ð23Þ
and
U2 ¼
X1
n¼0

½CnJnðk2rÞ þ DnY nðk2rÞ
 cos nh; ð24Þ
where Jn and Yn are first and second kind Bessel functions of order n. The coefficients An, Bn, Cn and Dn are

determined by the following boundary conditions

• Neumann boundary condition on the scatterer
oU1

or
¼ 0 at r ¼ r1: ð25Þ
• Continuity of potential at the interface Cint
U1 ¼ U2 at r ¼ r2: ð26Þ

• Flux equilibrium at the interface Cint
1

k21

oU1

or
¼ 1

k22

oU2

or
at r ¼ r2 ð27Þ
• at the exterior boundary C2, the scattered potential behaves as expðik2rÞ=
ffiffi
r

p
, this is true only if

the boundary C2 is far enough from the scatterer. Therefore, a simple form of absorbing condition is

given
oUS

or
þ US

2r
� ik2US ¼ 0 at r ¼ r3: ð28Þ
Since U2 = US + UI, where UI is the potential of the incident plane wave, we can write
oU2

or
þ 1

2r
� ik2

� �
U2 ¼

oUI

or
þ 1

2r
� ik2

� �
UI ; ð29Þ
where the potential UI can be expanded into a combination of Bessel functions of the first kind as follows
UI ¼
X1
n¼0

inenJnðk2rÞ cos nh ð30Þ
with e0 = 1 and en = 2 for n = 1,2,3, . . . .

Once the coefficients An, Bn, Cn and Dn are obtained up to a truncation order, the analytical expressions

for U1 and U2 can be evaluated at any point of the subdomains X1 and X2, respectively.
7.2. Numerical solution

The scattering problem to solve is expressed by the general system (21) where the bloc matrices are given

by
H 1 ¼
Z

X1

ð$PT
1$P1 � k21P

T
1P1ÞdX; ð31Þ
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H 2 ¼
Z

X2

ð$PT
2$P2 � k22P

T
2P2ÞdX þ

Z
C2

PT
2

1

2r
� ik2

� �
P2 dC; ð32Þ

C1 ¼ k21

Z
Cint

PT
1QdC; ð33Þ

C2 ¼ k22

Z
Cint

PT
2QdC; ð34Þ

f 1 ¼ 0; ð35Þ

and
f 2 ¼
Z

C2

PT
2

1

2r
þ ðcos h � 1Þik2

� �
eik2r cos h dC: ð36Þ
The computational domain around the cylinder is meshed into 4-noded finite elements with exactly mapped

geometry. We define the number of degrees of freedom per wavelength s by
s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
N

S1
k21
þ S2

k22

s
ð37Þ
where N is the total number of variables needed to represent the potentials in both regions X1 of surface S1
and X2 of surface S2, with wavelengths k1 and k2, respectively. For a radial mesh with I nodes in the radial
direction and J nodes in the angular direction, then the total number of degrees of freedom is given by

N = (I + 2) · J ·M, where M is the number of plane waves attached to each node. Note that the (I + 2)

term comes from the fact that the nodes at the interface Cint must be duplicated and Lagrange multiplier
edge elements introduced (Fig. 3). In this study, the number M of plane waves attached at each node is

chosen to be constant.

The accuracy of the model is measured by the relative L2(X)-norm error defined, in the whole compu-
tational domain X = X1 [ X2, by
e2 ¼
kUana � UnumkL2ðXÞ

kUanakL2ðXÞ
; ð38Þ
where Uana and Unum are the analytical and numerical solution of the total potential around the cylinder,

respectively.

7.3. Numerical results and discussion

The mesh of the computational domain around the cylinder (Fig. 9) contains 54 nodes and 36 elements.

The radius of the cylinder is equal to a unit of length. The interface between X1 and X2 is at r2/r1 = 2 and the

outer boundary C2 is situated at r3/r1 = 3. The horizontal plane wave of a unit amplitude is incident from
the negative x-axis, in the outer region with the wavenumber k2. It is transmitted to the inner region with

the wavenumber k1, hits the cylinder then radiates towards infinity by passing again through the interface
Cint. Figs. 10–12 show the total potential around the diffracting cylinder for the cases (k1,k2) = (p, 5p),
(10p, 6p) and (10p, 2p). The numerical results are reported on the meshed half surface around the cylinder
and the analytical results are reported on the other half. For the first case, (k1,k2) = (p, 5p), The region
around the cylinder is deeper than the outer one (h1 > h2). The wavelength k2, in the outer domain X2,

is shorter than k1 and the ratio k1/k2 = 5. Fig. 10 shows that the incident wave is mainly reflected at the



Fig. 9. Mesh of the computational domain.

Fig. 10. Total potential around the cylinder, k1 = p, k2 = 5p, s = 5.6, e2 = 1.6%, (left) real part, (right) imaginary part.

Fig. 11. Total potential around the cylinder, k1 = 10p, k2 = 6p, s = 3.4, e2 = 0.4%, (left) real part, (right) imaginary part.
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Fig. 12. Total potential around the cylinder, k1 = 10p, k2 = 2p, s = 4.2, e2 = 0.07%, (left) real part, (right) imaginary part.

Table 1

Plane wave scattering by a rigid circular cylinder, k1 = 2k2

k1 2p 4p 6p 8p 10p 12p 14p 16p 18p 20p

s 25.9 12.9 8.6 6.5 5.2 4.3 3.7 3.2 2.8 2.6

e2 [%] 0.002 0.007 0.02 0.1 0.5 2.5 0.9 0.4 0.6 1.1
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interface boundary Cint and most of the interferences occur in the outer region. The inner region and the
shadow zone of the outer region look calm. For this case, 36 plane waves are attached at each node, which

gives s = 5.6. The L2 error is 1.6% but the discrepancies are too small to be seen. For examples where

(k1,k2) = (10p, 6p) and (10p, 2p), in both cases, 50 plane waves evenly spaced are attached at each node.
This lead to 3.4 degrees of freedom per wavelength (DOF/k) in the first example and 4.2 DOF/k in the sec-
ond example. The L2 error is 0.4% and 0.07%, respectively. This shows a drastic reduction in the total num-

ber of degrees of freedom needed to solve such problems. On the figures, it is obvious that the wavelengths

are different between the two regions X1 and X2. In Fig. 11, the ratio k1/k2 = 0.6 and therefore the transition
at the interface Cint is quite smooth. However, in Fig. 12, the ratio k1/k2 = 0.2 and the shorter waves in the
inner region X1 appear to be imprisoned between the rigid cylinder and the region X2 of longer waves and

the potential in the domain X1 presents high amplitudes.

In the following study, for the same mesh of Fig. 9, a constant number N = 100 of plane waves are at-

tached at each node. The wavenumber k1 varies from 2p to 20p and k2 is taken such that k1 = 2k2. The

performance of the method are reported in Table 1 for different values of k1. The table gives the number

of degrees of freedom per wavelength s and the corresponding L2 error for each test case. For low wave-

numbers, the parameter s is bigger than the usual number of �ten nodal points per wavelength� used as a
�rule of thumb� requirement for the conventional polynomial finite elements wave problems. However,
the error is much smaller. For the higher wavenumbers (k1 P 14p), s falls to around 3 and the L2 error
stays within engineering accuracy limit.
8. Conclusions

This paper has demonstrated that the interface conditions between zones of different waves speeds can
be applied effectively using a Lagrange multiplier approach. The formulation is straightforward and
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uncomplicated. The program has solved problems for which analytical solutions exist in which waves pass

from a zone of one wave speed to a zone with a different wave speed. All the expected interface effects are

recovered, including Snell�s law and the generation, when appropriate, of evanescent, or edge waves. The

accurate prediction of the edge waves is especially gratifying since they are not explicitly present in the solu-

tion space. The program has also solved a range of circular problems with regions of different wave speeds
and again excellent agreement with the analytical solutions has been obtained.

It should also be possible to extend the method to three dimensions, since wave propagation in three

dimensions, while more complicated, does not present any new features beyond the two dimensional case.
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